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Many-particle entanglement is a key resource for achieving the fundamental
precision limits of aquantum sensor’. Optical atomic clocks?, the current state of the

artin frequency precision, are arapidly emerging area of focus for entanglement-
enhanced metrology®°. Augmenting tweezer-based clocks featuring microscopic
control and detection” ™ with the high-fidelity entangling gates developed for atom-

array information processing

112 offers a promising route towards making use of

highly entangled quantum states for improved optical clocks. Here we develop and
use a family of multi-qubit Rydberg gates to generate Schrédinger cat states of the
Greenberger-Horne-Zeilinger (GHZ) type with up to nine optical clock qubitsina
programmable atom array. In an atom-laser comparison at sufficiently short dark
times, we demonstrate a fractional frequency instability below the standard quantum
limit (SQL) using GHZ states of up to four qubits. However, because of their reduced
dynamicrange, GHZ states of a single size fail toimprove the achievable clock precision
at the optimal dark time compared with unentangled atoms®. Towards overcoming
this hurdle, we simultaneously prepare a cascade of varying-size GHZ states to
perform unambiguous phase estimation over an extended interval** . These results
demonstrate key building blocks for approaching Heisenberg-limited scaling of
optical atomic clock precision.

Quantum systems have revolutionized sensing and measurement tech-
nologies™, spanning applications from nanoscale imaging with nitro-
gen vacancy centres' to gravimetry with atom interferometers? and
timekeeping based on optical atomic clocks®. A notable precision bar-
rier for such devices is the quantum projection noise (QPN) arising
frominherently probabilistic quantum measurements. Because of
QPN, ameasurement on Nindependent and identical quantum sensors
will have an uncertainty scaling as1/~/N, known as the SQL. However,
the fundamental precision bound given by quantum theory is the
Heisenberglimit (HL), with1/Nscaling for linear observables. Improv-
ing measurements from the SQL towards the HL using entangled or
non-classical resources is the central thrust of quantum-enhanced
metrology’, an approach that has already yielded benefits in funda-
mental physics?* and biology*.

The intersection of programmable atom arrays with optical atomic
clocks provides a new opportunity in this endeavour. The former have
emerged as one of the leading architectures for quantum information
processing® ¢, with advancesin Rydberg-gate design®* now enabling
controlled-phase (CZ) gate fidelities as high as 0.995 (refs. 11,12). The
latter now routinely achieve fractional frequency uncertainties at or
below the 108 level®*, with synchronous comparisons allowing for
stability near or at the SQL. Merging these capabilities becomes possible
with tweezer-controlled optical atomic clocks”®, which have demon-
strated a relative instability of 5 x 107 /./T (ref. 9) (in which T denotes

the averaging time in seconds). The integration of high-fidelity entan-
gling gates for generating metrologically useful many-body statesin a
clock-qubitatomarray®* serves as a natural path towards entanglement-
enhanced measurements at the precision frontier.

Of particularinterestis the generation and use of Schrodinger cats,
coherent superpositions of two macroscopically distinct quantum
states™. Specifically, the maximally entangled GHZ-type cat state of
N qubits

1
J2

accumulates phase N times faster than unentangled qubits and satu-
rates the HL*. However, GHZ states also suffer from increased sensiti-
vity to dephasing noise' and fragility to decay and loss, making them
difficult to create and use. This delicate nature is a core reason that
large GHZ-state production has become a standard benchmark for
quantum processors*®*2, On the other hand, quantum metrology faces
the key question of whether such fragility compromises the practical
use of these states. A growing number of small-scale demonstrations
suggest that GHZ states can indeed perform below the SQL in abroad
range of contexts**™*¢, although their application to clock operation
has remained largely unexplored in experiments.

In this paper, we experimentally investigate the generation and
metrological performance of GHZ states in an array of strontium

IGHZ) = —=(]0)®V + |1)®V) §))

JILA, University of Colorado Boulder and National Institute of Standards and Technology, Boulder, CO, USA. ?Department of Physics, University of Colorado Boulder, Boulder, CO, USA.
3aQCess, University of Strasbourg and CNRS, CESQ and ISIS (UMR 7006), Strasbourg, France. *e-mail: adam.kaufman@colorado.edu

Nature | Vol 634 | 10 October 2024 | 315


https://doi.org/10.1038/s41586-024-07913-z
http://crossmark.crossref.org/dialog/?doi=10.1038/s41586-024-07913-z&domain=pdf
mailto:adam.kaufman@colorado.edu

Article

Parity -
a Q. 9 b c measurement
"N, =24 10 o
- —X S
_|r> ~ 0/\/ 4
° e H
Q.o Jieée: ) S M - >
o0 ) Ve 0 051.0 :
® o Q. Time /T
® Rydberg 8l
- o © o°
S o4t G ¢
ev N=9 4 2 1T s ¢ °
OO0 O O O&| "l
Clock 1 ? L L L
2 4 8 16
[oy®N 90 40 20 6 |0y 00 01 10.11
Niax Phase ¢ /n State i

Fig.1|Global multi-qubit gatesin a%®Sratomarray. a, Schematic of the
experimental setup. ®Sratoms in the states |0) (blue circles) and 1) (red circles)
arearranged into differentensemble sizes Nin an optical lattice (grey lines,
lattice spacing a,,. = 575 nm). The optical |0) < |1) transitionis driven by a clock
laser (red arrow). To generate entanglement, aseparate laser (purple arrow)
globally couples|1) to ahigh-lying Rydberg state |r) with decay rate y, (see
level diagram). This Rydberg laser realizes a global multi-qubit gate &/ (see
equation (2)) that simultaneously produces states of the form |[GHZ) (uptoa
global Zrotation; see equation (1) and Methods) with variable size N (yellow-
shaded areas).InaRamsey sequence, |GHZ) acquires Ntimes the single-particle
phase 8 (bottom Bloch spheres). Scale bar, 2a,,.. b, Numerically determined
duration T, (blue circles) for the time-optimal multi-qubit gate & with variable

clock qubits. These explorations mark the first realization of GHZ states
inaneutral-atomoptical clock, as well as the first time that GHZ states
have been used for below-SQL performance in an atom-laser com-
parison (with arestricted dark time). Underlying these results is the
extension of the time-optimal Rydberg-gate toolkit™ to a class of
multi-qubit operations for producing fully connected graph states.
Using these gates, we realize a raw Bell-state fidelity of 0.983(2) and
create GHZ states of up to 9 atoms. In an atom-laser-frequency com-
parison, aninstability below the SQL (at the10™**/./T level) is achieved
atafixed and sufficiently short Ramsey dark time of 3 ms for GHZ states
of up tofour atoms. Towards overcoming the dark-time restriction, we
explore multi-ensemble metrology with simultaneously prepared GHZ
states of varying size to recover unambiguous phase estimation over
arange comparable with unentangled atoms.

Gate design and GHZ-state preparation

Our experiment features a*Sr atom array trapped in an optical lattice
and programmably rearranged by optical tweezers®. The qubits are
encoded onthe optical transition comprising the ground'S, state (|0))
and clock °P, state (|1)). Global single-qubit X () rotations are imple-
mented by clock-laser pulses with a typical Rabi frequency of
0,.=21 %300 Hzand global Z (6) rotations by changing the clock-laser
phase; here 6 denotes the angle of rotation (see Methods). Entangle-
ment is generated by globally coupling |1) to the 47s S, Rydberg state
(Ir), with typical Rabi frequencies in the range Q, =21t x 3-4 MHz.
High-fidelity clock and Rydberg operations are akey enabling feature
of this work (see Extended Data Fig.1and Methods).

Each experiment begins with atoms arranged into small, isolated
ensembles (see Fig. 1a). Starting from |0)®", an X (11/2) rotation initial-
izes all atoms into an equal superposition of |0) and |1). We then turn
on the Rydberg coupling, during which strong Rydberg interactions
(compared with Q,) prevent more than a single excitation to |r) within
an ensemble. This Rydberg blockade effect causes collective oscilla-
tions with a./n-enhanced Rabi frequency for states with n atoms in
1) (refs. 47-49); explicitly, i= Z,N:l A; with A; = |1,)<1;| for an N-atom
ensemble indexed by,. By modulating the Rydberg laser phase ¢, in
time, the blockaded Rabi oscillations for different n can be steered to
simultaneously return to the computational subspace while acquiring
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maximum GHZ-state size N,,,, (bottom panel). The dashed line shows the fitted
scalingTg< N2 The top panels show the time-dependent Rydberg laser phase
¢, for N,,.x=2,4and10.c, Generation of Bell states using the time-optimal CZ
gateimplementation fromref. 11. The top row shows the equivalent quantum
circuitused for preparingand characterizing Bell states (left) and asingle-
shot fluorescenceimage of the atomic pairs (right). Scale bar,1 pm. The bottom
row shows the expectation of the parity P, (blue circles) for variable phase ¢
(left) and the probability p; (bar graph) to observe the two-particle state i
(right). Asinusoidal fit to the parity (light-blueline) yields the contrast
C=0.975(3). With py, + p;; = 0.990(2), this corresponds to araw Bell-state
fidelity of 7,,, = 0.983(2).

an n-dependent phase. This is the core mechanism underlying many
recentimplementations of Rydberg logic gates™'>?"%,

Here we apply optimal control to ¢, (see Methods) to implement
the multi-qubit gate

U= exp(igﬁz).

Up to aglobal phase and Z (-11/2) rotation, i applies a CZ gate to
every pair of qubits (see Methods). When I/ is applied to X (1/2) |0y ®",
the fully connected graph state is produced, which connectstoaGHZ
state under a global X (11/2) rotation (see Methods). Illustrative exam-
ples of ¢, are shown in Fig. 1b, with eachimplementing  for any ensem-
blesize N< N,,.. The gate duration T;increases only sublinearly in N,,,,
potentially improving fidelities compared with a standard GHZ-state
preparationcircuit, with N - 1two-qubit gates, when Rydberg decay is
the dominant error. We note that, owing to the finite range of the
Rydberg blockade, multi-qubit Rydberg gates are most practical for
anintermediate range of N.

