Superradiant Atomic Beam Laser
by
Haonan Liu
B.S., Physics, University of Richmond, 2016
B.A., Mathematics, University of Richmond, 2016

M.S., University of Colorado Boulder, 2019

A thesis submitted to the
Faculty of the Graduate School of the
University of Colorado in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
Department of Physics

2021

Committee Members:
Murray J. Holland, Chair
Ana Maria Rey

James K. Thompson

Jun Ye

Josh Combes



ii
Liu, Haonan (Ph.D., Physics)
Superradiant Atomic Beam Laser

Thesis directed by Prof. Murray J. Holland

Steady-state superradiant lasers are a promising candidate for next-generation ultracoherent
light sources. In this thesis, we propose a new type of superradiant laser based on a hot atomic
beam traversing an optical cavity. We show that the theoretical minimum linewidth and maximum
power are competitive with the best ultracoherent clock lasers. Also, our system operates naturally
in a continuous wave modality, which has been elusive for superradiant lasers so far. Unlike many
existing proposals for ultracoherent lasers, our design is simple and rugged. This makes it a potential
candidate for the first widely accessible ultracoherent laser, as well as the first to realize sought-after
applications of ultracoherent lasers in challenging environments.

Aside from metrological usefulness, the superradiant atom beam laser system is of fundamen-
tal interest in terms of various superradiant phase transitions. To this end, we theoretically analyze
the system for three different configurations: (i) For a thermal atomic beam interacting with a reso-
nant cavity mode, we derive a semiclassical model and determine the onset of superradiant emission
and its stability. We find two different superradiant phases; a steady-state superradiant phase and
a multi-component superradiant phase. In the latter case we observe sidebands in the frequency
spectrum that can be calculated using a stability analysis of the amplitude mode of the collective
dipole. We show that both superradiant phases are robust against free-space spontaneous emission
and Ty dephasing processes. (ii) For a collimated atomic beam interacting with an off-resonant
cavity mode, we derive an analytical formula for the cavity pulling coefficient. We find that the
pulling is small if the cavity linewidth is much larger than the collective linewidth of the atomic
beam. This regime is desired for building stable lasers because the emission frequency is robust
against cavity length fluctuations. Furthermore, we find polychromatic emission regimes, where the

spectrum has several frequency components while the light output is still superradiant. (iii) For



iii
a slanted collimated atomic beam passing through a cavity that is on resonance, we find that the
atoms undergo superradiant emission when the collective linewidth exceeds the transit-time broad-
ening. We find steady-state superradiance providing the tilt of the atomic beam is sufficiently
small. However, if the atoms travel more than half a wavelength along the cavity axis during one
transit time we predict a dynamical phase transition to a new bistable superradiant regime. In this
phase the atoms undergo collective spontaneous emission with a frequency that can be either blue
or red detuned from the free-space atomic resonance. We show that the linewidth of the emitted

light exhibits features of a critical scaling close to the phase boundaries.
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a1

Source: Ref. [52]. Comparison between the general characteristics of ordinary flu-

orescence and superradiance experiments. (a) Ordinary spontaneous emission is

essentially isotopic with an exponentially decaying intensity (time constant 7g,). (b)

Superradiance 1s anisotropic with an emission occurring in a short burst ot duration

~ T /N
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n2

Source: Ref. [128] (notations and captions have been adapted). The superradiant

phase transition for the Dicke model with a single mode. Here, g describes the atom-

photon coupling. The order parameter for the phase transition is (a) /v N, where (a)

1s the mean field amplitude and /V 1s the atom number. When the coupling parameter

g is bigger than the critical coupling g., the order parameter (a) /v/ N becomes non-

zero with two opposite phases which correspond to the symmetry breaking equilibria

of the free energy F'.| . . . . . . . . . e

93

i3

Source: Ref. [101] (notations and captions have been adapted). (Left) Power as a

function of pump rate w and atom number N. The rapid buildup ot power above

threshold w can be seen as well as the decrease of emitted power for too strong a

pump. The dashed line shows the boundary of the region of collective emission.

(Right) Linewidth vs w and N. The white dashed lines indicate (from left to right)

the spontaneous decay rate, the inhomogeneous relaxation rate 1/75, and the maxi-

mum pump rate Wmax.| - - - - - o . o e e e e

95
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The superradiant beam laser. The atomic beam is generated trom an effusive source,

like a commercial effusion cell. After emerging from the source (upper right), the

atoms are prepared by pumping lasers (blue arrows) in a metastable state prior to

entering the cavity (lower left). Inset: The minimal atomic structure needed for the

superradiant beam laser to operate. In this three-level scheme, atoms are rapidly

prepared in a metastable state |e) by pumping (blue) on a broad transition. Lasing

(red) occurs on the long-lived |g) <> |e) transition. Real atomic systems may require

more complex pumping schemes.| . . . . . . ... o Lo Lo

5.2

(a) Mean-field calculations of the linewidth in units of the transit time broadening

1/7, as a function of the Doppler width §p7 and ®7°T'.. Here ®7°T, is the number

of collective lifetimes that elapse during the transit time 7. The black dashed line

1s the phase transition threshold tfor steady-state superradiance, above which mean-

field calculations predict a zero linewidth. (b) The linewidth in units of I'. as a

function of the Doppler width for ®7°I'. = 20. The markers are simulation results

using Egs. (5.1)—(5.3) with & = 1000/7 and I'. = 0.02/7. For every data point, we

calculated 100 trajectories each with a simulation time of 7" = 20007. This numerical

simulation 1s compared with the mean-field theory, which 1s analytic. Inset: Below

the phase transition, simulations show an ultranarrow linewidth of order I'., which

is 50 times smaller than transit time broadening for these simulation parameters. (c)

Simulation results of the linewidth in units of I'. as a function of ®7°T.. For every

data point, we calculated 100 trajectories each with a simulation time of 1" = 2007

and @ =500/7. . . . ..

79

.3

The output power of the superradiant beam laser. The markers are c-number sim-

ulation results. For every data point, we calculated 100 trajectories each with a

simulation time of 7" = 2007 and ® = 500/7. For 0p7 = 0.27, both the mean-field

and simulation results peak at ®7°T'. ~ 20 with P = 0.7hw®.| . . . . . . . . ... ..
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5.4

Simulation results of the second-order time correlation function ¢‘®(0) compared to

the mean-field prediction. For each data point, we calculated 100 trajectories each

with a simulation time of T" = 200 with ® =500, 7 =1, and op7 =0.27.. . . . . ..

83

[5.5

The cavity pulling coefficient p at op7 = 0.27. A small cavity pulling makes the

laser frequency insensitive to environmental noise, such as vibrations. The markers

are c-number simulation results with x = 1000/7 and w. — w, = 100/7. For every

data point, we calculated 100 trajectories each with a simulation time of T = 1007.

As N increases, the simulation results approach the mean-field calculation.| . . . . .

6.1

Schematic of the system (a) and the atom-cavity coupling (b). We consider a beam

of two-level atoms in the excited state |e) traversing an optical cavity of loss rate

K with a given velocity distribution. The x and z axes are chosen perpendicular

and parallel to the cavity axis. The atomic beam is much broader than the optical

wavelength \ so that the atoms experience different phases of the cavity mode (blue

and red denote different signs of the cavity mode function). The excited state |e) of

the atomic dipoles (b) couples to the ground state |g) via photon emission into the

cavity with coupling gn(x). The function n(x) is the mode function of the cavity,| . .

91

62

Schematic of the stationary collective dipole in the J*-JY plane. Its mean length is

given by J(‘]‘ as defined in Eq. (6.55). The dynamics of its length fluctuations, §.J!,

we interpret as a Higgs mode, and the dynamics of its phase fluctuations, 6.J=, as a

Goldstone mode (see Sec.[6.3.2.2)). | . . . . . ... oo oo

6.3

The zero vy of D(v) from Eq. (6.116) with the largest real part as a function of the

Doppler width 0p and of the collective linewidth NT'., all in units of 1/7. In the

region where 1y > 0 (shown as white region) the state of the atomic beam is unstable

and the beam of excited dipoles will undergo superradiant emission. The solid black

line indicates the transition where vp =0 [Eq. (6.118)]. | . . . . ... ... ... ...
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6.4

The absolute value of the g; function [Eq. (6.77))] normalized by |g;(0)| as a function

of time ¢ in units of 7 for (a) op7 = 0.1, NI'.7 = 4 and (b) dp7 = 10, NI'.7 = 20.

The g; function is calculated by numerically integrating Eqs. (6.20)—(6.23) using

Egs. (6.114)—(6.115) over a total time tgy, = 2007 with N = 2000 atoms, and av-

eraging over 100 trajectories. For the calculation of g7 we have chosen t; = 107.

The red dashed line is an exponential fit oc exp(ct) of the tail with an exponent

ct ~ —1.9 (a) and ¢t = —6.5 (b), respectively. The values of vy (see Fig.[6.3) for

the same parameters are vy = —1.8 (a), and o7 =—6.2 (b). | . . . ... ... ...
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The real part Re(1p) (a) and the absolute value of the imaginary part | Im(vp)| (b) in

units of 1/7 of the zero vy with the largest real part of the Higgs dispersion relation

|Eq. (6.69)| as a function of the Doppler width dp and the collective linewidth NT'. in

units of 1/7. The parameter region where the Higgs mode is unstable, Re(rp) > 0,

1s marked as gray area and bounded by a dashed black line. We call this phase

multi-component superradiant (MCSR). The solid black line, given by Eq. (6.118]),

marks the transition from SSR to the NSR phase (see also Fig. [6.3). Subplots (c)

and (d) show the value of the collective dipole j(|)| [Eq. (6.123)] and the linewidth T

|[Eq. (6.110))] in units of I'., respectively. They are shown as a function of the same
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(a) The normalized collective dipole correlation (J*J)/N4, (b) the linewidth I in

units of the collective linewidth NT'., and (c) the linewidth in units of the single-

atom linewidth I'. as a function of the Doppler width dp in units of 1/7. The

different markers correspond to different intracavity atom number N as described in

the inset of subplot (a). The linewidth is calculated by fitting the g; function using

to = 107 to an exponential x exp(—I't/2) over a time interval of length t; = 207.

The solid line in subplot (a) is the value of (j(|)|)2 /4 calculated from Eq. (6.123)).

The linewidths in (b) visible as solid line are —2vp, where vy is the zero with the

largest real part of the dispersion relation in Eq. (6.116]). In (c) the solid line gives

the solution of Eq. (6.110]) calculated using Eq. (6.121)) for given values of j(|]|. The

red dashed vertical lines mark the transition from SSR to the NSR phase. We have

chosen NI'.7 = 20 with a simulation time of ¢, = 2007 and a total number of

trajectories 200000/N for corresponding N.| . . . . . .. ... L.
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The collective dipole correlation (J*J)/N? (a) and the value of g2(0) —1 [Eq. (6.125)]

(b) as a function of dp in units of 1/7. The different symbols indicate different

intracavity atom numbers N [see inset of subplot (a)]. The solid line in subplot (a)

is the value of ( j(|,|)2 /4 calculated from Eq. (6.123]). Subplot (c) shows the intensity

spectrum |S>(w)| defined in Eq. (6.126)) as a function of w and dp in units of 1/7. The

value of |S(w)| is normalized for every 0p by the maximum [S5**| = max,,|S2(w)]

and calculated for N = 4000. The red vertical dashed lines indicate the threshold
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The spectrum |57 (w)| [Eq. (6.127)| plotted for opT =3 (a), dpT = 4.5 (b), dpT =6

(c) as a function of w in units of 1/7. The different lines correspond to different

intracavity atom numbers N as shown in the inset of subplot (a). The spectrum is
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The spectrum [S; (w)[ [Eq. (6.127)] (a) and the intensity spectrum [Ss(w)[ [Eq. (6.126])]

(b) as a function of NI'. and w in units of 1/7. Both spectra are normalized for ev-
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Simulation results of the real part of g;(¢) normalized by Re[g;1(0)] for pT = 4.5 (a)
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(a) Atoms enter the cavity in the excited state |e) and can emit photons into a single

cavity mode. Photons leak out through the cavity output mirror with rate . (b)

Each atom is represented as an optical dipole of transition trequency w, coupled to

the cavity mode of frequency w.. The coupling gn(x) depends on the position x

of the atom, where ¢ is the vacuum Rabi frequency or Jaynes-Cummings coupling

coefficient and 7(x) is the mode function. The cavity-atom detuning frequency is

given by A = wWe — Wa.| « - o o o e e e e
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oketch of the Bloch sphere where the dipole density can be mapped on a point of

the sphere (here visible as the blue arrow) with radius p(p) depending solely on the

momentum p. The angles K and ¢ depend on position x, momentum p, and time t.|
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(a) The real component Re(rp) and (b) the imaginary component Im(vg) of the zero

vy with the largest real component of D(v) in Eq. (7.92)). They are plotted as a

function of the detuning A in units of £/2 and the collective linewidth NT'. in units

of 1/7. The black solid line is determined by Re(ry) = 0 above which we expect

superradiant emisSsSION.| . . . . . . . . . .. Lo e e e e e 157
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Bloch vectors parametrized according to Eqgs. (7.76)—(7.78) where we have combined

Egs. (7.98) and (7.99) to calculate w and J(|)| and then Eqs. (7.93), (7.95)), and (7.97)

to calculate K (x) and ¥ (x). The black solid lines are the traces of the Bloch vectors

for —w < x < w. We have used NI'.7 = 10 and four different values of A/(k/2) [see

titles of subplots (a)—(d)| for the numerical values used.| . . . . ... ... ... ...