The GHZ-state fidelity of a state is the maximal overlap with |GHZ)
(equation (1)) under a global 7 rotation (see Methods). It can be
obtained by measuring the populations in |0)®*" and [1)®", as well as
the contrast of a parity oscillation that characterizes the coherence
(see Methods); the N-qubit parity ,=(-1)"e™ has eigenvalues
P,=+1(-1) for even (odd) N - n. Before implementing {1, we bench-
mark our system by measuring this fidelity for a two-qubit Bell state
(100) + |11Y)/+2, which corresponds to |GHZ) in equation (1) for N= 2.
The Bell state is generated by applying an X (-11/4) rotation after a
CZ gate (see Fig. 1c) and we use the CZ gate implementation with
sinusoidal ¢, described in ref. 11. We achieve a raw Bell-state fidelity
of F,»=0.983(2) (see Fig. 1c). This substantially improves the
Fraw=0.871(16) reported in our previous work using adiabatic dress-
ing gates® and is comparable with the best achieved in neutral atoms
on the alkali hyperfine qubit™.

Next we apply the GRAPE-optimized form of ¢, to implement{and
produce N>2 GHZ states. The GHZ state is generated by an X (11/2)
rotation after applying Z/ (see Fig. 2a and Methods). For each N, we use
¢, for N,.., = N (exceptfor N=9, for whichwe use N,,,, =10). The fidelity
is again extracted through populations and parity contrast measure-
ments (see Fig. 2b and Methods). A summary of the raw fidelities is

(2)
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Fig.2|Preparing N-particle GHZ states with multi-qubit gates. a, Equivalent
quantum circuit for preparing and characterizing N-particle GHZ states (shown
for N = N, =4). The blue box represents the multi-qubit gate Z/ in terms of CZ
gates (see Methods). b, Measurement of the N-particle parity (blue circles, left)
with sinusoidalfits (light-blue line) and the probability p,,to observe an N-particle
state with the population count n (bar graph, right). c, Raw GHZ-state fidelity
(bluecircles) for variable ensemble size Nusing 7, = (C+ p, + p,) /2 with parity
contrast Cdetermined fromthefitsin panel b (shown as grey markers). The open
hexagon marker corresponds to the two-particle Bell state (Fig. 1c). The grey-
shaded area shows an approximate upper bound owingto finite Rydberg-state
lifetime (see Methods). The grey points and dotted line show the simulated
fidelity only takingintoaccountthe finite Rydbergblockade (see Extended
Data Table1and Methods). d, Coherence time of the N-particle GHZ states
(filled circles) extracted from the parity contrast Cafter variable hold time ¢
(see panela).Duringt, the fluctuating atom-laser detuning 6(¢) isintegrated
intoarandom phase 6 (see Methods), causing arotation 2(0) (panela).The
redline correspondsto the scaling 7,/N. The open hexagon marker shows the
lifetime for the two-particle Bell state and the open diamond marker shows the
single-particle lifetime withoutapplying /. Theinset shows the N=4 data from
which we extract thelifetime using a Gaussian fit (red line).

plottedinFig.2c. We also show the raw parity contrasts, which bound
the GHZ-state fidelity from below and are the figure of meritin metrol-
ogy applications. The contrasts are >0.6 for all N < 9, certifying genuine
nine-particle entanglement®’. The fidelities corrected for measurement
errorsareallcomparable withthe raw values (see Extended Data Table 2
and Methods). Although larger neutral-atom GHZ states have been
produced on ashort-lived Rydberg qubit®, these results represent the
largest GHZ states to be created on a long-lived neutral-atom qubit,
with fidelities on par with or better than the previous state of the art™,

The observed raw fidelities decrease approximately linearly in N, in
contrast to the sublinear expectation based solely on Rydberg decay
(grey-shaded area; see Fig. 1b and Methods). A notable challenge for
multi-qubit Rydberg gatesis the finite, spatially decayinginteraction.
The expected fidelities accounting for this effect (grey points with
dotted line) are obtained from simulations including the varying pair
energies assuming a1/r®scaling, with rthe atomic separation; we note
that this scaling can break down for the closest atomic spacings used
(see Methods and Extended Data Table1). The expected blockade viola-
tion (more than one Rydberg excitation) is <10~ for the Nshown, sug-
gesting that the infidelity mainly arises from inhomogeneous effective
Stark shifts?. The finite blockade limits the maximum GHZ-state size
achieved, along with technical restrictions on our atomrearrangement
(see Methods); mitigating this effect by reducing Q, is challenging
because of recapture loss (see Extended Data Fig. 2 and Methods).
Various other errors sources are considered in Methods and Extended
Data Fig. 3.

To characterize the coherence time of the GHZ states, we repeat the
parity contrast measurements with a variable hold time ¢ before the
parity analysis X (1/2) rotation (see Fig. 2d). A Gaussian decay of coher-
ence is observed, indicating inhomogeneous broadening that we
attribute to magnetic-field noise (see Methods). Under correlated,
non-Markovian noise, the GHZ-state coherence time is expected to
obey T = T,/N(refs. 25,52), in which T is the coherence time for unen-
tangled atoms. This behaviour is observed for N < 4 but the data for
N=6and 8show areduction relative to this.

GHZ-state atom-laser comparison

The ratio of sensitivity to QPN of a quantum state is critical in determin-
ing the precision of aquantum measurement. The phase sensitivity of
anideal N-atom GHZ state is Ntimes enhanced (see Fig. 2b, up to con-
trast reduction) compared with a coherent spin state (CSS) of unen-
tangled particles. Because only a single binary parity outcome is
obtained from those N atoms, the QPN increases by </N. Altogether,
this yields the -/N improvement in precision that suggests the poten-
tial for GHZ states to reach the HL.

More concretely for optical clocks, the basic mode of operationisto
synchronize the output of alaser to an atomic reference by regularly
inferring the atom-laser detuning from measurements of the atomic
populations. The critical metric characterizing the performance
of this procedure is the fractional frequency instability®. Using
Ramsey interrogation, the instability for M copies of N-atom GHZ
states interrogated on each measurement cycle is bounded from
below by

1 Tcycle

e 3
2y T-/MN | T 3)

oy (1) =

Here v, is the clock transition frequency, 7 the Ramsey dark time,
T.yac thetime for asingle experimental cycle and Tthe averaging time.
For afixed totalatom number per cycle M x Nand all other parameters
held constant, the above bound is reduced by -/N compared with the
SQL achieved by an ideal CSS? and can be interpreted as the HL
for clock instability in the ensemble size N (but not the total atom
number M x N).

To test thismodel, we investigate the performance of the prepared
GHZ states in an atom-laser-frequency comparison, using Ramsey
interrogation atashortdark time of T=3 ms; Tis chosen conservatively
to be well within the GHZ-state coherence time and T,y = 1.26 s for
these experiments. The protocolis similar to the coherence time meas-
urements withafixed readout phase ¢ ; furthermore, the parity meas-
urement from each experimental cycleis converted into an atom-laser
detuning estimate, which is used to correct the clock-laser frequency
on the next cycle (see Fig. 3a and Methods). Figure 3b shows the
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Fig.3|Atom-laser-frequency comparisons with GHZ states. a, Equivalent
quantumcircuit for repeated Ramsey interrogation of the clock laser (atom-laser
detuning 6,) witha GHZ state during the dark time 7. The gthinterrogation
produces the correctionsignal -57 ., by means of classical feedback fromaservo
running onacomputer (CPU). This correctionsignalis applied to the frequency
ofthe clock-laser pulses ()?(T[/Z) rotations) inthe (g + 1)thinterrogation
performedinthe following experimental cycle. b, Overlapping Allan deviation
characterizingthe fractional frequency instability inan atom-laser comparison
for M=9 copies of ensembles with size N =4 (top-left single-shot fluorescence
image; scale bar,1 pm) and dark time 7=3 ms. We note that this quantity is
determined fromthe linear phase estimator at the input of the servo and not
from the correction signal {—530,,} (see Methods). The grey-shaded areaindicates
theregion ofimproved performance withrespecttothe SQL for M x N=36 atoms.
Theinstability, extracted from the fits shown as solid lines, for the GHZ states
(CSS) are2.1(1) dBbelow (1.8(1) dB above) the SQL. Owing to imperfect qubit
initialization (see Methods), the mean total atom number per cycle was about 34
for both. Inset, by using similar fits, we show how the squared Allan variance at
fixed rscalesrelative tothe SQL (red circles) or the CSS (red squares) for variable
ensemblesize N. The arrows pointing to grey circlesindicate the theoretically
expected variancerelative to the SQL after taking into account the reduced
parity contrast and fluctuating ensemble size observed in the experiment.

overlapping Allan deviation, which characterizes the atom-laser insta-
bility for M =9 copies of N=4 GHZ ensembles (see top-leftimage). The
GHZ states operate at a fractional frequency instability of
1.81(3) x 107*/./7; the Allan variance reduction is 3.9(2) dB compared
with the correspondingly prepared CSS and 2.1(1) dB compared with
the SQL for M x N=36 totalatoms. Asummary of the variance reduction
for N=2and4isshowninthetop-rightinset. We observe theimprove-
ment growing with respect to both the CSS and the SQL, although the
reductionrelative to the CSS remains short of the naively expected HL
(dashed line). Two contributions to this are parity contrast reduction
and averaging over smaller, less-sensitive GHZ states owing to imper-
fectrearrangement (see Methods); correcting the HL scaling for these
effects (arrows pointing to grey circles) accounts for most of the
discrepancy.
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The metrological gain of a single GHZ-state size can be used prac-
tically for arestricted class of problems, such as stabilizing certain
forms of laser noise® or sensing of time-varying signals at a specific
bandwidth®. However, akey factor in achievable optical clock precision
is the atom-laser coherence time®***, For a CSS, this coherence time
limit is set by the condition that the integrated Ramsey phase of the
stochastically varying atom-laser detuning must have sufficiently high
probability to remain within the interval [-11/2, t/2]; this interval is the
dynamic range over which the atomic readout can be unambiguously
converted into a detuning estimate. Because the parity of an N-atom
GHZ state oscillates Ntimes more rapidly with phase, the width of this
intervalis reduced by afactor of N. The optimal dark time for the GHZ
state is thus N times shorter, cancelling out the increased sensitivity.
For the results presented here, we note that the coherence-time limit
is set by magnetic-field noise as opposed to laser-frequency noise.

Cascaded GHZ-state phase estimation

Extending the dynamic range is critical for allowing GHZ states to
reach HL scaling of clock stability at the optimal dark time. In the
entanglement-free context of multi-pass interferometry, a simi-
lar hurdle was overcome using protocols resembling the quantum
phase-estimation algorithm™'; extensions of this scheme to optical
clocks with GHZ states were proposed inrefs. 16,17. The essential idea
istobridge the gap indynamic range between the CSS and alarge GHZ
state by using a cascade of K steadily increasing GHZ-state sizes N,
(k=1,..., K,eachwith M, copies); each N, sufficiently updates the prior
information on the phase such that the estimate by N,,, is no longer
ambiguous. For instance, a phase estimate with K bits of precision
could usesizes N, = 2¥such that the kth ensemble size determines the
kthbit of precision. Notably, near-HL scaling of clock performance is
expected to be maintained despite the extraallocation of resources'®",

To produce cascades, we exploit an important feature of the
multi-qubit gate /: because I/ applies all pairwise CZ gates within an
ensemble, regardless of the number of qubitsin the ensemble, asingle
global gate sequence can produce a GHZ state for any N (or specifically
inour Rydbergimplementation, any N< N,,,). This enables the simul-
taneous generation of several GHZ-state sizes without further local
controls beyond initialization of the qubit ensembles (see Fig. 4a). In
Fig. 4b, we demonstrate the preparation and parity readout of a
GHZ-state cascade with K =4 and N, = 2! using the multi-qubit gate
for N, = 8.Forthese data, we attempt to prepare M, = 2 copies of each
size on each experimental cycle (see Fig. 4a). Although this scheme
benefits from reduced complexity, it suffers from degraded parity
contrast of ensembles N < N,,,,,, as shown in Fig. 4c.

InFig. 4d, we explore phase estimation with cascaded GHZ states
to demonstrate their extended dynamic range. The zero dark time
datafromFig.4bisreanalysed tointerpret the analysis phase ¢p.as an
unknown parameter ¢, which we would like to determine from the
parity measurement. An appropriate estimator function is used to
convertaset of parity outcomes obtained from asingle cascade meas-
urement into a phase estimate ¢, (see Fig. 4d and Methods). The
estimator we use is optimized for a Gaussian prior, which models the
laser phase diffusion typically encountered in atomic clock operation;
astandard deviation o, =1/6 is chosen to be larger than the inversion
range of the maximum-size GHZ state. Repeating the measurement
many times yields the mean estimate ¢,  and the mean squared error
(MSE) Ag?,..

Inthe right panel of Fig. 4d, ¢, from a K=4 cascade with a linear
distribution of copies M, =M, + u(K — k) for M, =2 and u =8 (boot-
strapped total atom number N, = 118) is shown, revealing that unbiased
estimationis recovered over alarge fraction of the 2minterval. Owing
to limitations in the number of ensembles that we can prepare simul-
taneously, these data are obtained by bootstrap resampling over all
repeated measurements at a single ¢ (see Methods). We do this to
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Fig.4 |Preparing cascaded GHZ states for multi-ensemble metrology.

a, Left, equivalent quantum circuit for preparing K =4 cascaded GHZ states
with ensemble sizes N, =2*"using aglobal N,,,, = 8 multi-qubit gate. Right,
single-shotimage of atoms rearranged into different N,. Each ensemble k is
distinguished by the colour shading and circled N,.Scale bar,1pm.b, N;-particle
parity (markers) and corresponding sinusoidal fits (lines) for asimultaneously
prepared GHZ-state cascade. Different N, are offset vertically for clarity. c, Raw
GHZ-state fidelity (blue circles) for variable Nand constant N, = 8. The grey
circles correspondto the N,,,,, = Nfidelities from Fig. 2c. The grey-shaded region
indicates the Rydberg-decay limitfor N=N,,,, = 8.d, Left, asingle cascade
producesaset of outcomes {m,}, whichis converted to asingle estimate ¢, ({m,}).
Right, mean phase estimate ¢ (red circles) obtained by bootstrapping the
parity measurements used in panel b for bootstrapped totalatom number

investigate cascades with more copies at smaller ensemble sizes, which
helps to mitigate large estimation errors'*', The experimental cascade
(dark red) has only aslightly larger MSE than that of a near-unity con-
trast CSS (grey) withthe same N,,.. A cascade with perfect parity contrast
(light red) would have markedly reduced MSE over almost the entire
range. By contrast, the MSE for several copies of just the largest N, = 8
GHZ state (green) is small only in anarrow region about ¢ = 0.

Although the MSE is measured at zero dark time 7= 0, we are pri-
marily interested in the performance of the cascade during clock
operation with 7> 0. The effective measurement uncertainty Agg
associated withacycle of Ramsey interrogation can be inferred by incor-
poratinga prior that reflects the distributioninintegrated atom-laser
detuningataspecific T (refs. 53,55,56) (see Methods). Using the same
0,=T1/6 Gaussian prior as for the phase estimator, we find that the
current experimental results, all computed from the same K = 4 cas-
cade data, are only 2 dB above the SQL in effective measurement vari-
ance. A notable limitation at present is the reduction of contrast for
smaller ensembles being subjected to a larger N,,,, gate (see Fig. 4c).
Looking towards the future, we compute the variance reduction up
to K= 6 assuming fidelities limited by Rydberg decay and measure-
ment error (see Fig. 4f caption). With this realistic model, the cascade
is expected to demonstrate a substantial improvement for hundreds
of atoms (black). Without measurement errors, the variance reduction
follows closely that of a perfect contrast cascade (grey); the scaling is
empirically found to be near the HL with both constant and logarithmic
overheads (see Methods).

Injected phase ¢/t Total atom number N,

o Cascade (experiment) CSSs
Cascade (ideal) Ny =8 GHZ

N, =118 (see main text). Dark (light) red line shows calculation assuming
binomial distributions and fitted (perfect contrast) parity models for each
GHZ state. Solid grey line indicates the corresponding estimate for a CSS of
N,.=118.Thegreenareaindicates theinversioninterval for the maximum size
N, =8.e,MSE for the same cascade parameters asin panel d. f, Measurement
variancerelative to the SQL A¢§HNM forvaryingbootstrapped total atom number
Nand maximum GHZ-state size Ny. The experimental results (red circles) are
allobtained from the same K =4 data. The black lineis a calculation assuming
GHZ-statefidelities limited by Rydberg decay (see Fig. 2b; N,_, = 32 extrapolated
from scalingin Fig. 1b), further reduced by 0.99"kto capture measurement
errors (see Methods). The solid grey line assumes perfect contrast. The dotted
line indicates T2In(N,o,)/N,., (see Methods).

Conclusion

We have demonstrated high-fidelity two-qubit entangling gates and
used multi-qubit gates to prepare GHZ states of up to nine optical clock
qubits. Using these GHZ states for metrology, we have performed an
atom-laser-frequency comparison below the SQL and extended the
phase-estimation dynamic range with amulti-ensemble GHZ-state cas-
cade; thelatter capability restores the compatibility of large GHZ states
with the long dark times available for unentangled atoms when local
oscillator noise dominates, asis the case for the state-of-the-art optical
lattice clocks. These results establish key building blocks for GHZ-based
optical clocks operating near the HL'®, which may also serve as a critical
element for remotely entangled clock networks'™’. Near-term goals
involve further improving Rydberg gate fidelities while combining
these high-fidelity clock-qubit controls with recent advancesin scaling
tolargeratomarrays®®*. A current limitation to cascade performance
is contrast reduction for smaller ensembles; this issue could be miti-
gated by shelving coherence in other degrees of freedom®*° or using
coherence-preserving moves'®® with entangling zones*.

Apart from GHZ states, the high-fidelity entangling operations dem-
onstrated also pair well with complementary strategies for generating
metrological enhancements, such as hardware-oriented variational
optimization®>**%2, Comparing different entanglement strategies, rang-
ing from spin-squeezing® to GHZ-state generation, on their practical
use, accounting for trade-offs in metrological gain and robustness, is
aninteresting avenue for programmable clocks. Beyond metrology, the
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multi-qubit gate technique demonstrated here canbe extended to any
diagonal, symmetric phase gate in principle, such as the multi-qubit
C,Z gate™,
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Methods

State detection

To determine the population in the computational states, we use a
detection scheme tomap |0) (|1)) tobeing dark (bright) in afluorescence
image. Our detection scheme begins by using a push-out pulse using
resonant461-nmlight to remove atomsin |0). These atoms are success-
fully removed with probability 0.9999(1). We then apply a clock t-pulse
to transfer |1) > |0); this mitigates Raman scattering of the clock state
(seethesection ‘Effective state decay’) during the approximately 30-ms
period over which we ramp off alarge magnetic field in preparation for
imaging. At the low-field condition, we also apply 679-nmand 707-nm
repumpinglight, whichisintended to drive any remaining population
in|1) back to |0); note, however, that any inadvertent population in P,
will also be repumped.

The atomsare thenimaged by driving the ground'S, < 'P; transition
while simultaneously sideband cooling on the'S, « >P, transition. For
most data in the main text, we use a long exposure time of 300 ms.
For the datain Figs. 2d and 3b (as well as most of the Extended Data
Figures), we use ashorter exposure time of 100 ms toincrease the data
acquisition rate at the cost of slightly increased imaging infidelity.

We estimate the imaging infidelity and loss by characterizing
the disagreement of two subsequently taken fluorescence images
of the same atomic sample, but taken with different exposure times.
Here the first image has a much longer exposure time of 1,200 ms to
substantially lower the imaging infidelity (estimated from the pho-
ton count histogram). This allows us to treat thisimage as the ground
truth after correcting for imaging loss, which we determine indepen-
dently. By comparing the measurement result of this firstimage, that s,
whether asiteisidentified as bright or dark, to the second 300-ms-long
image, we obtain an estimate for the imaging infidelity. For the rear-
rangement pattern correspondingto the Bell-state measurements, the
inferred probabilities of identifying a dark site incorrectly asbright or
abright site incorrectly as dark typically take values py., = 0.002 and
Pu-q= 0.002, respectively. We note that these probabilities are markedly
increased up to py., = 0.009 and p,.4 = 0.003 for the larger ensemble
sizes, in which the atoms are rearranged into patterns with a single
lattice site spacing along one direction (see Extended Data Table 1).
For reported measurement-corrected fidelities of Bell states (N =2)
and N-atom GHZ states (see Extended Data Table 2), we account for
the imaging infidelity determined for representative rearrangement
patterns.