(7.5

The normalized collective dipole j(‘)‘ = J[|,| /N (a) and the frequency w in units of

1/7 (a) as a function of A/(x/2) and the collective linewidth NT'. in units of 1/7.

The results are calculated using Eq. (7.98) and Eq. (7.99). The black dashed line is

the boundary of the gray area where the superradiant configuration transitions to a

multicomponent superradiant regime. This has been determined using the solution

of j(|)| and w to find zeros of the dispersion relation in Eq. (7 .89|h.| ...........
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[7.6

(a) The cavity output power x(a'a) in units of N/7 [see Eq. (7.101))] and (b) the value

of g2(0) —1 [see Eq. (7.102)] as functions of A/(x/2) for various values of N [see inset

of subplot (a)]. (¢) The spectrum |S(v)| [see Eq. (7.103))] normalized for every value

of A/(k/2) by the maximum S™** = max, |S(v)| as a function of v in units of 1/7

and of A/(k/2) obtained by numerically integrating Egs. (7.63)—(7.65) for N = 4000.

For all simulations we have used NT'.7 = 20. The black solid line in subplot (a) is

calculated from the solution j(|)| obtained from Eqgs. (7.98) and (7.99). The vertical

red dashed lines mark the analytical threshold between the superradiant and non-

superradiant emission regimes. For (c¢) we have used typ = 107 and t.y, = 207. The

red solid line in (c¢) in the superradiant regime is the frequency w calculated using

Egs. (7.98) and (7.99). The red solid line in (c) in the non-superradiant regime is

Im(ry) where vy is the zero of Eq. (7.73) with the largest real part. All simulations

have been performed for a total time 7' = 2007 and averaged over 100000/N different

mitializations. . . . . . L. e e e

(a) The cavity output power (afa) in units of N/7 [see Eq. (7.101)] and (b) the

value of g2(0) — 1 [see Eq. (7.102))| as functions of A/(x/2) for various values of N

lsee inset of subplot (a)]. (c) The spectrum [S(v)| [see Eq. (7.103])] normalized for

every value of A/(x/2) by the maximum S™* = max, |S(v)| as a function of v in

units of 1/7 and of A/(x/2) obtained by numerically integrating Eqgs. (7.63)—(7.65)

for N = 4000. For all simulations we have used NI'.7 = 50. The black solid line in

subplot (a) is calculated from the solution j(|,‘ obtained from Eq. (7.98) and Eq. (7.99).

The vertical red dashed lines border the multicomponent regime. For subplot (c)

we have taken the values ty) = 107 and t.,; = 207. The red solid line in (c) in the

superradiant regime is the frequency w calculated using Eq. (7.98)) and Eq. (7.99).

The red circles in (c¢) at the phase thresholds are the values of w+Im(vy), where vy is

the zero of Eq. ([7.89)) with the largest real part. All simulations have been performed

for a total time 7" = 2007 and averaged over 100000/N different initializations.| . . .
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The same quantities as shown in Fig. |7.7 but for a fixed value of A/(k/2) = 1.5

and as a function of NI'.7. The vertical red dashed line marks the transition from

the stationary to the polychromatic superradiant regime and the red circles in (c) at

the phase threshold are the values of w & Im(r4). The remaining parameters are the

same as in Fig. [7.70) . . . . . ..o

79

(a) The cavity pulling coeflicient o defined in Eq. (7.61)) as a function of the cavity

linewidth £ and the collective decay NT'., both in units 1/7. For the calculation of p

we have solved Eq. (7.60) using the solution of Eq. (7.98) for f = 0. (b) The cavity

pulling coefficient p normalized by 1/(k7) as a function of NI'. in units 1/7. For the

derivation we have calculated ¢ = w/A that is independent of A in the limit k7 > 1

where the cavity field can be elimmated.| . . . . . . . . .. ... 0L
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B1

(a) Atoms are preexcited and pass through a lossy optical cavity. (b) Two-level

atoms resonantly exchange photons with the cavity mode with a spatially dependent

coupling gn(x).| . . . . . . .
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82

The resulting phase diagram describing the light emission for different values of the

Doppler shift, k.v,, and the collective linewidth, NI'., both in units of the inverse

transit time, 1/7. For small values of NI'.7 we find no superradiant emission. For

sufficiently large values ot N1'.7, regimes of either regular steady-state superradiance

(SSR) or bistable SSR are observed depending on the magnitude of kv, 7. . . . . .
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B3

The spectrum S(w), defined in Eq. (8.31)), as a function of the frequency w in units

of 1/7 in the SSR phase for k.v,7 = 27 x 0.3 (a) and in the bistable SSR phase

kcv, 7 = 2w x 0.8 (b). For the simulation we used NI'.7 = 30, N = 800, and a total

integration time of tg + I = t5m = 20007. The spectra are calculated using 500

independent initializations and after a time ¢y = 107 (after which the system is well

described as being in steady state). The two insets in subplot (b) show the averaged

spectrum of the trajectories that correspond to a negative frequency wr ~ —4.46

(238 trajectories) and positive frequency w7 = 4.46 (262 trajectories).| . . . . . . ..

B4

The phase difference Ap(t), defined in Eq. (8.32), as a function of time in units of

7 tor N = 800. The time window 1s defined by {5 = 107 and ¢; = 17007, and the

total stmulation time 1s ¢, = 20007. For the simulations we used 500 trajectories

and the parameters k.v,7 =27 x 0.8 and NI'.7r=30.] .. ... ... ... ... ...

B5

The collective dipole (J*J)/N?, subplots (a—c), and the frequency of the light w in

units of 1/7, subplots (b—d), as functions of k.v,7. Subplots (a—b), and (c-d) show

results for NI'.7 = 20 and NI'.7 = 30, respectively. The circles and stars correspond

to numerical simulations of Eqgs. (8.5)—(8.8]), and the solid lines represent analytical

solutions tor N — oco. The vertical gray dashed lines show the transition from regular

SSR to bistable SSR. The numerical values of w from the simulations in subplots (b)

and (d) have been calculated by fitting g1 (¢) (Eq. (8.64)) to cos(wt + ¢o)e '*/? and

to = 107. Here, w, I' and ¢q are fitting parameters. The simulations are performed

with N = 800, an integration time of tg,, = 1007, and 400 initializations.| . . . . . .
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8.6

The jump probability Pymp, defined in Eq. (8.45)), for different values of k.v,7 for

NT.m = 20 (a) and NI'.1 = 30 (b). For the simulations we used tg, = 1007,

N = 800, and / = 400 and started the analysis atter {5 = 107, atter which, to good

approximation, the system had reached the stationary state. The value of Ap(t) for

each trajectory is calculated according to Eq. (8.32) without the time average for

t; — to. According to the definitions given in the text prior to Eq. (8.45)), we have

used tmax = 907 that we split into M = 20 bins. The gray dashed vertical line shows

the threshold between the regular SSR and the bistable SSR phases, i.e., k.v,7 = 7|

191

B7

The linewidth I' in units 1/(N7) as functions of k.v,7 for NI'.1 =20 (a) and

NT' .7 =30 (b). The circles and stars correspond to numerical simulations, and the

solid lines represent the result of Eq. (8.63) for N — oo. The vertical gray dashed

lines show the transition from regular SSR to bistable SSR. The values of I' have

been calculated by fitting g1 (Eq. (8.64) with cos(wt + ¢g)e "2 and ty = 107. The

simulations are performed with N = 800, 400 trajectories, and an integration time

of teim = 1007 . . . . . L

B3

The linewidth I' in units of 1/7 as a function of the intracavity atom number N for

NI'.7 = 30. The blue circles, green crosses, and red stars correspond to different

values of k.v.7 (see legend) at the threshold, in the SSR phase, and in the bistable

OoR phase. The blue dashed, green dashed-dotted, and red dotted lines are linear fits

according to I't o« N® with o = —0.30, « = —1.03, and o« = —1.06, respectively. For

every N we average over 4.8 x 10° /N trajectories with a simulation time tg,, = 1007.

Every point is calculated using the fit as described in the caption of Fig. [8.7, | . . . .

198



Chapter 1

Introduction

The study of collective effects in atomic and molecular ensembles with cavity-mediated in-
teractions is a very active research topic in quantum gas physics. Ongoing research focuses on the
simulation and exploration of many-body systems [8 125, 53], 157, [I08] and also their application
to metrology that takes advantage of the collective behavior [135] 00, 113 [50} T18].

An example of such a collective effect is superradiance, which describes the collective light
emission enhanced by the build-up of macroscopic coherence in the ensemble of atomic or molecular
dipoles. Originally, superradiance was predicted for free-space systems, that is, when the interparti-
cle distance is smaller than the optical wavelength [32,[52]. However, this condition can be overcome
by trapping the light in a confined volume, such as an optical cavity, and maintaining the condition
of strong coupling of the particles to a single lossy resonator mode. More explicitly, superradiance
in this case requires the cavity linewidth to be large compared to the collective linewidth of the
dipoles. This results in a situation in which the coherence is stored in the atomic dipoles while the
cavity mode is overdamped.

The superradiant laser [I0T], 12] takes advantage of this effect and relies on a stable coherent
collective dipole. This laser has the potential to produce light with an ultranarrow linewidth [I0T],
100] that reflects the extremely high quality factor of the electronic transition [115,[116]. In addition,
recent studies have analyzed such systems as manifestation of phase synchronization [166], 172} 161],
connected them to time crystals [49, 62} 156, [7, 18], [73, [75], and discussed them as candidates for

active optical clocks [25] [168].



A number of previous superradiant laser proposals and current experiments suggest trapping
the atoms inside of the cavity [I0T], 12} 100, 99, [95] [80, 29 170, 87, 136, 169] with potential
continuous incoherent repumping as its energy source. However, this is typically not easy to realize
due to the need for closed transitions and external fields to trap the atoms. Furthermore, these
additional complexities will usually lead to radiative heating of the atomic cloud and also to atom
loss.

Another approach to achieve superradiant lasing is to couple a beam of moving atomic dipoles
to a single resonator mode [I53, 92 [70]. In this case the atoms can be precooled and prepared in
the excited state before entering the cavity. This spatially separates the quantum state prepara-
tion stage from the collective emission that occurs while atoms travel through the cavity volume.
Such designs are less prone to the adverse effects of radiative heating and atom loss due to the
finite lifetime of trapped atom systems. This may allow for an alternative pathway towards truly
continuous-wave superradiant lasing in the optical domain [92].

In this thesis, we study in detail the superradiant atomic beam laser model. The remaining of
the thesis is structured as follows. In Chap. [2, we derive the Jaynes-Cummings model for a moving
atom interacting with a single mode cavity. In Chap. 3] we derive the quantum master equation and
the corresponding Heisenberg-Langevin equations. We show their equivalence given a heat bath of
harmonic oscillators in vacuum. In Chap. [4] we lay out the theoretical foundation to study cavity
superradiant systems. We derive the Heisenberg-Langevin equations for the superradiant beam laser
system in the “bad cavity” limit. Moreover, we provide the detailed form of the corresponding c-
number Langevin equations, which are used to numerically simulate the superradiant atomic beam
laser system under various configurations in Chap. In Chap. [5, we propose the superradiant
beam laser from an experimental point of view, focusing on its potential as a candidate to be the
first rugged ultracoherent laser. In Chaps. [6] we study the same model from a theoretical point of
view and analyze multiple superradiant phase transitions including a multicomponent superradiant
phase. In Chap.[7] we introduce a finite cavity detuning and discuss the various superradiant phases

as well as calculating the cavity pulling coefficient. In Chap.[8] we examine the regular and bistable



superradiant phases given a slanted atomic beam of a single velocity. In Chap. [9] we conclude our

discussion and talk about future research direction.



Chapter 2

Background

In this chapter, we review the background of modern quantum optics. Starting from the
canonical quantization of electrodynamics, we first derive the quantized Hamiltonian of the coupled
system of moving particles and electromagnetic fields. We then focus on systems that are confined
in a certain quantization volume such as an optical cavity, which are normally called the cavity
quantum electrodynamics systems, or cavity QED systems. With the long-wavelength and rotating-
wave approximations, we derive the Jaynes-Cummings model of a two-level atom coupled to a single
cavity mode.

All of the analysis in this thesis is non-relativistic.