Rydberg excitation

Our Rydberg laser system has been described in detail previously®®,
although some modifications have been made for this work. Here we
mainly describe aspects related to pulse generation for Rydberg gates.
317-nmultraviolet (UV) lightis sent through an acousto-optic modula-
tor (AOM) (AA Opto-Electronics MQ240-A0,2-UV) in single-pass con-
figurationto control the phase and intensity of the beam. We measure
arisetime of approximately 15 ns. The radio frequency tone for driving
the AOMis generated by anarbitrary waveform generator (AWG) built
in-house by theJILA electronics shop. The Rydberglaser is phase modu-
lated by programming the AWG output phase, which can be updated
in 6.5-ns steps. To clean up the spatial mode and suppress pointing
fluctuations, the first-order diffracted beam through the AOM is sent
through ashort (<1.5 m) hydrogen-loaded, UV-cured photonic crystal
fibre®* before being focused down on the atoms.

A small fraction of the fibre output is diverted to a photodetector
(Thorlabs APD130A2), which is used to perform a sample and hold of
the UVintensity for mitigation of shot-to-shot Rabi-frequency fluctua-
tions; we measure a fractional standard deviation in integrated pulse
areaof 0.007-0.008. Alimitationinthe currentsetupis conversion of
phase modulationto intensity modulation; the phase modulation alters
theinstantaneousradio frequency and thus the deflection angle of the

AOM diffraction, whichthenleads to variable fibre-coupling efficiency.
We mitigate this effect by careful alignment to the fibre, but residual
modulation at the 5-10% level was observed for the larger N, gates.
We also perform ex situ heterodyne measurements of the first-order
and zero-order modes of the AOM before the fibre to benchmark the
transduction of radio frequency phase to optical phase; these measure-
ments use a higher-bandwidth photodetector (Thorlabs APD430A2)
compared with that used for the sample and hold. We did not observe
any notable distortions and thus did not apply any corrections to
the numerically optimized waveforms programmed into the AWG.
We note that there may be phase distortions introduced by the fibre,
which we did not test™.

Lattice release and recapture

We turn off the lattice during Rydberg excitation to eliminate anti-
trapping effects and spatially inhomogeneous Stark shifts. However,
this causes heating and imperfect recapture of the atoms. The combi-
nation of single-photon Rydberg excitation and the optical lattice used
inthis work causes this to be anotable effect, particularly for the longer
multi-qubit gates. Adiabatically ramping the lattice to lower depths
before release helps to alleviate this issue, but the depth cannot be set
arbitrarily low owing to tunnelling. On the basis of gate fidelities,
we empirically found that ramping to a lattice depth of around 50E,
before quenching off was optimal; E, = hzk,z/zm = 21h % 3.4 kHz, with
hthe reduced Planck constant, is the single-photon recoil energy of
the A =2m/k = 813.4275 nm photons used to generate our 2D bow-tie
lattice®®®*,

To more quantitatively understand the magnitude of errors, we
develop amodelforrelease and recapture. We treat this as free expan-
sion of the ground-band Wannier state in the 2D lattice; we ignore
expansion along the weakly confined axial direction but, in principle,
the calculation stralghtforwardlygenerz_n)llzesto 3D.Let lw, 2 denote
the Wannier state in the nth band at site R and ¥, 2> denote the Bloch

> n,q

state in the nth band at quasimomenta g (the use of n to denote band
index s restricted to this section). We will work in units ofthe bow-tie
lattice spacing A/~/2, wavevector /2 k;and energy 2F,. Then R isa2D
vector of integers denoting sites of the latticeand g =g % + qy with
q,,€ [-1/2,1/2], which defines the first Brillouin zone (BZ). The atomic
wavefunctlon afterafree- -expansion time t (inunitsof A/(2E,)) isgiven
by |@(¢)) = ¢ iHleet |wp, o), in which Hiee is the kinetic energy Hamilto-
nian. Using the definition lw, ») I dqe iq-K ¥, ») and the expan
sion of Bloch statesin the plane wave basns ¥, = Z 7 Cs nq |q +m) (m
isalsoa2D vector of integers), we compute the state overlap with any
given Wannier state over time to be

52 5 Y
w, o) = [, 4T Y (e clie )
m

The asterisk denotes complex conjugation. The expansion coefficients
can be obtained through a bagd structure calculation and are defined

here such thaty > (c'L ")* =6, . With§,, , the Kronecker delta.
Once computed, these Wannler state overlaps can be straightforwardly
used to calculate various observables of interest in the experiment.

Here we specifically consider the recapture probability of atoms
onto the same site and the heating of those recaptured atoms. Let nn,,,,,
denote the highest band that remains trapped by the lattice, explicitly
determined as the highest band with average energy below the lattice
potential maximum. The recapture probability is then

Mmax

Precaprure = 2. |Wn,olth(©)1%. )
n=0

The heatingis characterized by the average phonon number n, (this
notationisalso restricted to this section and Extended Data Fig. 2b) of
the recaptured atoms
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precapture

Note that the band index n differs from the motional quantum num-
n+d-1
d-1
bands with the same n,. Here we consider d = 2 such that this number
isn, +1. Although we consider aninitial ground-band Wannier state to
good approximation for our system, a thermal average over initially

occupied higher bands n, can be performed by replacingc%"7 > c’,’z‘”‘?
in equation (4). Finally, the effect of the UV photon recoizl isincluded

>

by modifying the kinetic energy([;) + ,?1)2 > Z])+ m+ %
I

ber n, by acombinatorial factor. In d dimensions, there are

inthesame

equation; here |kyy| = 21/Ayy with Ay, =317 nm and we take k;, along
the x direction.

In Extended Data Fig. 2b, we perform measurements of survival asa
function of trap turn-off duration for both ground-state and
Rydberg-state atoms. We observe good agreement of the data with the
theory for precapure developed above. The Rydberg-state data include
Rydberg m-pulses just after the release and just before the recapture;
we suspect that infidelity in these pulses accounts for the reduced
survival atshort times. We fit the quadratic decay at short timesto have
a Gaussian 1/e time constant of 8.7(1) ps, although we note that the
decay is not Gaussian at later times. For the longest N,,,,, =10 gate, we
expect arecapture loss of <0.01 based on this. We also compute 7z, to
getasense of the degree of heating this effect causes. For all GHZ-state
datain the main text, the lattice turn-off duration was <2 ps, which
suggests i1, at the 0.1level.

Effective state decay
Various processes can cause an effective decay of population in |1)
and |r) over time. Such processes not only degrade the true GHZ-state
fidelity but also cause leakage out of the computational basis, which
results in misidentification for our state-detection scheme. Thus, it
is critical to characterize the degree to which such decay happens.
The natural lifetime of |1) is generally much larger than the relevant
timescales explored in this work. However, atoms in the P, manifold
undergo Raman scattering in the lattice®. Ultimately, this scattering will
depopulate [1) and repopulate |0), owing to the much shorter natural
lifetime of the P, state (see Extended Data Fig. 1a). Let p,, p, and p,
denote the ground, clock and *P, state populations, respectively (this
notationisrestricted to this section). We model the dynamics of these
populations as

dp

T;) =T50P, 50D,y

dp

T; = _(I-1»O+r1»2)p1r @)
o,

dar I520,= 150D,

We experimentally extract the scattering rates I"by fitting the above
rate model to measurements of p,and p; over time after initializing all
atomsin|1), shownin Extended DataFig.1c. Thefitalsoincludes a sepa-
rate measurement of p; + p,, whichisnot shown; within the rate model,
this sumis equivalent to1- p,. In principle, there is a process driving
3p, - |1), butthefitprocedureyieldsavalue consistentwithzerowhenthis
termis included. We obtain scattering rates of I,, = 0.48(1) Hz, [, =
0.26(2) Hz and I,,, = 0.47(3) Hz for measurements performed at a
lattice depth of about 920E,; for the rates for which calculations have
beenreported, the fitted results arein good agreement with expecta-
tion®. From this, we estimate that the decay of initially prepared |1)
state is <0.002 for most experiments presented, with roughly a third
of that population ending up in *P, before the fluorescence image.

Next we characterize the lifetime of the Rydberg state |r). Because
there are many paths on which the Rydberg decay may proceed, we
follow the protocol discussed in ref. 66 to group the decay into states
dark andbright to our detection protocol (see Extended Data Fig. 1a).
In both cases, the measurements proceed by initializing all atoms in
|ry and waiting a variable duration. To measure dark-state decay, we
apply afinal Rydberg mi-pulse; to measure bright-state decay, we apply
afinal Rydbergautoionization pulse®. The survival over timeis plotted
for these two protocols in Extended Data Fig. 1b. These experiments
were performedin optical tweezers and atafixed trap turn-off duration
of 40 ps to mitigate the effect of release and recapture; nevertheless,
recapture failure accounts for most of the populationreduction at zero
time. We fit the curves simultaneously to the three-parameter forms
Ae /% and (ATY1Y) (1- €7/7). Thisyieldsat9=51(3) psdark-stateand
7°=86(3) s bright-state decay time. The expected Rydberg decay
contribution is <0.03 for the largest N, = 10 gate used in this work.

Clock and Rydberg coherence

To achieve appreciable Rabi frequency on the |0) < [1) transition, all
experimentsinthe main text are performed at amagnetic field of 275 G
(ref. 68). The clock and Rydberg transition frequencies acquire a sub-
stantial sensitivity to field variations at this large bias field owing to
quadratic Zeeman and diamagnetic shifts, respectively. In particular
forthe clock transition, field fluctuations are the limiting factorin the
327(1)-ms CSS atom-laser 1/e coherence time shownin Fig. 2d. One main
source of field noise found in the system during this work was a 0.5-G
peak-to-peak oscillation synchronized with the 60-Hz mains power.
To mitigate this effect, we apply a feed-forward to the clock-laser fre-
quency to compensate the change in magnetic field. The feed-forward
was calibrated by performing clock Rabi spectroscopy as a function of
wait time with respect to a specific mains phase. For the Rydberg, in
which pulses are essentially instantaneous with respect to these mains
variations, we rely on performing the pulses at a specific pointin the
mains phase in which the field variation is minimal. In the future, active
stabilization of the magnetic field will be used to mitigate this effect.

Another notable contribution to coherence reduction is non-zero
temperature. In Extended DataFig. 1c, we show clock Rabi oscillations
over many coherent cycles. We believe that the contrast reduction at
later times arises from imperfect motional-state cooling and we fit the
datatoobtainalD ground-state fraction of 0.96(1) along the clock-laser
propagation direction; we note that, in contrast to the direction shown
inFig. 1a (which was chosen for visual clarity), the clock laser actually
propagates atanotable angle relative to the 2D lattice axes (butstillin
the plane). This Rabi-oscillation measurement does notinclude heating
resulting from the release and recapture.

We also perform Rydberg Rabi and Ramsey dephasing measure-
ments, shown in Extended Data Fig. 1b. In both cases, we fix the total
lattice turn-off duration to 5 ps, independent of the Rabi/Ramsey time.
These data are used to estimate an upper bound on inhomogeneous
fluctuations in the Rabi frequency Q, and detuning 4, which we assume
to be characterized by Gaussians with standard deviation o, and o,.
Fitting to aMonte Carlo simulation, we find a fractional Rabi frequency
standard deviation of 6,/Q, = 0.0055(7) and adetuning standard devia-
tion of g,/(2m) = 49(2) kHz. The fractional Rabi frequency fluctuations
are slightly larger than would be expected on the basis of pulse-area
fluctuations as monitored on a photodetector, which could be attrib-
uted to pointing fluctuations or spatialinhomogeneity of the Rydberg
laser. For the Ramsey dephasing, we estimate that Doppler dephasing
yields a contribution of 27 kHz standard deviation; the remainder we
expect arises from a combination of magnetic field, electric field and
laser phase noise.

Clock and Rydberg rotation fidelity
High-fidelity clock and Rydberg rotations are crucial to generat-
ing clock-qubit GHZ states. We characterize our Rydberg and clock



mi-pulse fidelities in Extended Data Fig. 1d,e. Fidelities are extracted by
fitting to a parabolic form. For the clock, we find a raw mti-pulse fidelity
0f 0.9962(7). Most of the error is accounted for by imaging loss and
infidelity and lattice Raman scattering. These data were performed
at 920E,, with typical depths for clock operations ranging from 830
to 920E.. For the Rydberg, we characterize both the single-atom and
blockaded two-atom mt-pulses. An autoionization pulse, with an auto-
ionizationtimescale of 0.32(1) pus, was used to achieve aRydberg-state
detection fidelity of 0.995(1). The data shown are corrected for state
preparation and measurement (SPAM) errors following the procedure
describedinref. 67; the correctionincludesimaging loss and infidelity,
clock-state transfer fidelity and Rydberg-state detection fidelity. The
SPAM-corrected fidelities are 0.995(2) for single atoms and 0.986(3)
for pairs of blockaded atoms.

GHZ preparation and fidelity measurement
In this work, GHZ states are prepared using a combination of global
single-qubit clock rotations X(6), Z(6) and the multi-qubit gate /.
Here 8 denotes the angle of rotation. Explicitly, for X rotations on
Natoms, we have X(6) =[1". j-1€xp —leox ,in which 6 is the x Pauli
operator actmg on thejth atom an analogous form exists for Zrota-
tions with 67 - 67. Starting with the product state |0)®", we apply
X(T[/2)Z(a )uX(n/Z) to produce the GHZ state. Although the exact
form of I requires a, = O (see fully connected graph state from 1),
the Rydberg implementation causes an extra single-particle phase.
We experimentally calibrate a. by scanning the clock-laser phase
before the final X(1/2) gate and maximizing the observed GHZ
populations p, + py. To generate the Bell state, we instead applied
the circuit X (—1/4)Z (a )X (1/2) with ., = e™1%2, the CZ gate.
For an experimentally prepared density matrix g, the GHZ-
state fidelity can be defined as F=max,[(GHZ|Z (-0)pZ (6) |GHZ)].
We characterize F by measuring the populations in [0)®" and |1)®",
along with the coherence between those states. We obtain the popula-
tions by repeated measurements of p, + p at the calibrated value of
a.; po (py) describes the probability of measuringn = 0 (n = N) atomsin
|1). We obtain the coherence by taking parity measurements after apply-
ing further single-qubit analysis rotations )?(n/2)2(¢c) with variable
angle ¢.. For our measurement basis, the parity operator is given by
P,= (-DVe™i= l']J_1 0’ The N-atom GHZ-state coherence is extracted
from fitting the oscxllatlon of the parity expectation to the form
Csin[N(¢. — ¢,)1 + yo; Cis the contrast characterizing the coherence
and ¢, and y, are further fitting parameters.

Fully connected graph state from u

Agraphstateisassociated with agraph G = (V, E) consisting of a set of
vertices V(representing qubits), which are connected by aset of edges
E (representing CZ gates). Starting from the product state [+,)®", in
which|+,)=(]0) +|1))/-/2, the graph state |G) can be defined up toa
global phase by®®

~ (a,b)
Ucz

16y="1Tl]

(a,b)eE

[+, (8)

Here z)(caz'b) =™l js 3 CZ gate acting on the qubits at the vertices
a, b e Vor, equivalently, the qubits connected by the edge (a, b) € E.

The form 1, givenin equation (2), can be understood by expanding
A’ = Z n +2 <k 2A;. Noting thatn =hj, f;, U can be re-expressed as

[j= 45 (— g)exp[in Y ﬁjﬂk]. 9

J<k

Thethird factor describes performing a CZ gate on each pair of qubits.
By applying this to | +, )V =X (11/2)|0)® with|+,)=(|0) +i[1))/-/2,
we obtain the graph state |G) (up to a global phase) associated with

the fully connected graph G of N vertices, in which there is an edge
betweenall vertex pairs. The fully connected graphis equivalent to the
GHZ state under local unitary operations®.

Here we explicitly show that X(1/2)ZX (1/2) produces the GHZ
state. We begin by noting that Z/=1(i) for even (odd) n. Itis straight-
forward to see then that Z{ can be expressed as

A~ 140 1-i N
U=—-I+ T(_DNPZ' (10)
Here / denotes the identity. Noting thatX(n/Z)o’X(rr/Z) ”' and
X(m)=- lox,wethen have
AEAAE—ﬁ _\N-Lp _1\WA 11
x(zjux(zj_ 5 )RR, (1

inwhich?, = |'| - a);, whichisthe parity along a different axis. Applying
thisto |0)®N we obtain the GHZ state

x(3 )ik (3 ) 1ove= ef(|0>®N+( Y11y, (12)

N- l)n

Applying an extraglobal Z[
inequation (1) up to aglobal phase

} rotationyields the form |GHZ)

Optimal control for multi-qubit gates

To find optimal Rydberg pulses for implementing i/, we closely follow
the protocol described in ref. 27. We consider a time-dependent
Rydberg coupling of the form Q,e©  We assume an infinite
Rydbergblockade strength such that the dynamics of each excitation
sector n can be described by considering an arbitrary product state
[,y =10Y®*V"|1y®*Vand a corresponding W state | W,) of asingle Rydberg

excitation***7°"_ |y, is evolved for duration T, under the two-level
Hamiltonian

A nQ . , . ¥,

Hy=—>""[cos@ (0)0y. +sing (13, ] = IS IW, W 13)

0y(y,rdenote the Pauli operators on the two-level subspace spanned
by lg,» and [W,). We include a non-Hermitian loss at rate y, = y + y
(see Extended Data Fig.1and the section ‘Effective state decay )to
estimate optimal achievable fidelities given accessible Rydberg para-
meters. Furthermore, we multiply Q, by a time-dependent envelope
function to capture finite rise-time effects on the experiment. The
figure of merit to optimize is explicitly given by

N

Y

n=0

F= iNmaxaC (14)

y (%)i"zeinaC((IJnllp,,(Tc» ‘2

Adiscretized form for ¢,(t) is assumed to use GRAPE’?; the time stepis
naturally set by the updaterate for the AWG performing the modulation.
We use a first-order approximation for the gradient of F with respect
to the control phase and use the Broyden-Fletcher-Goldfarb-Shanno
algorithm for gradient descent.

Ensemble-size scaling for multi-qubit Rydberg gates

Thelargest ensemble size to which the multi-qubit gate can be success-
fully applied depends on the number of atoms N, that can be placed in
asingle Rydberg blockade radius R,. Here we outline general consid-
erations for how N, scales with Rydberg principal quantum number n
(notationrestricted to this section). For these arguments, we assume
afixed laser intensity; other conditions can be reasonably considered,
such as fixed Rabi frequency or decay fraction, but do not change the
qualitative conclusions.
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The Rydbergblockade radiusis given by R, = (C,/Q,)"°. The C, inter-
action coefficient and Rydberg Rabi frequency Q, vary as C, > n" and
0, < n"2(ref. 73), yielding a scaling of the blockade radius R, < n*2.
Because atoms cannot be placed arbitrarily close together, N, is also
limited by a minimum spacing R..,;,. In two dimensions, the number
of atoms fitting in the blockade radius then scales as N, o (Ry/R i)
Experimentally, R, could be set by the lattice spacing a,, in optical
lattices or, alternatively, the beam waist for optical tweezers; this spac-
ingisindependent of n, yielding a scaling N, < n®® favouring larger n.
However, a separate limitation for R, is the presence of molecular
resonances at smallinteratomic spacings, which canmarkedly degrade
theblockadinginteraction at certain separations. To avoid these effects,
we canrestrict to placing atoms outside the radius R, of the outermost
resonance, which can be estimated toscale as R, = n®? (ref. 74); this then
yields N, e n””’, which instead favours lower n.