2.1 Canonical quantization of electrodynamics

Quantum optics studies the quantum nature of interactions between individual quanta of
electromagnetic fields, the “photons”, and ensembles of charged particles such as neutral atoms,
ions, and molecules. Such interactions are classically described by Maxwell’s equations and the
Lorentz force equation in electrodynamics. In this section, we start from these classical equations,
and then follow the route of Dirac’s canonical quantization |35l [34] to derive the quantized Hamil-
tonian of the coupled system of photons and charged particles. For a more detailed derivation and
discussions, we refer the readers to Ref. [27, [28].

It should be noted here that historically this quantization process is sometimes called “second

quantization”. While “first quantization” refers to the canonical quantization of classical particles



into quantum wave functions, the term “second quantization” has been used to describe the canon-
ical quantization of classical electromagnetic fields into a sum of quantum harmonic oscillators.
From modern point of view, this is more of a misnomer. We are not quantizing electromagnetism
“twice” as the name “second” suggests, but only quantizing classical fields instead of classical par-
ticles. On the other hand, “second quantization” is now mostly used in the formalism of quantum
field theory. In that context, the term refers to the “second” quantization of a system of already
quantized particles from a Hilbert space with symmetric or antisymmetric tensor algebra into a
Fock space, where a vacuum state and occupation states are defined. ! Although the results of the
quantization in electromagnetism and quantum field theory are similar—a Fock space, we will avoid
using the term “second quantization” in the remaining of this thesis and instead call it canonical

quantization.

2.1.1 Classical Lagrangian of electrodynamics

Classical Maxwell’s equations in vacuum have the form

VBt = 26T (2.1)
€0

VvV -B(t,r) =0, (2.2)

V x E(t,r) = —=B(t,r), (2.3)

V x B(t,r) = poJ(t,r) + posoE(t, 1), (2.4)

where E(¢,r) and B(t,r) are the electric and magnetic field vectors, p(t,r) = >_, ¢;6[r —r;(?)] is
the charge density for point charges q;, J(t,1) = >, q;1;(t)d[r —r;(¢)] is the current density, and o
and fig are the electric and magnetic vacuum permittivities, satisfying eouoc? = 1, with ¢ the speed
of light. Here §(r) is the Dirac delta function. We have used Newton’s notation r;(¢) to denote the
total derivative ﬁ, and the notation B(t, r) to denote the partial derivative —B, etc. It should

dt ot

be clear whether this notation means total or partial derivative within a given context.

! As Edward Nelson said, “first quantization is a mystery, but second quantization is a functor.”



In essence, Eq. (2.2) and Eq. (2.3) only characterize the self-coupling structure of the fields,
and are immediately satisfied if we introduce the electric potential ¢(¢,r) and vector potential

A(t,r) and define

E(t,r) = —Vo(t,r) — A(t,r), (2.5)

B(t,r) = V X A(t,r). (2.6)

On the other hand, Eq. (2.1) and Eq. (2.4) describe the change of the fields due to the interaction

with matter. These two equations, combined with the Newton-Lorentz equation
m;t; = q; [BE(r;) + 5 x B(r;)], (2.7)

which describes the dynamics of point charges with mass m; in the fields, give the classical picture
of the coupling between matter and fields.

We now present the classical “standard Lagrangian” [27] for the system of electromagnetic

fields and particles. With the definitions in Egs. (2.5)—(2.6), we define
1 . i
L= Z 5mjr? + 820/6131- (E2 _ C2B2) + qu [rj . A(rj) — ¢] . (2.8)
J J

It is straightforward to check that the Euler-Lagrangian equations of the standard Lagrangian L
in Eq. leads to Eq. , Eq. , and Eq. .

Now, in order to apply canonical quantization, we need to derive the Hamiltonian corre-
sponding to the Lagrangian. But before finding the canonical momentum and thereby proceeding,
it is extremely useful to examine and reduce the number of dynamical variables. Taking E and B
as functions of A and ¢, there are eight field dynamical variables at each point in space in Eq. ,
ie., {A(r), o(r), A(r), cb(r)} However, in the Maxwell-Lorentz equations, there are only six field
dynamical variables, i.e., {E(r), B(r)}. Therefore, there are two redundant variables in Eq. (2.§).

Noticing that ¢ does not appear in Eq. (2.8)), we are led to eliminate ¢ as well, since its canonical



momentum is zero 2. Rewriting Eq. (2.8) as
1 -2 3
J

where

Lot = 3 (B* = B?) +7- A - p (2.10)

is the Lagrangian density of electromagnetic fields, we have

o_ 9L _ d<aL> oL

“ 06 dt\og) 09

_ 0Zwv v 0Lem

T 09 ' ( oV )

= —p(r) — eoV2p(t,r) — oV - A(t,r). (2.11)

Here we have used the Euler-Lagrangian equation for ¢ and the derivative of the functional. We

9 9 9
dug’ dvy’ Ov,

It is immediately obvious that we can solve for ¢ from Eq. (2.11]) conveniently by going

have also used the notation v =

T
) for any vector v.
v

into the corresponding Fourier space (or the reciprocal space as referred to by Cohen-Tannoudji in

Ref. [27]) of the real space, i.e.,

0 = —p(K) + cok?(t, k) — coik - ‘%‘g’k), (2.12)
and therefore
o 1[pk) . dA(tK)
¢(t7k) - ]{32 [ £0 +Zk at ) (213)

with & = |k|. Here, we have used the following definition of the Fourier transform in three dimen-

sions 3

i

_ 1 31. re—ik~r
k) = TR /d Fr)eikr, (2.14)

f(r) = P / Pk f(k)elkT, (2.15)

2Actually, it is not even possible to canonically quantize the system from the standard Lagrangian without

reducing ¢, since its conjugate momentum is identically zero.

3See Appx. [Alfor further discussions on conventions for Fourier transform.



where f(r) can be any function defined on real space, and f (k) is then its counterpart in Fourier
space.

We can now derive the reduced Lagrangian density in Fourier space. To do this, we first

rewrite Eq. as
L=Y tmit+ /di”k[go <)E‘2 - c2]1§f> +J A - ﬁ*&], (2.16)

— 2 J 2

J
where we have used Plancherel’s theorem. Notice that, in Fourier space, the degrees of freedom
have doubled in number because A, é, J , and p are now complex. However, since A(r) is real,
A (k) is a Hermitian function satisfying A(—k) = A*(k). Likewise, ¢, J, and j also satisfy similar
Hermitian constraints. Therefore if we know the values of these functions in half of the Fourier

space, or the reciprocal half space, we know them in the whole Fourier space. This leads us to

rewrite the standard Lagrangian L again as
1 . —
L= Z 57njr§ + ][d3k.$, (2.17)
J

where the notation ][ d®k means the integral over the reciprocal half space, and

.,%:e()(‘E‘Q—c?‘B‘Q) +2Re{3* - A -5}, (2.18)

In Fourier space, Egs. (2.5)—(2.6) become

. - 0A
E=—k¢p — — 2.19
B =ik x A. (2.20)
Using Eq. (2.13) to eliminate ¢ in Eq. (2.19) yields
- k OA~+
E=—t—p— —. 2.21
ZEok‘Qp ot ( )
. L i k-A
Here, we define the longitudinal component of the vector potential A as A = 12 k and the

transverse component as A+ = A — Al



Now, substituting Eq. (2.13)), Eq. (2.20)), and Eq. (2.21)) into Eq. (2.18]), we have the reduced

Lagrangian density .Z in the reciprocal half space

~ 2
= _ ’ﬁ|2 A+ 2,2 x L|? Fx XL ¥
Z=- g tel || - (A ‘ +2Re{J" At} 4+ 2, (2.22)
where
Al
-l _ Fo. Al L 2 ) OAT
7! =2re{3*- A }+k2 Im{p ok (2.23)

is the longitudinal Lagrangian density.

At this point, we have already expressed the reduced Lagrangian density in terms of the dy-

ot

transform and then to impose the canonical quantization rules. However, a careful examination

~ 0A
namical variables {A, } only. It is possible to directly find the Hamiltonian using the Legendre

on the longitudinal Lagrangian density ?H is not only useful for simplification of the derivation,
but also helpful to understand the gauge invariance underlying both the classical and quantum
electrodynamics.

It is obvious from Eq. that the longitudinal components of the fields appear only in ?”.

The Euler-Lagrangian equation for All yields

p s
5 = ~id -k (2.24)

which is nothing other than charge conservation. The fact that Eq. (2.24) is independent of Al
means that Al is not a real dynamical variable and can take any value. This is manifest if we

substitute Eq. (2.24)) back into 2! and thereby note that

_y_ o2m{pdl}
71 (2.25)

which gives
Lo Lo P Lo | ([0A] s dF
L:;2mjrj— Pk g+ f koo | | T - A

2
’ dt’

—|—2Re{j* . AJ‘} +

(2.26)
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where

5 Al
F=2TIm ][ d3k'07 (2.27)

- Al .k dF
determines the gauge choice, with Al = % Since g is a total derivative with respect to

time, and the longitudinal field Al only appears in F, we know that the dynamics of the system is

invariant with our free selection of the gauge function F'. If we choose the Coulomb gauge, i.e.,
Al =0, (2.28)
then F' = 0, and we arrive at the standard Lagrangian
Lo = 3 3513 = Veout + ][d3k$cou1, (2.29)
J

where

Veoul = ][d?’k‘ﬁ(k)‘2 = 1//d3rd3r’p(r)p(r/) (2.30)

eok?  8meg Ir — r/|

is the non-retarded Coulomb energy (including the diverging self energy) and

2

Al .
9 — K2 ’Ai

ot

Peoul = 0 ‘2 + 2Re{j* : Ai} (2.31)

is the Lagrangian density in Coulomb gauge.

It is also natural to express the standard Lagrangian in real space, where we have
Leo =32 53 = Viou + [ d*c-Ziau (2.32)
J
and
Lol = ?(’A‘Q—cﬂv x A|2> +J-A (2.33)

with the Coulomb gauge condition V - A = 0.
In the next section, we will continue to work in Fourier space and use Eq. (2.29)) to find the
corresponding Hamiltonian for the fields. There are several benefits. First, it is intrinsically easy

to work in Fourier space since the space derivatives have been turned into multiplications using the
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substitution rule V — ik. Second, the physical meaning of the longitudinal and transverse modes
of the fields is clearer in Fourier space, since they are defined with respect to the wavevector k.
Third, since there are no derivatives with respect to k, the Lagrangian density .Z is now strictly
local in k. As a result, contributions of various modes of the field appear explicitly, which makes
it easy to separate the nonrelativistic modes, i.e., long-wavelength modes, and make the dipole

approximation, as we will see later.

2.1.2 Hamiltonian and canonical quantization

From the standard Lagrangian in the Coulomb gauge introduced in Egs. (2.29)—(2.33]), we

can identify the canonical momenta as follows,

o OLcou

p; = 81"j = ij"j + %‘A(I’j), (2.34)
- OLcoul DAL (k)
(k) = | 2o | = 22 % 9.
ot

Here, the definition with the complex conjugate in Eq. is to make sure of the self-consistency
O0A(r)
ot
conjugate with the field A(r). Also, the definition of II(k) can be easily generalized to the full

and is therefore

such that TI(k) is the Fourier transform of the momentum II(r) = &

Fourier space by imposing IT* (k) = II(—k).
We can now use the Legendre transform to construct the Hamiltonian from the Lagrangian L

in Coulomb gauge, which yields

(Hk( )
H = Z L e R L IH Ea (2.36)
0

and in real space

1 2, €0 3 \H(r)’2 2 Lonl?

0

+ V;:oul (237)

with A(r) satisfying the Coulomb condition V - A = 0.

As the last step of the canonical quantization, we promote the dynamical variables in the
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Hamiltonian H into quantum operators (denoted by *) that act on the Hilbert space, and introduce
their commutation relations.

For the particle position and momentum, we promote

{030 015} = {0 (905} (2.38)

with the commutation relations

{(fj)aa (ﬁk)g} = 110003, (2.39)

where j, k stand for particle indices, and «, 3 € {x,y, 2} stand for Cartesian components. The
operators (7;),, and (py,) 5 are Hermitian since both the particle position and momentum are physical
observables. The functions d,, and d,g are Kronecker delta functions. All the other combinations
of the commutations are zero.

Since at each point k in the reciprocal half space there are two independent complex com-
ponents in the transverse field At (corresponding to the two polarizations), we promote the field

dynamical variables
{400, k) } = {A.(0). L) } (2:40)
with the commutation relations [27]
[/L(k), ﬁ;(k’)} — ihd(k — k)i, (2.41)

where k and k’ are vectors in the reciprocal half space. All the other combinations of commutations

are zero. Here ¢ € {1,2} stands for the two transverse directions orthogonal to k, so we can write

~

A.(k) = e - A(k) with e the corresponding unit vector. The newly promoted field operators and
their conjugates satisfy the Hermitian constraints A.(—k) = Al(k), II.(—k) = ﬁl(k) We have
dropped the L notation for field operators, but one should keep in mind that only the transverse

fields contribute. The field operators and their conjugates commute with the operators for particles

introduced in Eq. (2.38]).
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With the introduction of the quantum operators and commutation relations, we can write

down the promoted quantum Hamiltonian from Eq. (| -

_ Z o [pj (r])} teo ][d3kz

where w = c|k| is the angular frequency corresponding to the wave vector k, and Vcoul is the

11 (K11, (k) s s .
g? + P ALK A (K) | + Veow,  (2.42)

quantum version of the Coulomb potential energy Eq. . Notice that the ordering of operators
is arbitrary here since only products of commuting operators exist in Eq. .