In practice, the n® scaling will apply for small n, for which R, « a,,,
and the n””° scaling should apply for large n, for which R, > a,,.. From
this, we generally expect that the maximum N, will be achieved for n
such thatR, = a,,.. Because the impact of molecular resonances varies
markedly with interatomic spacing, the limitationimposed by R, may
be partially circumvented by fine-tuning the atomic separation’; this
requires accurate modelling for the Rydberg series of interest and
careful atomic positioning, and the suppression improves for tighter
atomic confinements. Although we did notintentionally engineer such
asuppression for this work, we note that such an effect may be relevant
for the N > 6 data with single-lattice-site spacing as a,, < R. < 2a, for
the n =47 Rydberg state used in this work.

Atomrearrangement for GHZ states

Performing rearrangementin anoptical lattice is crucial for the all-to-all
multi-qubit gates presented, enabling smallinteratomic spacings that
allow many atoms to be placed within a single Rydberg blockade. The
rearrangement protocol used for this experiment has been described
indetail previously”. For the data presented in this work, the per-atom
rearrangement success rate varies between 85 and 98%. Generally, we
rearrange the atoms withina GHZ ensemble into arectangular grid of
2-3rowsand columns with spacings between1land 3 latticesitesineach
direction; for details of each NV, see Extended Data Table 1. Oneachrun
of the experiment, we prepare 2 x 2,3 x 2 or 3 x 3 copies of fixed-size
ensembles; for GHZ-state cascades, we prepare the distribution shown
in Fig. 4a. The minimum spacing between ensembles along a single
directionis14ay,. The maximum GHZ-state size of 9 achieved s limited
by the principal Rydberg quantum number of 47 and a few technical
limitations on the exact rearrangement patterns we are able to prepare
at present. Onthebasis of the current trend in measured raw fidelities,
resolving these technical challenges might enable preparation of up
to 16-atom GHZ states without going to higher-lying Rydberg states.

GHZ-state fidelity-measurement correction
Errorsinour state-detection scheme can cause the measured GHZ-state
fidelity to be different from the true fidelity prepared in the experi-
ment. We stress that the raw parity contrast is generally robust to
known effects that could cause an overestimation of the fidelity and
thus the 0.61(1) raw parity contrast measured for N =9 certifies genu-
ine nine-particle entanglement. Nevertheless, performing measure-
ment correction can help to more accurately assess the preparation
fidelity of the GHZ state; we describe the procedure we use here. The
measurement-corrected fidelities are shownin Extended Data Table 2.
Misidentification of bright sites as dark and vice versa (see the section
‘State detection’) tends to reduce the observed GHZ-state fidelity. To
correct these errors, we follow a similar procedure to ref. 51. Let p,, .,
denote the measured probability of detecting natoms in |1) and let
DPnue denote the true probability, which we would like to determine. We
assume that these probabilities are related by a measurement matrix
M., suchthat

N
P raw = 20 Moy erve- (15)

M., describes the probability that a state with n atoms in 1) is
detected as having matomsin |1). When m < n, we have

min(n,N-m) n
Musn,n = Z [[k)pged(l_pb»d)n_k

k=n-m

(16)
N-n ) N-k-
x(k—n+mjpd»rtl)+m(1_pd»b) m}
When m > n, we instead have
min(N-n,m)
N-n e
Mm>n,n = |:( k jpgab(l_pd_)b)lv n-k

k=m-n (17)

n k- -k
.

We note that this procedure assumes that the infidelity rates are
independent across the atoms in an ensemble. To extract p,, ., we
perform numerical minimization of 37,_, 1By raw ~ Yhoo M,,,,,pn'tme|2 .
This correction is relevant for both the populations and parity-
oscillation measurements.

An error that can cause the GHZ-state fidelity to be overestimated
isleakage out of the computational subspace, which leads to anincor-
rect association of bright sites with [1) and dark sites with |0). This
includesloss fromthe trap (see the section ‘Lattice release and recap-
ture’) and decay to other states (see the section ‘Effective state decay’).
Inprinciple, theinferred GHZ-state populations p, + pycanbeincreased
or decreased because of this; here we are only concerned with correct-
ing for a possible overestimation. To do this, we use the scan of the
phase a, for the X (11/2) rotation initializing the GHZ state (see the sec-
tion ‘GHZ preparation and fidelity measurement’). p, + py oscillates
with a period mas a, varies; a discrepancy in this value between the
calibrated a.and a, + indicates a contribution from states with leak-
age. We fit the measured populations as a function of a_ to the form

PotPy= [C—Asinz(acz_ ¢

ﬂf(ac—oo +y. 18)

Here C,A,aandyarefit parameters and f(a,) is the analytically com-
puted function describing the oscillation in p, + p,, for a perfect GHZ
state. For N=6, 8 and 9, we subtracted A from the GHZ-state popula-
tions. For N=4, the fitimplied that we had measured the populations
atthelower value, and thus we did not apply this correction. For N =2,
inwhichan X (-1t/4)rotation was instead used toinitialize the Bell state,
we perform an extra i-pulse to invert the populations to obtain the
correction. Because the coherenceisinferred from the contrast of the
parity oscillation, we expect that it is robust to this error and do not
apply a corresponding correction.

Sources of error in GHZ-state preparation

We perform master equation simulations with stochastic sampling of
fluctuating parameters to model the effects of various errors presentin
the experiment. The result of thismodel for the Bell-state and four-atom
GHZ-state protocols are shown in Extended Data Fig. 3b. The simula-
tionincludesthe ground, clock and Rydberg states, as well as an extra
state capturing scattering and decay into and out of °P,. The fidelity is
calculated explicitly including the parity rotation in the simulation.
We use a2ay, spacing for the Bell state and a square arrangement with
the same minimum spacing for the four-atom GHZ state. The release
andrecaptureis notexplicitlyincludedinthe simulation, although we



estimate the recapture loss owing to single-photon recoil based on the
calculated time spent in the Rydberg state. For both the Bell state and
the four-atom GHZ state, our model is able to account for roughly a
third of the observed measurement-corrected infidelity.

There are several error sources that are more challenging to accu-
rately characterize, but which we expect might explain alarge fraction
of the unaccounted error. Numerically, we find that the multi-qubit
gates are markedly more sensitive to variations in the Rydberg Rabi
frequency Q, (see Extended Data Fig. 3a); imperfections in our cali-
bration procedure of Q, not only directly cause infidelity but will also
increase the infidelity contribution from shot-to-shot fluctuations or
inhomogeneity in Q.. In the future, more precise calibration proce-
dures", as well as robust pulse design’, could help to mitigate these
errors. Transduction of the Rydberg phase modulation to amplitude
modulation (see the section ‘Rydberg excitation’) isanother source of
uncontrolled error on our gates. This can be straightforwardly miti-
gated by an extra pass through an AOM to counteract the deflection.
Beyond that, a more careful characterization of the laser amplitude
and phase profiles for various V,,,, will be necessary to discern poten-
tial discrepancies between our model of the Rydberg pulse and the
actual experiment, for instance, owing to sharp jumps in the phase
modulation (see N,,,, =10 in Fig. 1b). Finally, for the N > 6 ensembles
with certain atoms separated only by a single lattice spacing, it may
be important to further understand the degree to which the compli-
cated Rydberg interaction spectrum at small separations affects the
dynamics™.

GHZ-state stability in atom-laser comparison

For the atom-laser comparison, we attempt to prepare M copies of
N-atom GHZ ensembles oneach run oftheexperimentgq. Letj=1,..., M
index the ensembles on a single shot g. Because of imperfect rear-
rangement, each ensemble will have Nﬁf” <N atoms; critically, the
form of U ensures that these partially filled ensembles will still be
preparedina GHZ state. Unfilled ensembles N(jq) =Qareremoved and
Misreduced for the shot to only count the number of ensembles with
N(q)> 0.During the Ramsey dark time T, each GHZ state will accu-

mulate aphase 6(‘7 I 21TN(")6(t)dt, inwhich 6(¢) is the stochastically
varying atom- Iaser detunmg This phase is converted into a parity
measurement by an X (1/2) rotation, with the phase ¢, calibrated
to be near a zero-crossing of the parity oscillation for all possible
ensemble sizes. The measurement ylelds Mbinary parlty outcomes
73(") ==+1for each ensemble. Taking (77 ) CNmsmB @ as the parity
expectation model, we use the locally unblased estimator about §=0
to convert the measured P} " into a single-shot detuning estimate
SO =23, P(q)/(ZHN(")CN(q)T) Here Cyois the parity contrastat =0
for an NS") atom GHZ state after application of the N,,,, = N gate.

Because we only calibrated the contrast Cy of the maximum GHZ-state
size N before these experiments, we used |C | = |G| independent
of N?; note that this will overestimate the noise and thus provide an
upper bound on the reported instability.

Alow-bandwidth digital servo converts these detuning estimates
into corrections —62%)", which are used to stabilize the clock-laser fre-
quency to the atomic transition. The overlapping Allan deviation is
computed for the fractional frequency detuningy = 6../v,. We use the
servoinput (6(3‘3) asopposed to the servo output (—6&!,),,), asthelatter
is dominated by variationsin the magnetic field (see the section ‘Clock
and Rydberg coherence’). The same procedure and analysis are used
for the CSS, in which the only change is in the initial assumption, for
whichinstead M x N copies of ‘one-atom GHZ states’ are prepared.

Phase estimator for cascaded GHZ states

Asingle measurement of a cascade with K different GHZ-state sizes N,
yields Kbinomial outcomes m,. m, describes the number of even-parity
events (successes) observed out of M, copies (trials) with probabil-
ity of success on any single trial Q, (¢p) = [1+ (752’,((4)))]/2. (752,,((47)) isa

model of the parity expectation value as a function of ¢, which we take
to be of the sinusoidal form
<7,\Dzk(¢))> = CkSin [Nk (¢ - ¢k)] +yk . (19)

C,, ¢andy,are model parameters that we fit for in Fig. 4b. For com-
parison with anideal cascade, we take C,=1, ¢,=0andy,=0

To convert aset {m} fromasingle cascade measurement to a phase
estimate, we use the minimum MSE estimator**”’, defined as follows.
The conditional probability of observing {m,} given ¢ is

K
P(mig) = [1 %} [Q ()1 ™1 Q, (@)1 ™. (20)

k=1

The posterior probability can then be computed from Bayes’ law
using P (¢|{imy}) = P ({m,}|@) P(¢)/P ({m,}). We take the prior knowl-
edge to be a Gaussian of standard deviation g,

2
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For our proof-of-principle phase-estimation experiments performed
at T=0,wechose o, =T1/6 larger than the inversion range of the maxi-
mum size N, = 8 GHZ state such that the cascade is required to make
unambiguous estimates; o, mustalso notbe too large as to have nota-
ble weight beyond the maximum dynamic range [T, 1] (although
further schemes canbe used to overcome this limitation”®”). For clock
applications, g, should be chosen to reflect the spread in integrated
atom-laser detuning at the Ramsey dark time being used for interroga-
tion>>*¢. The marginal distribution P({m,}) is given by integrating the
conditional over the prior P ({m,}) =J':° doP({m,}|p)P(¢).Finally, the
minimum MSE estimator is given by

P(p) = (21)

b= _deP@limdo. (22)

This estimator then provides a map from any possible outcome set
{my} to real numbers. It can be fully defined once a model (@,k((p)) is
given forany M, andN,.