Formally, this concludes the canonical quantization description. However, similar to the
approach developed for simple harmonic oscillators, it is useful to express the generalized position

and momentum in terms of creation and annihilation operators [27]. In our case, we define

0019 =\ [t + L1, (2.43)

R €0 1 2
it = /o [t - Ltk (2.44)
with the commutation relations
[&a(k), al,(k')] = 5.0k — K). (2.45)

All the other commutators are zero. One can check that Egs. — and Eq. are
consistent with Eq. . Moreover, the commutation relations in Eq. hold not only for k
and k’ in the reciprocal half space, but also in the whole Fourier space as results from Eq.
and the Hermitian constraints. Therefore the new field operator a.(k) is truly independent in the
whole Fourier space. It is therefore more convenient to express the Hamiltonian using the operators
ae(k) and al (k).

From Eq. (2.44) we have

(1) = [ b1 = L] = [ ot -

which combined with Eq. (2.43) gives

:)>I>
ﬁ

,’:|1>
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Substituting Eqs. (2.47)—(2.48)) into the Hamiltonian in Eq. (2.42)) and keeping track of the ordering

of operators, we have the final expression for the quantum electrodynamics Hamiltonian
A . 2 3 hw o R A " R
= Z 2m; [ —gj (I‘j)] d k7 Z {as(k)ag(k) + ag(k)ae(k)} + Veoul (2.49)

— Z m [pj - qu(fj)] /d?’km Z [ ) + 6(0)] + Veoul, (2.50)

where we have chosen the normal ordering in Eq. (2.50)). Both w and )_ depend on k.

2.1.3 Quantization volume

So far we have derived the canonically quantized Hamiltonian for electrodynamics in free
space. One may notice that the vacuum energy term in Eq. contains an IR (infrared)
diverging §(0) term. This is a well-known problem for directly quantizing electromagnetism in
infinite space, which can be seen by rewriting §(0) o /exp [—i(k — k) - r]d’r = /d3r — 00. This
formal divergence is remedied in the following manner. In any realistic physical setup, we anticipate
a finite space volume, called a quantization volume. This finite region together with appropriate
boundary conditions provides a lower cutoff for the wave vector k or field frequency wy.

We therefore will first consider a finite box quantization volume V = L3 in real space. To
model infinite space, one just needs to take the limit L. — oco. By imposing periodic boundary
conditions of the field variables in the volume V that is constrained by z,y,z € [—g, s], we

define the Fourier conjugates of any function f(r) using the following definitions

_ % /V Prf(r)e T, (2.51)
=3 ek, (2.52)
k

2
where k is given by k, = %, ne € Z for a € {x,y, z}.

It is easy to see that we are merely replacing the Fourier transform introduced in Eqs. (2.14])—
(2.15]) by a Fourier series. We have chosen the convention for the Fourier series in such a way that

the dimension of fi is the same as that of f (r), which differs by a three-dimensional volume from
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the dimension of f(k) as defined in Eq. (2.14). Thus within a finite volume V/, all the results that

we have derived in the previous section follow, except that we need to replace / d®’k — VZ,

Ok’ x x
Sk —k)— %, and f(k) — fk, where f refers to all the variables to which we have applied the
Fourier transform.

The resulting Hamiltonian analogous to Eq. (2.42)) is thus

X 1 ) S N
H=7 2m; [PJ — gjA(# } * foVZ 5 A A |+ Veoun (2:53)

where wy = c|k|. The commutation relations are
2 2 1h
|:Ak,€7 Hk’,a’:| = Vékk’éaa’- (254)
We prefer to remove the spatial dimensions when introducing the field operators ayx . and &L -

following Egs. (2.43)—(2.44)). Thus we choose the prefactors in such a way that

2 [ h
A e = (A e ! )a 2.
k, 2wyegV (ke + aik’e ( 55)

2 . [hwgeo (. A
Mo = iy "o (e — by, )- (2.56)

Here the field operators ax . and &L . are dimensionless, with the bosonic commutation relations

e, e ) = [dLE,&L,E,} =0, (2.57)

[&k,aa &Llyg/} = Oeer Ok’ - (258)

The resulting Hamiltonian is given by

N 1 R )
H= Z 2m7j [PJ’ - Qj (T } + 2 (ak Sk e + Ak ey E) + Veoul (2.59)
L. g 1\ -
Z m [ (rj)} + Z hwk (aL,Eakﬁ + 2> + ‘/coul- (260)
J k,e

Comparing Eq. (2.50) and Eq. (2.60)), we see that a theory with a finite quantization volume avoids

the IR divergence of energy.
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From now on, we will always consider the Hamiltonian in Eq. , and refer to ay . and dL .
defined by Egs. f as the field operators, or simply the fields. This definition is nice be-
cause the field operators are now equivalent to the annihilation and creation operators for simple
harmonic oscillators. Also the quantization volume V' does not show up explicitly in the Hamilto-
nian.

Before we end our discussion of canonical quantization, we would like to comment on the
significance of the Hamiltonian operator in Eq. . Physically, Eq. is equivalent to saying
that the quantum nature of the electromagnetic fields is nothing other than that arising from
quantum simple harmonic oscillators. Each independent oscillator corresponds to a transverse
mode of the field. The study of interactions between matter and light is thus transformed into
the study of interactions between particle states and field Fock states. The operator dL . creates a

particle of energy Awy and polarization €, called a “photon”, and ax . destroys one. In quantum field

theory, this idea is further generalized such that the particle states also become Fock states.

2.1.4 Mode functions

From Egs. (2.51)-(2.52) and Eq. (2.55) we can write down the vector potential A(r) in real

space

~ 2 -~ h R o ) o
A(r) = Z Ae(k)ed{ fe= Z 2worzoV [ak,e:eZk T+ GL’ee ik r] E. (2.61)
k. k,e

Here we can always switch from Zkﬁ &ik,geik'r LD &Lee_ik'r because terms with wavevectors k
of opposite signs must coexist in the summation so that the fields can propagate forward and
backward.

In general, the quantization volume does not need to be a box. In fact, different geometries
with different boundary conditions will correspond to different Fourier expansions of A(r) This
leads us to define the mode function of the fields within a finite volume.

Consider electromagnetic fields propagating inside a cavity of a certain shape and with cor-

responding boundary conditions. We assume no sources in the cavity, and choose the Coulomb



17

gauge with ¢ = 0 (this is sometimes called the radiation gauge). In classical electromagnetism one

can derive the wave equation for A(r)
V2A — Sz =0 (2.62)

by substituting Eqs. (2.5)—(2.6) into Eq. (2.3]). Separation of spatial and temporal variables in A

leads to the solution
A(r,t) = /deg(w) e "“u(r) + u*(r)]. (2.63)

Here Ap(w) is the field amplitude for frequency w, and u(r) is called the mode function that must

satisfy the homogeneous Helmholtz equation
V2u(r) + k*u(r) =0, (2.64)

where k = w/c is the norm of the wavevector k. For different wavevectors k,k’ and different
polarizations e, &’ (two for each k in the Coulomb gauge as we have seen before), we can define the

orthonormal mode functions ug . (r) that satisfy the orthonormality condition
/ d3r uk,s(r) . uii;val(r) = 555/51(1(/. (265)
1%

As an example, the solution to the Helmholtz equation for a box of volume V = L? with periodic

boundary conditions is
1 .
tkrg (2.66)

Thus we can rewrite Eq. (2.61)) as

~ h . . .
A(r) = Z e [ak,suk,s(r) + aLguk’E(r) . (2.67)

If the geometry and boundary conditions of the quantization volume are different, as in the case
of some cavities where the fields travel among highly conducting walls, we will need to solve for
the eigensolutions of the mode functions, called eigenmodes. For typical cavity QED systems, we

assume the fields will always propagate with the eigenmodes of the cavity. From the perspective
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of the Fourier series, eigenmodes can be as simple as plane waves as we have seen for the periodic
box, or can be a superposition of standing waves (a set of Fourier terms) in the cavity . In the
latter case, however, the form of Eq. remains the same, except that the summation over k
now means summing over the eigenmodes, and the field operators ay . and dL . will correspond to
the specific modes.

In the next section, we use Eq. (2.67) to derive the Jaynes-Cummings model.

2.2 Jaynes-Cummings model

In this section, we make some approximations and assumptions to simplify the form of the
Hamiltonian derived in Eq. . Specifically, we derive the famous Jaynes-Cummings Hamilto-
nian [64, (77, 103, 147] that describes the coupling between a two-level atom and a single cavity
mode. As the simplest fully quantum model for the atom-field interaction, the Jaynes-Cumming
model serves as the foundation of our treatment of cavity QED systems for the quantum systems

studied in this thesis.

2.2.1 Long-wavelength approximation

As mentioned earlier, the field of quantum optics studies interactions between photons and
atoms (or molecules), which are composed of electrons and nuclei. Typically, the length scale of
bounded nuclei-electron systems is on the order of Bohr radii (~ 107! m), which is much smaller
than the field wavelength A in the optical (A > 10~"m) or microwave domain (A > 1073 m).
Therefore, it is reasonable to ignore the variations of the field over the spatial extension of an atom.
In other words, the long-wavelength approximation assumes that the electrons and the nucleus of the
same atom observe the same field. From another point of view, long wavelengths also correspond
to an upper bound on k, which restricts our theory to low-energy fields. For this reason we also

refer to long-wavelength modes as non-relativistic modes.

4For cylindrical or spherical geometries, it is more convenient to use cylindrical or spherical harmonics in place

of Fourier series.
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For simplicity, from now on we will study the interaction between a single neutral atom ° and
quantized fields in a cavity. This means that in Eq. the summation over particles ; now
sums over the electrons and the nucleus of a single atom, and the term Vcoul describes the atomic
internal Coulomb potential. The field A(f'j) that interacts with the atom is found in Eq. ,

where ), _ now sums over cavity eigenmodes. The long-wavelength approximation means that we

k-

can expand the spatial dependence e’*T in the mode function uy(r) as

ekt = otk Reik(r=R) o kR 4 ik (r —R) + -], (2.68)

iker — eik-R

where R represents the position of the atom . To zeroth order, we then have e and
A(r) = A(R). As we will see later, this approximation leads to atomic dipole transitions. For
this reason, the long-wavelength approximation is often called the electric dipole approximation.
iker

Keeping higher order terms of e will correspond to multipole transitions that can have higher

order effects.
2.2.2 The p - A interaction and dipole representation

Before applying the long-wavelength approximation to our system, it is useful to first simplify

the terms involving A(r) Expanding the first term of the Hamiltonian in Eq. (2.60) yields

-2
. p; ~ N . N
H = — cou H H H s 2.
Zj:Qmj—H/ 1+ Hi+ Ha + Hr (2.69)
where
~ q . N o )
==}, o [Pj - A(E;) + A(Ej) - pj}, (2.70)
j J
2
o G .o
Ha = fonj A%(E)), (2.71)
j
2 A 1
Hp = ghwk <aL€CLk,‘E + 2), (2.72)

5See Complement Ary of Ref. [27] for a discussion on charged systems like ions.

5See next subsection for a clear physical meaning of R.
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are identified as above, representing the atom-field interaction term, the A? term, and the free
radiation term of the Hamiltonian, respectively. We now examine these terms in greater detail.

In an arbitrary gauge, the operators p; and A(f']) in the H; term do not generally commute.
However, they do commute in the specific choice of the Coulomb gauge @j . A(fj) = 0, which is

what we choose. To see this, we use the chain rule in the position basis and get

~ ~

p-A= (ﬂ-w) A= (—z’h@ : A) +A. (—ih@) —A-p. (2.73)
Therefore, the Hj term becomes
==Y Yp. Ay (2.74)

The Ha term is usually small and can be ignored. The relative orders of magnitude can be
approximated as the following. Comparing Hy and ]fII, we have
¢A? wlAl
gp;-A Dl

(2.75)

which is small for low-energy fields such as visible light and microwaves. We can also compare Hy

and fIR, yielding

2 a; h NP N+1)e?
5, A9/ (2my) _ X gy (Al ae)”  PEE (v nag (B
e, e + 3 hwox ata.+1 7 hew Vo
4mh?
where m, is the electron mass, N is the total number of particles in the atom, ag = T ?;0 is the
€
4
Bohr radius, and Ry = % ~ 13.6eV is the Rydberg unit of energy [71]. Thus for fields with low
€0

radiation intensity, the Hp term can be safely ignored if the dimension of the quantization Volume
is much larger than the Bohr radius, which is true if we treat the quantization volume as the cavity
volume for example.