The performance of this estimator can be evaluated by considering
the mean estimate

Po= 2 PUMID) @, (Imy}),

mk}

(23)

and the MSE

AQL = Y PUmlIo) g, (im}) - 91>

{m k}

(24)

Foralltheoretical curvesinFig. 4d-f, P({m}|¢) is obtained using the
binomial expression in equation (20); for the experimental results, it
is approximated on the basis of a bootstrap resampled distribution
from the data in Fig. 4b (see the section ‘Bootstrapping of phase-
estimation data’). Ideally, the MSE A¢zst is as small as possible while
maintaining unbiased estimates ‘fest =¢ for as large a range of ¢
as possible. Because the cascades considered in this work have
(ﬁllk(in)) = 0forall k, large estimation errors are made at the edge of
the range [-1, 1t]. Although these errors do decrease for larger K cas-
cades, it may be possible to more efficiently mitigate thisissue by using
local clock rotations®™.

Effective measurement uncertainty for frequency estimation
The performance of the cascade for frequency estimation during clock
operation, which uses non-zero dark time, can be predicted from the
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MSE>>*¢, This is done by associating the distribution of integrated
atom-laser detunings, under a noise model at a specific dark time 7,
with a prior knowledge used for Bayesian frequency estimation’>5°,
For a Gaussian prior of standard deviation g, the effective measure-
ment uncertainty on a single cycle of the clock interrogation is

A
A= ———. (25)
\ 1- (A¢BMSE/0¢)

Here A@gys; is the Bayesian MSE given by

Myyse =] doP@IAGL, 26)
which quantifies the performance of the estimator given the prior
knowledge. The expected Allan variance reduction relative to the SQL
isgiven by AqbszN, whichis shown in Fig. 4f. By using a noise model to
determine a relation between g, and T, an absolute instability can be
computed from A, (refs. 55,56).

Bootstrapping of phase-estimation data

To explore GHZ-state cascades with alarger number of copies thancan
be preparedinasingle runof the experiment, the distribution P({m,}|¢)
is obtained by bootstrap resampling of the parity data in Fig. 4b. The
procedure is repeated for each phase ¢, so the following protocol
applies forafixed value of ¢. On each run of the experiment, ensembles
of various sizes are prepared across eight different locations and a
binary parity outcome is obtained from each; because of imperfect
rearrangement, some ensembles will have fewer atoms thanintended.
To perform the analysis for a cascade with K different sizes N, (and M,
copies each), we start by collecting the parity outcomes across all
experimental repetitions and ensemble locations into K different sets

K, . . .
{P‘Z’)} ;inthe kth set, [indexes each time an ensemble of size N, was

prepg_rled and the 77(2’) are the corresponding binary parity outcomes.
Asinglebootstrap outcomeris obtained by drawing M, random samples
from each set {P},; with m{” counting the number of even-parity out-
comesfromthe kth sample, the set{mﬁ(’)} isconverted using the estima-
tor function ¢,  ({m,}) intoasingle bootstrap estimate ¢. Repeating
thisR=2,000 times, we obtain a distribution of phase estimates from
abootstrapped sampling of P({m,}|¢). The mean estimate and MSE are

- 1 <R 2 1 <R 2
computedas@, = Y, ") andAg2 =+ 3, (¢%) - 9)%

Scaling of cascade measurement uncertainty

In Fig. 4f, areference line corresponding to A@,, =10,/ InNyo /Nyo, iS
shown. We empirically found that this line captures the scaling of an
ideal cascade reasonably well. Here we comment on several theoretical
considerations that roughly inform this guide.

The first consideration is that, with finite prior information, the
standard HL1/Nis not saturable asymptotically. Using optimal Bayes-
ian estimation, ithas been shown that the asymptotic precision scaling
is instead tightly bounded by a ri-corrected HL®#2, which is 1i/N,,, for
the standard spin-1/2 6,/2 phase-encoding Hamiltonian. Because this
isonly asymptotic, the uncertainty of a finite-size system can be better
than this limit. Nevertheless, comparing the scaling of A¢ to a
mi-corrected limit is a natural starting point.

The second consideration is that anon-constant correction canarise
asaresult oftheresource overhead of using smaller GHZ ensembles. It
was explicitly shown for acascaded GHZ clock, using binary estimates
up to the largest GHZ size, that the scaling in the optimal number of
copies to sufficiently suppress rounding errors leads to alogarithmic
correction over the HL'*. These works considered a restricted distri-
bution of copies, in which the number of copies could increase with
the number of different GHZ sizes K, but was (mostly) fixed across
sizes k for a given K. In the problem of pure phase estimation, it has
been shown that further allowing the number of copies to vary with
k, specifically such that there are more copies of smaller ensembles,

allows the logarithmic overhead to be removed and HL scaling up to
a constant overhead to be recovered'". The theoretical results for
anideal cascade shown in Fig. 4f suggest that such alinear distribu-
tion does not remove the logarithmic correction in the protocol we
considered, although there are several potentially important differ-
ences. One such difference is the application of known phase shifts
on each ensemble to perform readout in different measurement
bases, which is a technique that has been recently demonstrated in
optical clocks®,

Error bars and fitting

Error bars on populations and parity measurements are 68% Clop-
per-Pearson confidence intervals. Error bars on the Allan deviation
represent 68% confidence intervals assuming white phase noise. Fits of
the experimental dataare done using weighted least squares and error
barsonfitted parameters represent one standard deviationfiterrors.

Data availability

The data thatsupport the findings of this study are available from the
corresponding author onreasonable request. Source data for Figs.1-4
are provided with this paper.

63. Colombe, Y., Slichter, D. H., Wilson, A. C., Leibfried, D. & Wineland, D. J. Single-mode
optical fiber for high-power, low-loss UV transmission. Opt. Express 22, 19783-19793
(2014).

64. Young, A. W., Eckner, W. J., Schine, N., Childs, A. M. & Kaufman, A. M. Tweezer-
programmable 2D quantum walks in a Hubbard-regime lattice. Science 377, 885-889
(2022).

65. Dorscher, S. et al. Lattice-induced photon scattering in an optical lattice clock. Phys. Rev.
A97,063419 (2018).

66. Scholl, P. et al. Erasure conversion in a high-fidelity Rydberg quantum simulator. Nature
622, 273-278 (2023).

67. Madjaroy, I. S. et al. High-fidelity entanglement and detection of alkaline-earth Rydberg
atoms. Nat. Phys. 16, 857-861(2020).

68. Taichenachey, A. V. et al. Magnetic field-induced spectroscopy of forbidden optical
transitions with application to lattice-based optical atomic clocks. Phys. Rev. Lett. 96,
083001 (20086).

69. Hein, M., Eisert, J. & Briegel, H. J. Multiparty entanglement in graph states. Phys. Rev. A
69, 062311 (2004).

70. Zeiher, J. et al. Microscopic characterization of scalable coherent Rydberg superatoms.
Phys. Rev. X5, 031015 (2015).

71.  Bernien, H. et al. Probing many-body dynamics on a 51-atom quantum simulator. Nature
551, 579-584 (2017).

72. Khaneja, N., Reiss, T., Kehlet, C., Schulte-Herbriiggen, T. & Glaser, S. J. Optimal control of
coupled spin dynamics: design of NMR pulse sequences by gradient ascent algorithms.
J. Magn. Reson. 172, 296-305 (2005).

73. Low, R. etal. An experimental and theoretical guide to strongly interacting Rydberg
gases. J. Phys. B. 45,113001(2012).

74. Derevianko, A., Kémar, P., Topcu, T., Kroeze, R. M. & Lukin, M. D. Effects of molecular
resonances on Rydberg blockade. Phys. Rev. A 92, 063419 (2015).

75. Young, A. W. et al. An atomic boson sampler. Nature 629, 311-316 (2024).

76. Jandura, S., Thompson, J. D. & Pupillo, G. Optimizing Rydberg gates for logical-qubit
performance. PRX Quantum 4, 020336 (2023).

77. Demkowicz-Dobrzanski, R., Jarzyna, M. & Kotodynski, J. in Progress in Optics (ed. Wolf, E.)
345-435 (Elsevier, 2015).

78. Rosenband, T. & Leibrandt, D. R. Exponential scaling of clock stability with atom number.
Preprint at https://arxiv.org/abs/1303.6357 (2013).

79. Borregaard, J. & Sgrensen, A. S. Efficient atomic clocks operated with several atomic
ensembles. Phys. Rev. Lett. 111, 090802 (2013).

80. Macieszczak, K., Fraas, M. & Demkowicz-Dobrzanski, R. Bayesian quantum frequency
estimation in presence of collective dephasing. New J. Phys. 16, 113002 (2014).

81. Jarzyna, M. & Demkowicz-Dobrzanski, R. True precision limits in quantum metrology. New
J. Phys. 17, 013010 (2015).

82. Gorecki, W., Demkowicz-Dobrzanski, R., Wiseman, H. M. & Berry, D. W. r-corrected
Heisenberg limit. Phys. Rev. Lett. 124, 030501 (2020).

83. Zheng, X., Dolde, J. & Kolkowitz, S. Reducing the instability of an optical lattice clock
using multiple atomic ensembles. Phys. Rev. X 14, 011006 (2024).