We mention here that we have derived the Hamiltonian by quantizing a classical theory.
Therefore the terms that have no classical counterparts, such as spin-field interactions, will not
show up in Eq. . For this reason, Eq. is called a minimal-coupling Hamiltonian. One

may as well start directly from the Dirac equation or Pauli equation and get an extra term in the
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Hamiltonian that describes the interaction between the spin operators Sj and the fields, which has

the form

Z , 2% S, (2.77)

where ¥ is the g-factor of particle j. Comparing Hg with Hj, i.e.,

A~

k

Y0;S; B(k) h
4D - A(k) Bl

(2.78)

we see that Hg can be ignored given low radiation intensities, similar to the argument to ignore Hy.
This is in general a very good approximation for the systems that we study. For fields of higher
energy, one needs a complete quantum field theory.

With the discussions above, we now ignore the small terms Hy and Hg and make the zeroth

order long-wavelength approximation A(r) = A(R) in Hy in Eq. (2.74)), yielding

52
ﬁ — Z Qp] ‘/;oul Z 713] + Z Z h(x)k |:CLk Eak e ;:| . (279)
J

Notice that we have not given the position operator R a clear physical meaning, nor have we
restricted the motion of the atom. It would be ideal if we could identify R as the center of mass

of the atom, and separate the atomic energy into an external kinetic part H, and an internal

A . - . L DMyl
part Hin. It turns out that this separation is possible for an atom. Let R = 7 and

P = Zf)j be the position and momentum of the center of mass, with M = Zj m; the total
J

atomic mass. We can then rewrite Eq. - as

. P2 P, . e o 1
H=_— L Ve — Y — P AR+ h|a] e + 5
oM + : 2,[1,] + Veoul - 1 J ( )+ : k|:(lk78(1k75 + 2:|

= Hext + Hint + Hy + Hg, (2.80)

where p; and ,@j are the reduced mass and momentum of the jth “relative” particle needed to
separate the motion of the center of mass, and e is the elementary charge. In Eq.(2.80) we have

introduced

Hext = — (2.81)
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as the kinetic energy of the atom, and

SN

P 0
_ Z T Veoul (2.82)
J
as the internal energy of the atom. Here the Coulomb potential Vcoul, from Eq. (2.30)), is a function
that only depends on the absolute values of the relative positions of the electrons and the nucleus.
Therefore V,ou can also be expressed as a function of the positions ‘3?]‘ of the relative particles.
Since [(,@j) , (3%)5} = ihdjp0a8, for o, B € {z,y, 2}, the term Hiy can be thought of as the
(0%
Hamiltonian of an isolated system composed of particles with mass p; in potential Veoul. In these

coordinates, the interaction Hamiltonian H; can be rewritten as
e - PN
-> —2;-AR). (2.83)
T M

We refer the readers to Appx. |[B| for a detailed derivation of Eq. and the corresponding
analysis.

Equation is obviously non-relativistic. To good approximation, we have separated the
Hamiltonian into four different parts: the atomic external (kinetic) energy, the atomic internal
energy, the atomic-field coupling energy, and the field free energy. If the atom is forced to be at
rest, for example trapped in the Lamb-Dicke regime [163], then P =0, and the interaction will only
change the internal degrees of freedom of the atom. If the atom is free to move, then the motion of
the atom is coupled to the atom-field interactions, which means that optomechanical forces should
be considered. However, in the case that the atom’s kinetic energy is far larger than the recoil
energy of the field photons, we can assume that the atom’s kinetic energy is held constant. We will
see in Chap. [4] that these three situations correspond to different superradiant setups, and the last
one is exactly the approximation we make for the superradiant beam laser system.

The Hamiltonian Hiy is often well known and extensively studied. Therefore, we can use its
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eigenbasis and rewrite Eq. (2.80)) as
~ ~ e - PN o ~
H=Hy— ) P AR) + Hexe + Hr
— Hj

N 1€ A ~ ~ A N ~
— Ilint — Zi[Hinta‘%j} 'A(R) +Hext +HR

—~ |
J
—Z}n n‘ Eém—g Ze.%’ {n A(f{) + Hew + Hg
- Z }n |:E Onn! — Z.(ETZ;E”/)dTm’ : A(R)] + gext + I:IRa (2'84)

where we have used

P, = “gﬂ [Hlnt,@j} (2.85)

and the eigenbasis |n) of H,,¢ such that Hiy |n) = E, |n) with E, the eigenstates of H,i. We have

also introduced the dipole matrix element
dpy = (n] Z eR; ||n'). (2.86)

Notice that because {ﬁ[mt,ﬁ} = 0 where P is the parity operator, |n) is also an eigenstate of P.
Thus the diagonal dipole matrix elements d,,, are zero. The fact that the d - A term vanishes when

n =n' also directly follows from Eq. (2.84]) since E,, — FE,y =0 when n =n/.

2.2.3 Two-level, single-mode, and rotating-wave approximation

In Eq. we have written I:Imt in terms of its eigenbasis. For further simplification,
we make the two-level approximation, which assumes that the Hilbert space Hiye lives in is two-
dimensional, or equivalently, only two eigenstates of Hyy are considered during the interaction
process with the fields. This simple model turns out to contain rich physics. Experimentally,
the two-level approximation is valid when the atom decays or gets repumped rapidly from other
levels back to the two energy levels we consider, or when the transitions to other levels are highly

suppressed.
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Within the two-level approximation, we can label the lower level as the ground state |g),
and the higher level as the excited state |e). We define the energy difference between these two
levels as hw,, where wy is called the atomic transition frequency, or the rest-frame atomic transition
frequency, since we have separated the center-of-mass motion from Hiy. In matrix representation,

these states have the form

1 0
le) = , o) = : (2.87)
0 1
Clearly,
le)=6"1g), lg)=5"le), (2.88)
where
. 0o 1) 00
6" =le) (gl = , 07 =1g) (e = : (2.89)
0 0 10
We choose the energy reference point such that F, = — 2a and E, = Ta’ which allows us to

represent Hiyg as

Hiy = — 67, (2.90)

where

1
6 = le) (el = lg) (9] = : (2.91)

0 1 0 —i

=6t +6" = , 6Y=i(6-—06")= (2.92)
10 i 0

here for future use. One can refer to Appx. [C] for useful properties of the Pauli matrices.

For most cavity QED problems, the simplest interaction is between two-level atoms and a

single cavity mode. From Eq. (2.67) we obtain the expression of A for a single cavity mode and
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polarization

AR) = 2;;0 [an(R) + atw' (®)]. (2.93)

where w, is the frequency of the single-mode field (“c” stands for “cavity” since we will be studying

cavity QED systems). The radiation part of the Hamiltonian is thus
Hg = hw.a'a, (2.94)

1
where we remove the constant 57%)0 term from the Hamiltonian.

With the two-level approximation and the single cavity mode chosen above, Eq. (2.84) be-

comes
o hwa hoo L o P . .
H = 5 07~ 2wcgozwa(o deg— 0 dge) . [au(R) +a'u (R)] + Hey + Hg,
L N B D E L T o P 2 3
=0 +§[9(R)O' a+g*(R)e a} +§[g (R)yg7a"+ ¢"*(R)o a} + Hext + Hr,  (2.95)

where we have defined for any position r

2
g(r) = —iw, Foo deg - u(r), (2.96)
J(r) = —iws hoigo dey - u*(r). (2.97)

g(r) = gn(r), (2.98)

where g is a constant and the spatial mode 7(r) is normalized such that |n| . = 1. For example,

max

in the periodic box case, for the mode function Eq. (2.66) we have

) 2
9= Tt hwcfsoneg " (2.99)

which is called the single-photon vacuum Rabi frequency. Here V is the quantization volume, and
g is the unit polarization vector of the mode function u(r). Since at any given r, we can choose the

phase of the dipole matrix element such that g(r) is real, we will take g(r) to be real from now on.
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One may notice that the form of g in Eq. (2.99)) that is derived in Coulomb gauge is different
from the usual form of the vacuum Rabi frequency derive in the electric dipole gauge (which

corresponds to a d-E interaction), where

2w,

heiovydeg . 5‘7 (2100)

lg| =

which is different from Eq. by :j—: The reason is quite subtle and we refer the readers to
Refs. [1411 147, 158] for detailed discussions. The general idea is that measurable physical quantities
should always be gauge-invariant, as well as the energy conservation law. The difference is obviously
reconciled in the resonant situation w, = w.. When w, # w,, the dipole matrix elements represent
intermediate transitions in a larger multi-photon process. The physical results of the whole process
is always gauge-invariant. After all, the theory we have derived is a low-energy non-relativistic
approximation of the QED theory.

In Eq. , we can also ignore the non-resonant terms proportional to 67a' and 6~ a. This

is called the rotating-wave approximation or secular approzimation [52]. To see this, we switch to

the interaction picture © defined by

U = exp [—; (Hiw + i) t] (2.101)

where Hiy, and Hy are given in Eq. ([2.90) and (2.94). In this picture, using the Baker-Campbell-

Hausdorff formula [131] we see that the time dependence of non-resonant terms is

GTal ~ elWatwell 57 e Watwe)l) (2.102)
while the time dependence of resonant terms is
6Fa ~ eWamwelt 57 g Wamwe)t, (2.103)

Since we have already made the two-level approximation, we have assumed that the transition
to other levels than the chosen excited and ground states are highly suppressed, which implies

lwa — we| K wq + we or |A| € wy + we, where A = w, — w, is the cavity detuning. For this reason,

"See Appx. @ for further discussions on interaction pictures.
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the two-level and rotating-wave approximations should always be considered simultaneously. In the
optical domain, the high frequency w, + w, usually corresponds to femtosecond timescales that can
be coarsed-grained with our assumption. In our later treatment of the superradiant laser where the
detuning A can vary, we still assume A < w, so that the rotating-wave approximation is valid.

In the end, with all the approximations made, we derive the Jaynes-Cummings model for a

moving two-level atom interacting with a single cavity mode

a h - —
6" + hweala + S n(R) (aﬁa +6 aT). (2.104)



Chapter 3

Open Quantum Systems

So far we have been considering purely coherent processes, meaning that in the Schrodinger
picture (SP) the time evolution of the system density operator p follows the von Neumann equation

or in the Heisenberg picture (HP) the time evolution of the observable @ (and other operators

except for the density operator) follows the Heisenberg equation !

do

- —% [H (9} (3.2)
Systems that follow such coherent time evolutions are called closed systems. However, sometimes
we are more interested in sub-systems (with few degrees of freedom) that are embedded in a larger
environment (with many degrees of freedom). Under such circumstances, although the combined
system of the sub-systems and the environment (or the reservoir, the heat bath, etc.) is still closed,
the dynamics of the sub-systems themselves after tracing out the environment is not coherent. We
call these sub-systems open quantum systems. As we will see, the incoherence implies extra terms
in Eq. leading to the master equation, and in Eq. leading to the Heisenberg-Langevin
equations. For clarity, from now on we will always use the term “system” to refer to the sub-system
that we are interested in.

In this chapter, we first derive the master equation for the most general physical setup.

Specifically, we follow two different approaches: one from a classic quantum optics point of view |28,

'Here we assume that O is not explicitly dependent on time.
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43|, [42], 103, 147, 158, 19, 06] and the other from a more modern quantum information point
of view [120, 96]. For the same interaction Hamiltonian, we also derive the Heisenberg-Langevin
equations, which can also be strictly formulated as the quantum stochastic differential equations [42),
43]. We show the equivalence between the master equation description and the Heisenberg-Langevin
description given a heat bath composed of harmonic oscillators. In the end, we give a prescription
for the forms of the master equation and the Heisenberg-Langevin equations for general cavity QED

systems under the effect of various noise sources.

3.1 Master equation

3.1.1 Quantum optics approach
Consider a physical process that is described by the Hamiltonian
I:I:ffs—i—f{E—l-V, (3.3)

where fIs, ﬁE, and V are the Hamiltonians of the system, the environment, and the interaction
between them, respectively. In the SP, the total density matrix of the system and the environment p
satisfies the von Neumann equation . Our goal is to derive the time evolution of the reduced
density matrix of the system pg = Trg[g].
For convenience, we now transform from the SP into the interaction picture (IP) defined by
Hy= Hg+ Hg and U = exp [—;ffot], 2 yielding
i _ 1 V17 (3.4)
dt  ihl 77D
where pt = U Tﬁff and VI = UVU are the total density matrix and the interaction Hamiltonian

in the IP, respectively. 2 Using the cyclic property of the partial trace, we get

ps = Trg[p] = Trg [0ﬁIUT] = Trg {USPAIUH = UsTrg [0 U4 = UspLUd, (3.5)

2We assume that Ho is time-independent.

3When the system itself is composed of sub-systems and their couplings, we can also define the IP without those
couplings, thus leaving coherent coupling terms on the right hand side of Eq. (3.4)) which are carried over through

the whole calculation until being merged into Hs in Eq. (3.20).
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~ 7 ~ .
where Ug = exp [—hHst] is the unitary defined by Hg, and [)IS = Trg [,61] is the reduced system
density matrix in the IP. We thus turn our problem into finding the time evolution of [)IS

Formally integrating Eq. (3.4]) from 0 to t for two iterations, we get

At = ﬁ1(0)+% /0 "t [f/l(t’),ﬁl(oﬂ +(i;)2 /0 "t /0 " [f/l(t'), [Vl(t”),ﬁl(t")H, (3.6)

which can be differentiated with respect to t to get

LA = = [0, ()] + ; ;)2 /0 Lt {VI@), ), ﬁl(t’)H . (3.7)
Tracing over the environment yields
L) = =T [V, 50)] + (;)2 /0 T [V%t), V), ﬁl(t’)H . (3.8)

To simplify the right hand side, we make the following approximations:

(1) Decoupled initial conditions.

We assume that the system and the environment are decoupled at time ¢t = 0, which means
p'(0) = p(0) = ps(0) ® pr(0). (3.9)

(2) Weak-coupling approximation (Born approximation).

We assume that the environment is so large that its density matrix (and statistical prop-

erties) is unchanged by interacting with the system, i.e.,

pu(t) ~ pe(0) = p, (3.10)

pl(t) = ps(t) @ pE (3.11)

4This is a strong approximation. A weaker version for interaction terms of form V! = ZXSYE would be the
requirement Trg {)}E(t), [YE(t’),[)I(t’)H ~ ps(t') @ Tre {?E(t), [?E(t’),ﬁEH. Physically this means that the bath

correlations are not changed by the interaction.
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With the two approximations above, we have from Eq. ({3.8])

%ﬁls(t) ~ %TrE [f/l(t), ps(0) ® ﬁE} + (Z;)Q /0 t dt'Trg [Vl(t), [Vl(t’), ps(t') @ ﬁEH
~ (2;1)2 /Ot dt'Trg [Vl(t), [Vl(t’),,éls(t’) ® ;BEH, (3.12)

where we have assumed Trg [VIﬁE] = (0. The last approximation implies that V1 has
no diagonal terms in the eigenbasis representation of fIE, which is either true, or can be

satisfied by redefining Hg and Hg to include the diagonal terms [42, [96].

Markov approximation.

In order to simplify the right hand side, we make the “Markov approximation”, which
assumes that the correlation time of the bath is much shorter than the time scale of the
evolution of ﬁIS(t), or equivalently, that the environment has short memory. If that is
the case, then the trace over the environment will lead to Dirac delta functions in time,
resulting in the approximation ﬁIS(t’ ) ~ ﬁIS(t) inside the correlations of the environment
operators on the right hand side. The name “Markov approximation” comes from its
classical analogy, since it yields a first-order differential equation from which it is sufficient

to determine p§(t + dt) given p§(t). As C. Gardiner and P. Zoller comment [42],

“... The Markov property is a highly desirable property from a mathematical
point of view, because a whole structure of measurement theory can be built
around it in a compact and self-contained way. The elegance of this structure
leads to the formulation in the abstract of the concept of the quantum Markov
process as a branch of mathematics. Nevertheless, it is important to remember
that it is an assumption, based on the existence of short correlation times in the
heat bath, and the use of perturbation theory.”

(C. Gardiner & P. Zoller — Quantum Noise, 3rd edition)

With the Markov approximation, we end up with

d . I ~ - R )
b= [ e VL [P0 @ e

_ _% /0 " dsTrg [Vl(t), Vit —9), A0 e ﬁEH , (3.13)
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where we have set the lower integral limit to —oo since t is much larger than the correlation

timescale, and changed the variable ¢’ — t — s.

Equation is called the Redfield master equation for open quantum systems [122]. Tt
is as far as we can get without an explicit form of the interaction Hamiltonian. To simplify this
form of the master equation and to relate it to the Heisenberg-Langevin equations, let us consider
a general form of the interaction Hamiltonian 1% by assuming it to be a sum of direct products of

system and environment operators, i.e.,
V="nh E Q(@S) ®E-, 3.14
J j J ( )

where ); is the coupling strength of dimension frequency, and <@S>j and Ej are some dimensionless
system and environment operators that take part in the coupling.

Equation is general in terms of the system and environment operators <@s>j and Ej.
In fact, we can go even further by expanding <@S>j in the basis composed of the eigenoperators
of Hg. Consider the superoperator 7% [@S] = [ﬁg, és] that maps any system operator Os to the

commutator between Hg and Og. Since the eigenvectors 3 of % form a complete basis, we can

express @S as
Os = emSm + dmS}, (3.15)
m

where ¢, and d,,, are some coeflicients, and the eigenvectors S'm by definition fulfill

ffg[sm] - [ﬁs,gm} — o Som, (3.16)
jzﬂs[jn] - [HS,SH = hwmSh . (3.17)

Therefore, in Eq. (3.14), we can expand <@S> _in terms of (S’m) and (S'Jn) . After combining
J

J J

the summations over j and m to a single summation over k, and absorbing ¢,, and d,, into Q, we

5The eigenvectors of the superoperator % and the eigenoperators of Hg both refer to the operators S, and S},

introduced in Egs. (3.16)—(3.17)). See Refs. [42] [06].
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obtain
=1y (%S o B+ 0450 o ). (3.18)
k

where we have used the fact that V is Hermitian. Notice that here the index k sums over all the
possible couplings j and all the eigenfrequencies w,,, for each j.

We now give several examples to help understand this construction. Suppose the system is
a two-level atom. Then by Eq. , Hg = %hwa&z. For Og = 6%, we see that 6% are already
both eigenvectors of 7 since [I:IS, &i} = +/w,6*. Therefore Eq. follows. If the system is
a single cavity mode, then by Eq. , Hg = hw, (dT& + ;) For Og = a or a', these operators
also satisfy [I:Is, &} = —hw.a and [ﬁs, dq = hw.al. The generalization to more complex systems
with multiple eigenfrequencies is straightforward.

With the interaction Hamiltonian given in Eq. (3.18)), in the IP, we then have
Vit) = hz Q <€%Hst;§k6_%ﬁst> ® E]Icf(t) +h.c.
k
=1y Qe S @ Byl(t) + Qf e S] ® EL(t), (3.19)
k

where we have used the Baker-Campbell-Hausdorff formula. Equation provides a very general
yet explicit form of the interaction Hamiltonian. By expanding the commutators in the Redfield
master equation and substituting in Eq. , we obtain multiple terms that depend on the
system operators and time correlations of the environment operators. Due to the long algebra, we
refer the readers to Appx. [E] for a detailed calculation of these terms. As a result, we obtain the

Lindblad master equation in the SP, i.e.,

da. 1
4’ " in

I:Is + Z h(ekgk»é'}; + 5k9;25'k> , PS
k

+3 T [Sk} s+ GiL [Sﬂ ps, (3.20)
k k

Gy = |Qk,|2/ ds e~ <E,£’T(3)Ek>, (3.21)

Ty = |2 / dse= (BBt () (3.22)
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are the power spectra of the coupling for the normal and anti-normal orderings of the environment
operators. The terms proportional to €, and J; correspond to small shifts in system energy levels
that are called the Stark and Lamb shifts and are usually neglected. ¢ We have defined the

Lindbladian superoperator as
A 1 A A N A
c [s} p=3 (25;35* _ 5155 — ;35*5) (3.23)

for the system operator S and density matrix p.

It is easy to tell that, by writing down the correlations of the environment operators as
in Egs. —, we have assumed a stationary heat bath, which means that the correla-
tions <EII€T(2€ +5)E} (t)> are not functions of t. Moreover, if we consider a heat bath at vacuum and
identify operators F and E' as the bosonic annihilation and creation operators, which is a good
approximation for many cavity QED experiments located in vacuum, then G = 0, and the only
extra terms left are the I'y terms that describe the dissipation of the open quantum system caused
by vacuum fluctuations. With these assumptions, we have the final form of the Lindblad master
equation

%f)g(t) = %[HS ﬁs(t)} + Zrkﬁ[gk} ps(t), (3.24)
k

The operator Sy, is called the quantum jump operator since it describes an incoherent “jump” of the
quantum state caused by coupling to the environment. The summation over k£ can be understood
as the summation over k different decoherent sources each generated by the quantum jump Sp.
Here, the independence of these decoherent sources is a result of the weak coupling approximation,
which suggests that since the environment is not affected by the coupling to the system, we can

treat the total effect of all the decoherence terms as a superposition of them.

3.1.2 Quantum information approach

In the previous section we have derived the master equation (3.24) from a quantum optics

point of view. We mentioned that a measurement theory can be constructed from the Markov

6See Appx. [E| for further discussions on the coefficients €x and Jy.
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approximation. In this section, we follow that path and derive the master equation following
J. Preskill’s notes [120]. Due to limited space, we will not start from the basic definitions in
quantum information theory such as quantum channels and Kraus operators. One is recommended
to read Refs. [120} 42, 112} [96] for deeper understanding.

As we have discussed above, it is not obvious that there should be a first-order differential
equation that describes the decoherence in an open quantum system. Such descriptions are only
possible with the Markov approximation, where the system density matrix ps(t 4 dt) is completely
determined by pg(t). Therefore, in terms of quantum information theory, our question naturally
becomes how to find the most general way to map density matrices to density matrices. Consider

the following relation between pg(t + dt) and pg(t)
ps(t +dt) = Eaulps(t)] = [1+ Zdt] ps(t), (3.25)

where 1 is the identity matrix, £ is a quantum channel, or a trace-preserving completely positive

map, and Z is the Liouvillian operator that gives
—ps = ZL[ps]. (3.26)
Our goal is to find the Liouvillian.

Expanding &£y into its operator-sum representation, we obtain

Earlps(t)] = Myps(t)M] (3.27)
k

for k € {0,1,2,---}, where M, is the kth Kraus operator.

For closed systems, Eq. (3.27) is just
. . . Trey .
s(t +dt) = Ealps(D)] = ps(t) + — | Hs. ps ()] dt. (3.28)
which is equivalent to the von Neumann equation (3.1)). In other words, up to first order in dt,
. 1 .
My =1+ —Hgdt
ih

(3.29)

~

M,=0, k>0
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For open systems, without loss of generality, we can write

~ R 1 - ~
My=1+ <mHS + K)dt
: (3.30)
My, = /TpSpVdt, k>0

where K is Hermitian, T is the decay rate of the kth decoherent source, and Sy is the kth jump
operator. Both Sk and K are zeroth order in dt. Up to the first order in dt, we obtain from the

completeness of Kraus operators

1= "M =1+at <2f( +) FkS,‘;Sk> : (3.31)
k=0 k>0
and thus
N 1 PN
K=—3 > 1SE S (3.32)
k>0

Substituting back into Eq. (3.26)), we have

—ps = ZL[ps] = %[ﬁs,ﬁs} + Zrkﬁ[gk}ﬁS (3.33)
"

Therefore, the Liouvillian of a Lindblad master equation is the generator of a quantum channel
that maps the system density operator back to itself. Notice that although Eq. has the same
form as Eq. , it actually has a broader interpretation since we have not specified the physical
meanings of I'y and Sk In other words, Eq. contains the Gy terms in Eq. if we
let Ty, — Gy and S), — 5’,1 Thus although the derivation of the master equation from measurement
theory reveals the mathematical origin of the structure of the Lindbladian superoperator, we still

need a physical derivation to interpret it.

3.2 Heisenberg-Langevin equations

The quantum master equation describes the time evolution of the system density operator pg
in the SP. Equivalently, one would expect a set of differential equations for the time evolution of

observables and other operators in the HP. Indeed, there exist such equations, which are called
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the Heisenberg-Langevin equations, or if formulated strictly, the quantum stochastic differential
equations [42]. In this section, we formally derive the Heisenberg-Langevin equations in a general
physical setup where we model the environment as harmonic oscillators.

In the HP, consider the same Hamiltonian as in Eq. (3.3)),
H=Hs+ Hg+V.

We still do not specify the form of the system Hamiltonian Hg. However, we assume that the heat

bath is now composed of harmonic oscillators, i.e.,
A S A A
Hg=h)" / dwwE] (W) Ey(w), (3.34)
k —00

where Ej(w) and E}; (w) are bosonic annihilation and creation operators that satisfy

| Bi(w), B ()] = Sd(w — o). (3.35)
With this heat bath model, we write the interaction Hamiltonian V as
V=hY / o [Q() 84 B () + (@)L Br(w)]. (3.36)
k —0o0

where S*k and 5‘}; are eigenoperators of JEIS. 7 Compared to Eq. , we have removed the ® sign
since in the HP all the operators (system or environment) act on the combined Hilbert space of the
system and environment. The dimensions of the coupling strength 4 (w) and E‘k have changed since
we assume a continuous spectra for the environment. The commutation relation implies that
different eigenoperators of Hg interact with different environment operators independently, which
is a result of the weak coupling approximation.