Acknowledgements We acknowledge earlier contributions to the experiment from M. A. Norcia
and N. Schine, as well as fruitful discussions with R. Kaubruegger and P. Zoller. We also wish

to thank S. Lannig and A. M. Rey for careful readings of the manuscript and helpful comments.
Also, we thankfully acknowledge helpful technical discussions and contributions to the
clock-laser system from A. Aeppli, M. N. Frankel, J. Hur, D. Kedar, S. Lannig, B. Lewis, M. Miklos,
W. R. Milner, Y. M. Tso, W. Warfield, Z. Hu and Z. Yao. This material is based on work supported
by the Army Research Office (W911NF-22-1-0104), the Air Force Office of Scientific Research
(FA9550-19-1-0275), the National Science Foundation Quantum Leap Challenge Institutes
(QLCI; OMA-2016244), the U.S. Department of Energy, Office of Science, the National Quantum


https://arxiv.org/abs/1303.6357

Information Science Research Centers, Quantum Systems Accelerator and the National
Institute of Standards and Technology. This research also received funding from the European
Union’s Horizon 2020 programme under the Marie Sktodowska-Curie project 955479 (MoQS),
the Horizon Europe programme HORIZON-CL4-2021-DIGITAL-EMERGING-01-30 through

the project 101070144 (EuRyQa) and from the French National Research Agency under

the Investments for the Future Program project ANR-21-ESRE-0032 (aQCess). We also
acknowledge funding from Lockheed Martin. A.C. acknowledges support from the NSF Graduate
Research Fellowship Program (grant no. DGE2040434). W.J.E. acknowledges support from

the NDSEG Fellowship. N.D.O. acknowledges support from the Alexander von Humboldt
Foundation.

Author contributions A.C., W.J.E., T.LY., AWY., N.D.O. and A.M.K. contributed to the
experimental setup, performed the measurements and analysed the data. S.J. and G.P.
conceptualized the multi-qubit gate design. LY. and K.K. contributed to the clock-laser

system, under supervision from J.Y. A.M.K. supervised the work. All authors contributed to the
manuscript.

Competing interests G.P. is co-founder and shareholder of QPerfect. The other authors
declare no competing interests.

Additional information

Supplementary information The online version contains supplementary material available at
https://doi.org/10.1038/s41586-024-07913-z.

Correspondence and requests for materials should be addressed to Adam M. Kaufman.
Peer review information Nature thanks Christian Marciniak and the other, anonymous,
reviewer(s) for their contribution to the peer review of this work. Peer reviewer reports are
available.

Reprints and permissions information is available at http://www.nature.com/reprints.


https://doi.org/10.1038/s41586-024-07913-z
http://www.nature.com/reprints

Article

a ) b 1o . . . . . . d 100 — — .
V= Ir) %@ g d 8 9 s s S O
"dark” _W”wW I §§ | TR\ Rel 2o 4 ’ A
5 o { oA RTLS 9 g ®
2 05 e 1 109 °00 /e 4
‘ Q Q * o] o ® 4 2 090 }
DC_> 0 0-0 * (3 Q o @ 5
Q, s 9 @ g # o r
8 i % ¢ ¢ € 085 + @ rert ]
0.0 ' : : : : : : : :
20 40 0 2 4 0 2 4 0.08 0.12 0.16
3p -2 m Time (us) Time (us) Time (us) Time (us)
) — ——
¢ 10 . . . oo 5 8 59 € 400 — —— .
i "‘°°?}%%§°§§s 89 8% 4 o 5 o %%
S, . &% 8 [ Po =
r-0 S o0 *%9# ¢° Q#““ I o o l°) % ¢ ?
Q K o T 21114987 18 Y] 412 ° 0 2 098 $ E
c L o ° 9 '} ﬁ q
r2—0 3 0.5 Iglb|:||:| 4 44 §°°¢§M ng o ! | (<] o * é
o, ¢ [}
& * %, &66 636966 3 L oLl e _‘é
F Pecog, AL ogﬁ % Pl 12| © ¢ ?
N 0443015 1210 RSN ("8 B L |
- 10) ' 0 1 2 3 20 400 20 40 1.5 1.6 1.7 1.8
Time (s) Time (ms) Time (ms) Time (ms)

Extended DataFig.1|Characterizing clockand Rydberg operations.

a, Effective level diagram for clock qubits with Rydberg coupling. Wavy lines
indicate Rydberg decay. We categorize the many possible Rydberg decay paths
by whether the final state is dark (dark pink) or bright (orange) to our standard
state-detection scheme; note that these final statesinclude the ones thatare
explicitly shown, with the background colour indicating dark or bright. Jagged
linesindicate Raman scattering paths (intermediate state not shown). Straight
linesindicate coherentdrives. b, Left, decay of Rydbergstate over time to
states dark (dark pink circles) and bright (orange squares) to the detection
protocol. Wefit an exponential 1/e decay time to dark (bright) states of
td=1/p=51(3) ps (r°=1/y°=86(3) ps). Middle, single-atom Rydberg Rabi
oscillationsat Q, =2 x 3.7 MHz with afitted 11(1)-ps Gaussian 1/e decay time.
Right, single-atom Rydberg Ramsey oscillations atal-MHz detuning witha
fitted 4.5(2)-pus Gaussian1/e decay time. ¢, Left, population of [1) (turquoise

circles) and |0) (green squares) over time owing to Raman scatteringin the
lattice. Fitting to arate model (see Methods) yields scattering rates of
I,0=0.48(1)Hz, I,,,=0.26(2) Hzand I",,,=0.47(3) Hzin an approximately
920E,deep 2D lattice. Middle, clock Rabi oscillations at Q. = 21 x 0.31 kHz
yielding afitted ground-state fraction of 0.96(1). Right, clock Ramsey
oscillations atan 84-Hz detuning with afitted 217(17)-ms Gaussian 1/e decay
time. We note that the longer coherence time reportedin Fig. 2d is obtained by
adifferent method, in which the Ramsey fringe contrast is carefully measured
ateachdark time and out to substantially longer times. d, Rydberg m-pulse
fidelity for single atoms (purple) and two-atom blockade (red). These dataare
SPAM-corrected (see Methods and ref. 67). Parabolic fits yield SPAM-corrected
Rydberg m-pulse fidelities of 0.995(2) for single atoms and 0.986(3) for
two-atomblockade. e, Clock mt-pulse fidelity. A parabolic fit yields araw clock
m-pulse fidelity of 0.9962(7).
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Extended DataFig.2|Release and recaptureinoptical lattices. a, Schematic
oftherelease and recapture process. The atoms expand from aninitially
well-localized state while the lattice is offand, when excited to the Rydberg
state, theatoms will also undergo a centre-of-mass displacement owing to the
momentum recoil of the UV photon. When the lattice is turned back on, the
wavefunction will be projected both into higher-band Wannier orbitals as well
as nearbysites, causingbothloss and heating. b, Top, measured survivalasa
function of time that the lattice is turned off for the ground state (blue circles)
and Rydbergstate (purple). The solid lines are theoretical predictions for the
recapture probability from an approximately SOE, lattice (see Methods).
Atshorttimes, the Rydberg-state survival decreases quadratically and we fita
Gaussian1/e decay time of 8.7(1) ps. Bottom, theoretically predicted increase
inmean phonon number (see Methods) for recaptured atoms over the same
duration. The heating is quadraticat short timesbut beginsto taper offas the
highest-energy atoms are lost. The lattice turn-off durationis <2 ps for all data
showninthe maintext.
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Extended DataFig.3|Error modelling for GHZ-state fidelities. a, Sensitivity of
multi-qubit gate I{ to Rydberg Rabi frequency and detuning deviations for various
Nomax- Solid lines indicate infidelity for N= N,,,, GHZ state; dashed linesindicate
infidelity for N=2Bell state. b, Modelling of various error sources for N =2 Bell
state (blue) and N=4 GHZ state (red, hatched). For the Bell state, we consider the
CZ gate protocol shownin Fig. 1c; for the four-atom GHZ state, we consider the
general N,,,, = Nscheme shownin Fig.2a. The measurement-corrected Bell state

(four-atom GHZ state) infidelity (see Extended Data Table 2) isshown as the blue
dashed (red dotted) line. Inboth cases, our error model accounts for roughly a

third of the observedinfidelity. The presence of pulse discretization/rise time

error for only the Bell state is because we use the exact time-optimal CZ gate

implementation described inref. 11as opposed to a modulation optimized for
our pulse model.



Extended Data Table 1| Atomic arrangement parameters for different GHZ ensemble sizes

N Az Ay Ly le Umin
(a1at) (a1at) (rows) (columns) (h2,.)

2 20r3  N/A 1 99(2)
4 2 or 3 2 2 32.7(6)
6 3 1 3 32.7(6)
8 or 9 2 1 3 3 9.0(2)

All patterns are oriented in a rectangular pattern of [, rows by [, columns on the square lattice, with spacings Ax and Ay along each direction. The minimum blockade is computed as
Unin=Cég/rax inwhichr8, = (lXAx)2 + (lyAy)2 and Cg=21x10.4(2) GHzum® is obtained from measurements of the transition frequency for two-photon excitation of [11)=>|rr); we note that this
Cg value is roughly 15% larger than we reported previously in ref.6. U, is given in units of Q,=2mx4MHz, even though the actually used Rabi frequency in various experiments varies between

3 and 4MHz. The N=8 data used the same pattern as N=9 but with a single corner atom removed.
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Extended Data Table 2 | Summary of raw and measurement-corrected GHZ-state fidelities

Raw Measurement-corrected

Po + PN C F Po + PN C F

N

2 0.990(2)  0.975(3)  0.983(2)  0.988(4)  0.983(3)  0.985(2)
4 0.940(7) 2) (8)  0.955(7)  0.91(2)  0.933(8)
6  0.908(6)  0.77(1)  0.837(6)  0.90(5) 0.82(1) 0.86(2)
8  0.822(8) 1) (7)  0.77(6) 0.75(1) 0.76(3)
9 0.80(1) 0.61(1)  0.707(9) 0.8(1) 0.68(1) 0.75(5)

The measured values of the GHZ-state populations p,+py, parity-oscillation contrast C and GHZ-state fidelity F are shown for both the raw data and after applying measurement correction
(see Methods) for varying size N.
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