There are several comments to be made on the form of Hg and V. In general, although
it seems that we have a stronger condition here than in the derivation of the master equation
(since we have a specific form of the heat bath), we will see later that this condition is not as

strong as it appears because often the Lindblad master equation implicitly assumes a heat bath

"See Sec. for a clear definition.
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composed of harmonic oscillators, or at least with the statistical properties of harmonic oscillators.
We will also see that if we specify the environment as harmonic oscillators in vacuum (thermal or
white), which is approximately true for the systems we consider later, the master equation and
Heisenberg-Langevin equations can be derived from each other.

Essentially, an interaction Hamiltonian V as Eq. implies the rotating-wave approx-
imation, since we have ignored the S;Ej(w) and SIZEA',Z (w) terms. As argued in Sec. this
approximation is valid as long as |wp — w| < wy + w, where wy, is the frequency of the system op-
erator Sy as defined in Eq. . Since we have assumed a continuous spectra for the heat bath,
the rotating-wave approximation also means that only the resonant terms with wy =~ w contribute,
therefore allowing us to extend the lower limit of the integral in Eq. and Eq. from 0
to —oo. This extension is crucial to define the quantum white noise and formulate a Markovian
description of the time evolution of system operators.

We now derive the Heisenberg-Langevin equations using Eq. . In the HP, the time
evolution of any system operator Og other than the density operator follows the Heisenberg equa-
tion . Our goal is to express this Heisenberg equation of Og using system operators and

some quantum stochastic operators that carry the statistical properties of the environment. Using

Eqgs. (3.34) and (3.36)) in the Heisenberg equation (3.2)), we obtain

d . 1. 1o -
&9 =~ 10| = 55|V 0]
11, 4 > . A oA T N
_ = ; T s T
=~ [A15,04] sz:/_oo i { () B} (@) [ S5, Os] + 0[], 05| Bu(w)}  (337)
and
d . 1. - 1s - . _ )
%Ek(w) =~ [HE,Ek(w)} ~ {V,Ek(w)} = —twE(w) — Q% (w)Sk. (3.38)
Solving Eq. (3.38)) exactly, we have
t
Ep(w,t) = Ep(w,0) et — iQp(w) / dt' e G (t), (3.39)
0

where Ek(w, 0) is the initial value of Ek(w, t) at t = 0. Substituting Eq. (3.39) into Eq. (3.37)), we



39

obtain
LN - 5t Al %, _ ¥t @ ot Ay _vila @
05 =~ 0 + {810 - K504} + 5 {31 05]% 7 s 0]
(3.40)
where we have defined
. t R ') ) ,
X = / dt’ Sy(t) / dw | (w)]? e 1) (3.41)
0 —00
V=i / d €= QO () By (w, 0), (3.42)
which satisfy
X+ V=i / o 25 (@) By (w0, ). (3.43)

Notice that although Ek(w, t) commutes with any system operator, operators X 1 and f’k in general
do not commute with system operators.

So far, we have implicitly made the rotating-wave approximation when choosing the forms
of Hg and V. After that our derivations have been exact. We now make the Markov approximation,
which states that the heat bath has a short memory so that the system operator @s(t + dt) is only
determined by @s(t). This is done by keeping the stationary values of the integral in Eq.

and assuming

r
() = 57 (3.44)
T
which yields
. Lo Ty [ . ,
X =~ / at’ Sk(t/)/ dw e~ w1 ),
0 2m —00
t
:/ dt' Sk () Td(t — ),
0
Ty -
= %Sk(t), (3.45)

where the 3 factor in the last line comes from the integral of §(t — ¢') over ¢’ € [0,¢]. Indeed,

the approximation made in Eq. (3.44) eliminates all the S(#') terms for ¢ < ¢, and is sometimes
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also called the first Markov approximation [42]. Physically Eq. means that the coupling
rate ]Qk(w)|2 is independent of the frequency w, which is a somewhat strong but still a good
approximation over the frequency domain of interest near the resonant frequency of the system wy.
This is a consequence of the rotating-wave approximation again. One can also compare Eq.
with Eq. to see that Eq. is indeed a stronger version of Markov approximation since
it assumes a delta-correlated heat bath in time that corresponds to a short memory.

We now consider the operator Y} 8, which can be modeled by quantum white noise. Strictly
speaking, to do so one needs to define the quantum Wiener process and then construct a theory
on Ito and Stratonovich quantum stochastic differential equations [42, [43]. However, for simplicity,
here we directly examine the commutation and statistical properties of Y} and make approximations

as needed.

From Eqgs. , , and , we obtain the commutation relation as
[?k(t),Ylj, (t')} = /00 /00 dw dw’ =™ Y O (W) () Ek(w,O),E,i, (W', 0)
= [ s e ) @) — )
= 5kk'% /_Z dw e~ (t=t)

=Tl d(t — ). (3.46)

We next calculate the statistical moments of operators Y and Y,J. To do this, we need to first
specify the initial conditions of the heat bath. Here we make the same decoupled initial condition
approximation as in Eq. by assuming that the system and environment are completely de-
coupled at ¢ = 0. In the calculations below, we only take the ensemble average with respect to
the environment. Due to the decoupled density matrices, this is actually a stronger condition than
averaging over the system plus the environment. The first moment is

()= [

8Operator Yj, is usually referred to as the input field in the literature [42].

dw et O (w) Trp [ﬁE(O)Ek(w, 0)] —0, (3.47)

oo




41

where we assume the ensemble average of the random initial value Ej, (w,0) to be zero. The second

order correlations between Y}, and Y,J are

<YJ(t’)Yk(t)>E :/ / dw' dw €™t et O (W) (W) <E;£,(w’,0)Ek(w,O)>E

= / / dw' dw e et Qi (W) (W) Nk (W) S (w — W)

= 5kk// dw e‘iw(t_tl)Nk(w)
2 J_ o

= T Nyl 6(t — t'), (3.48)
<Yk(t)Y,j/ (t’)>E = T4 (Nj + 1)t — 1), (3.49)
where we have assumed a constant density of reservoir quanta Nj(w) = Nj that corresponds

to an ideal quantum white noise source. If Nj(w) follows a thermal distribution, i.e., Ny(w) =

[exp < kzc;k> — 1] _1, where kp is the Boltzmann constant and T} is the temperature, Eqgs. (3.48)—
(13.49) will still be a good approximation although the delta-correlation is weaker. However, in
order to interpret Ni(w) as a source of noise we do need it to have a broad bandwidth. If Ny(w) is
a delta function, for instance, then it no longer represents a noise but a coherent drive.

Suppose we take the vacuum condition of the heat bath by letting Nj, = 0 (white) or T' = 0
(thermal). Then the only noise left is due to the vacuum fluctuations. Under the vacuum condition,

with Egs. (3.47)—(3.49), we define the vacuum quantum white noise operator

&k(t) = (3.50)

such that ?

<$k(t)> =0, (3.51)

E
(&@éw), =o, (3.52)
(&) = st - 1), (3.53)
(6, €L. ()] = dust — 1), (3.54)

9The fact that we can define the quantum white noise with its first and second order moments means that we

implicitly assume a Gaussian noise model.
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Substituting Eq. (3.45) and (3.50) into Eq. (3.40)), we obtain the Heisenberg-Langevin equation for

any system operator @s

i@:ﬁﬁ@®+;m¢;ﬂ, (3.55)

where Dy, is called the drift operator that has the form

A r
D, = -k

k_2ﬂ$@4&+gp%%>:m4@p& (3.56)

where we have defined the superoperator £ [5’] O as
R B
L[S} O=3 (25*05 _ 8180 — OSTS) (3.57)

for system operators S and O. Notice the difference between the superoperator £ and £ defined in
Eq. (3.23).

The operator Fk is called the noise or diffusion operator, which can be written as

o= VI ([81. 5] + € [05.51)) (3.59)

with the correlation 9

<Fk(t)ﬁk/ (t’)> Ty < [S,i, @S} [@s, sk] > S d(t — 1), (3.59)

Equation (3.59) shows that there is no correlation between different noise sources. Thus for an
open quantum system that is subject to several decoherence sources, we can treat each one of them
separately and then add the resulting drift and noise operators together. We can also define the

noise correlation between two different system operators (;)u and O, which yields
(Fu(WFoie () = (2My) ., 4108t~ ), (3.60)
where

(2Mg),,, =Tk < [5117 @u] |:@1/7 SkD (3.61)

0T he strict proof of this correlation is non-trivial and is not presented here.
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is called the diffusion matrix between operators @u and O, caused by the kth noise or decoherent
source, which gets its name from the classical Langevin theory.

We identify Sj; as the jump operator of the kth noise source as introduced in Eq. , and I'g
as the corresponding decay rate. Again, both the master equation and Heisenberg-Langevin equa-
tion approaches are valid only under the decoupled initial condition, rotating-wave, weak-coupling,
and Markov approximations. With these approximations, each channel of decoherence corresponds

to an independent noise contribution that does not affect any of the other noisy sources.

3.3 Equivalence between master equation and Heisenberg-Langevin equa-

tions

We have argued that with the harmonic oscillator model of the heat bath, the master equation
description and the Heisenberg-Langevin equation description of the same open quantum system
are equivalent. In this section, we prove this claim. For simplicity, we assume the heat bath to be
vacuum, which corresponds to a zero temperature for thermal modes, or zero energy quanta for
white noise. Also we only consider one noise channel. Then the master equation and the

Heisenberg-Langevin equation (3.55) become !

S0 = [ 00)] + 5 [2800)8" - 818p() - 5(0313], (3:62)
% (1) = —% H(t),0()] + g 28081 - ST MSMOE) — OWS' 1S ()]

v [s10.00]é0 + é o, s0] ) (3.63)

where we use the time dependence to label the picture, and have dropped the S notation since all
the operators except for ¢ and &' are now system operators. The generalization to multiple noise

sources and non-vacuum is straightforward.

"Keep in mind that the master equation is in the SP and the Heisenberg-Langevin equation is in the HP.
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3.3.1 Master equation to Langevin equations

Suppose we are given the master equation (3.62)). For any operator @, we now use the master

equation to find the drift D and diffusion F of its corresponding Heisenberg-Langevin equation
S0(t) = — = [1(6),00)| + D(t) + F(1) (3.64)

with <f7’ (t)> = 0. Here we directly write out the coherent part of the Heisenberg-Langevin equation
which originates from the Heisenberg equation (|3.2)).

The expectation value of Ois picture-independent, i.e.,
<0> - Tr[f)(t)@ ® ,;E} - ﬂ[ﬁ@(t)} - <@(t)> : (3.65)

where we have traced out the environment due to the weak-coupling approximation 2. Taking the

time derivative, we then have

d s\ o [dpt) A1 . |.dO®) | [ dO(t
%<(9> Tr[ o (’)] =T |p S = (). (3.66)
We focus on the relation
dp(t) A1 /dO(t)
ﬁ[dt O] = <dt . (3.67)

Using Eq. (3.62), the left hand side (LHS) of Eq. (3.67]) becomes

LHS = Z,lhTr{ [H ﬁ(t)} o} n gTr{ [2&3@)@* — 8185(t) — ,s(t)STS} 0}

_ —% ([rw.om]) + g (251 (100(15(1) ~ §1(HSWOW) ~ WS DS, (368)

where we have used the cyclic property of the trace and changed pictures. This leads to the

important property

Tr{(}c [s} ,a(t)} - Tr{;’)ﬁ_ [S’(t)} @(t)}. (3.69)

2Here actually we can define p(t) = Trg [UT (t)ps ® ﬁEU(t)] without using any approximation, where U(t) is the

unitary that transforms from the SP to the HP.
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The right hand side (RHS) of Eq. (3.67)) from Eq. (3.64) is

RHS = —% < [ﬁ(t), @(t)D v <I)(t)> . (3.70)

Comparing the left and right hand sides, we identify

~ ~

<i)(t)> - g <25*T(t)@(t)§(t) — St 8Ot — @(t)sf(t)ﬁ(t)> . (3.71)

Since Eq. (3.71)) is true for any operator @, we can remove the expectation value operator and get

~ ~ ~ A~

D(t) = 5 [QST(t)@(t)g(t) ~8TH)SHOt) — @(t)sf(t)g(t)}, (3.72)

which agrees with Eq. (3.63)).

It remains to show that we can get the correct noise terms F and F' from the master
equation (3.62]), where F't is defined from the Hermitian conjugate of Eq. (3.64). Since we implicitly
assume Gaussian noise, and the first moments (expectation values) of the noise operators F and

F't are zero, it is sufficient to derive the second order moments. Using the Einstein relation '

(B0E0) = ( §[0x00.0] )+ 5 ([10.6,00.00]) - (Bu010.(0) ~ (Ou01D10)

(3.73)

S
=
=}
o
@
=
I
(=
©]
=
w0
S
hS
—
~—
S
R
~—~
~
S—
m

(5", 6u0)] [0, 5] ) (3.74)

which agrees with Eq. (3.61)). Therefore we have successfully derived the Heisenberg-Langevin
equations from the master equation. The fact that we get the correct diffusion matrix means that

the master equation treatment and the Heisenberg-Langevin treatment agree to at least the second

3See Appx. [F|for the derivation of the Einstein relation.
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order moments of the quantum noise. Given the quantum white noise model which is fundamentally
a Gaussian theory, it might even be sufficient to say that the master equation can give rise to the
exact noise terms given in Eq. since we only care about the second order moments, although
a strict mathematical proof is needed. In fact, if we specify the heat bath as the same harmonic
oscillator model in the derivation of the master equation as in the Heisenberg-Langevin case, and
make the same approximations on the density of quanta (thermal, white, etc.), then the equivalence

between the two descriptions will be exact.

3.3.2 Langevin equations to master equation

Suppose we are given the Langevin equation (3.63)) which applies to any system operator 0.

From Eq. (3.66)), we focus on the relation

Tr [C@f)@} =Tr [)d@(t)

= (3.75)

Using the property (3.69)), we then have

Tr {d’;’lf) o} - —Z,lhTr{ﬁ[fI(tL @(t)} } + rTr{pf, [S(t)} @(t)}
- ilhTr{ [H ;s(t)] o} + FTr{E [s] ﬁ(t)@}. (3.76)
Since Eq. applies to any system operator @, we can remove the Tr [ .- @} operator and derive
the master equation (3.62]).

It is clear that the derivation from the Heisenberg-Langevin equations to the master equation
is shorter than the other way around since there are no noise terms to derive. The reason is that, as
we have seen from the Einstein relations , the diffusion matrix and the drift terms governed
by the superoperator £ (which is transformed to the Lindbladian superoperator £ in the master
equation) are self-consistent, which can be taken as the manifestation of the quantum fluctuation-
dissipation theorem. With the form of the Lindbladian superoperator L, the noise terms are
implicitly determined. The derivation is shorter also because we have chosen a heat bath composed
of harmonic oscillators in the Heisenberg-Langevin case. Therefore it is no surprising that the

Heisenberg-Langevin equations are immediately sufficient to derive the master equation.
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3.4 Prescription for decoherence

In the previous sections, we have derived the quantum master equation and Heisenberg-
Langevin equations from a very general perspective. In this section, we give some concrete examples
of different decoherent processes that are common for cavity QED systems, including free-space
spontaneous (77) emission and T, dephasing of a two-level atom, as well as cavity decay through
the mirrors. The resulting terms in the corresponding master equation and Heisenberg-Langevin
equations can be used as the prescription for these decoherent processes when we introduce the
many body superradiant cavity QED systems.

We consider a Jaynes-Cummings system composed a single two-level atom interacting with
a single cavity mode. Then the system Hamiltonian is given by Eq. . For simplicity, we
suppose the atom is trapped at the antinode of the cavity mode so that its external energy is a

constant and can be removed from the Hamiltonian. The resulting system Hamiltonian is

o h
Hs = 2245° + hweila + -2 (a+a+als™). (3.77)

As a reminder, in Eq. (3.77)), w, is the atomic transition frequency, w, is the cavity frequency, and g
is the single-photon vacuum Rabi frequency. We now discuss the effect of different decoherent

sources.

3.4.1 Free-space spontaneous emission

As the name suggests, free-space spontaneous emission is an effect of the atom that couples
to the free-space modes other than the cavity modes. If the free space modes are in vacuum, then
due to vacuum fluctuations, the atom will spontaneously decay from the excited state |e) to the
ground state |g) [162]. This process can be described using the theory of open quantum systems as

we have previously developed in this chapter.

(1) Jump operator.

The jump operator for free-space spontaneous emission is 6~. Notice that this is true only
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if we ignore the atomic motion so that photon recoil does not cause external momentum

recoil [109].

As argued in footnote [3] of Sec. B.I.1] for a system Hamiltonian with coherent coupling
terms like (&+d + &Tﬁ_) as occurs in Eq. (3.77)), in the derivation of the master equation

we assign as the free Hamiltonian

huw

="

257 + hwea'a + Hy. (3.78)

Then we see 6~ is an eigenoperator of H since
- hw
[HO,&*} - [2“00] = — w6 (3.79)

The jump operator 6~ corresponds to the incoherent coupling between the atom and vac-

uum modes in vicinity of the eigenfrequency wy.

(2) Lindblad master equation.

The incoherent coupling caused by 6~ is described by the term ~1L[67]|p, where 7 is
specified as the free-space spontaneous emission rate. Historically the spontaneous emission

process is also called T} decay, where T7 o< 1/7;.

(3) Heisenberg-Langevin equations.

For any operator @, the drift term is given by D = ’ylf[&*]@, and the noise term is
given by F =, /Y1 < [6*, @} é + éT [(’j, 6‘}) where é and fT are quantum white noise terms

satistying <é(t)é*(t')> =5t —1).

3.4.2 T5 dephasing

The T, dephasing process describes the damping of the diagonal terms of the atomic density
matrix. Physically such dephasing is caused by the general coupling between atomic internal states
and the free-space modes. For a many body system this often represents a homogeneous dephasing

process.



(1)

3.4.3

49
Jump operator.

The jump operator for T> dephasing is 7. This is most easily understood from the point
of view of the dephasing channel language in quantum information [120]. Notice that it
is easy to see that [ﬁo, (32} = 0, meaning the dephasing is indistinguishable from the free

evolution.

Lindblad master equation.

2
The incoherent coupling caused by &7 is described by the term %E[&Z] p, where v9 = T is
2

the rescaled T, dephasing rate. This definition is consistent with standard literature [165].

Heisenberg-Langevin equations.

For any operator @, the drift term is given by D= %E[&Z ]@, and the noise term is given by

F= @ < [6’2, (’j] é + éT [@, 6’2}> where f and fT are quantum white noise terms satisfying

(éwgiw)) = o — ).

Cavity decay

Cavity decay is important in cavity QED systems since it generates the measurable output

(1)

(2)

fields. In terms of an open quantum system such as Eq. , cavity decay describes the incoherent
coupling between the cavity mode and the vacuum heat bath. Most cavity QED systems we study
are “high-Q)” systems, where @) stands for the quality factor of the cavity that is defined as Q = w./k
with k the cavity decay rate. For current experiments on atom-photon interactions in the optical

domain, the Q-factor can be as high as 108, corresponding to x ~ 1 MHz [104, [71].

Jump operator.

The jump operator for cavity decay is a, which represents losing one photon from the cavity
to the environment. It is straightforward to see that [JEIO, d} = —hw.a.

Lindblad master equation.

The incoherent coupling caused by a is described by the term xL[a]p.
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(3) Heisenberg-Langevin equations.

For any operator O, the drift term is given by D = Kﬁ_[d]@, and the noise term is given
by F= ﬂ([flT, (’A)} é + éT [@, &}) where é and éT are quantum white noise terms satisfying

(éwgia) = ot —v).
3.5 Summary

Before we end our discussion of open quantum systems, we comment on the advantages
of using Heisenberg-Langevin equations rather than the master equation. First, the Heisenberg
point of view allows us to easily compare the dynamics of quantum variables and their classical
counterparts, if any. Second, the observables are themselves operators. Therefore, it is more
intuitive to directly study the dynamics of the observables and their associated statistics in the
HP rather than in the SP. Last, many of the semiclassical approaches, especially the c-number
Langevin equations and the mean-field theory we use in this thesis, are directly applicable to the
Heisenberg-Langevin equations. In fact, due to numerical considerations, the Heisenberg-Langevin
equations are actually the only choice we have when we simulate an atomic beam traveling in and

out of the cavity. We will introduce these c-number methods in the next chapter.



Chapter 4

Theory of Superradiant Atomic Beam Laser

In the previous chapters we have derived the Jaynes-Cummings model of a moving two-
level atom interacting with a single cavity mode. We have also shown the equivalence between
the quantum master equation and Heisenberg-Langevin equations for open quantum systems and
presented a prescription for various decoherent sources. In this chapter, we combine these building
blocks together to investigate a very general cavity QED system, the Tavis-Cummings model, in
presence of several forms of dissipation including cavity decay, atomic spontaneous emission, and
T> dephasing. Specifically, in the so-called “bad cavity” limit, the intracavity atomic dipoles can
spontaneously synchronize, resulting in a macroscopic atomic dipole that collectively emits through

the cavity. We call such phenomena cavity superradiance, and such devices superradiant lasers.

4.1 From Dicke superradiance to steady-state cavity superradiance

Superradiance in the context of quantum optics was first discussed by Dicke in 1954 (see
Fig. [32]. When the length scale L of an ensemble of N excited two-level atoms in free space
is smaller than the corresponding wavelength A of the atomic transition, instead of spontaneously
emitting individually, the atoms will collectively emit in a fashion that can be N times faster, N
times stronger, and in a well-defined direction that depends on the geometry of the ensemble. This
effect is called Dicke superradiance, or collective spontaneous emission [17, [4, [52].

The mechanism of Dicke superradiance can be understood by considering the Dicke model [32],

1401, 1511, 51, B0]. As an extension of Dicke’s original work, the Dicke model describes the interaction
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Figure 4.1: Source: Ref. [52]. Comparison between the general characteristics of ordinary fluo-
rescence and superradiance experiments. (a) Ordinary spontaneous emission is essentially isotopic
with an exponentially decaying intensity (time constant 7). (b) Superradiance is anisotropic with
an emission occurring in a short burst of duration ~ 7, /N.

of N two-level systems (atoms in our case) and a single mode of the field. The atoms are assumed to
be indistinguishable, which allows for the use of Dicke states [52] 45] 164, [65]. For free-space Dicke
superradiance, this condition corresponds to the Dicke limit L <« A. In the thermodynamic limit
N — o0, and in absence of dissipation, it has been shown that the system will spontaneously break
the Zy (parity) symmetry and transit into a superradiant phase when the atom-field coupling
reaches a critical value (see Fig. [57, 159, 128]. At the superradiant phase transition, the
individual oscillators (atomic dipoles) constructively interfere (phase lock, synchronize, etc.), and
this cooperative behavior can be seen as the formation of a macroscopic collective dipole. The
spontaneous emission of this collective dipole then causes all the O(N) superradiant effects as
considered in Dicke superradiance. Microscopically, dipole-dipole correlations are established and
propagated as a result of the collective Lamb shift [81) 148 [6 411 52, 139] via vacuum fluctuations.

The simplest experimental realization of the Dicke model is through cavity superradiance,
i.e., superradiance in cavity QED systems, where the Dicke limit L <« A ~ 10~"m for optical
wavelengths can be relaxed by using mode-selective high-Q) cavities. With these high-performance

cavities, the single-mode approximation is valid, and atoms at distances far larger than A from each
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Figure 4.2: Source: Ref. [128] (notations and captions have been adapted). The superradiant phase
transition for the Dicke model with a single mode. Here, g describes the atom-photon coupling.
The order parameter for the phase transition is (a) /v/N, where (&) is the mean field amplitude
and N is the atom number. When the coupling parameter g is bigger than the critical coupling g,
the order parameter (@) /v/N becomes non-zero with two opposite phases which correspond to the
symmetry breaking equilibria of the free energy F'.

other can communicate coherently through the cavity field. In cavity setups, pulsed superradiant
lasers have been built, and Dicke-type superradiant peaks have been observed [115, 116, [5, 113,
87, 136]. However, the observation of continuous superradiant emission is challenging because of
the weak coupling and a no-go theorem [I11] that prohibits a superradiant phase in conventional
equilibrium cavity QED. Remarkably these obstacles can be overcome by introducing external
pumping, which results in non-equilibrium superradiant phase transitions [33, [8]. Such transitions
can also happen with other kinds of dissipation, as shown in Chaps. of this thesis. Meanwhile,
the steady-state output of cavity superradiance resulting form continuous pumping also makes
continuous-wave (CW) superradiance possible.

In the remainder of the thesis, we will focus on steady-state cavity superradiance. Specifically,
we discuss the design of a novel ultra-linewidth CW laser called the steady-state superradiant

laser [101], 12} ©92].
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4.2 Steady-state superradiance laser

The original proposal for a steady-state superradiant laser [101} 100, 99] considers a system
composed of N two-level atoms interacting with a single mode of a high-@) cavity. The atoms are
trapped at the antinodes of the standing wave in the Lamb-Dicke regime [163], which means that
we can ignore the external motion of the atoms. The coherent interaction between the atoms and

the cavity is given by the Tavis-Cummings model [I51], [152], i.e.,

By o hg N
=035+ hwedla+ 2y (67a+alay ), (4.1)
=1 j=1

which is a many body generalization of the Jaynes-Cummings model introduced in Eq. .
Here, w, is the atomic transition frequency, w, is the cavity frequency, and g is the single-photon
vacuum Rabi frequency. The operators &JZ» and &]j»: are the atomic pseudospin operators for atom 7,
while operators ¢ and a' are the cavity fields.

The decoherence of the system comes from four different sources, namely the cavity decay,
the free-space spontaneous emission, the 75 dephasing, and the incoherent repumping. The cor-
responding decoherent terms in the master equation or the Heisenberg-Langevin equations for the
first three sources can be directly written down following the prescription given in Sec. [3.4 The
incoherent repumping can be understood as an effective spontaneous absorption process that in-
corporates pumping atoms from the ground state |g) to an auxiliary state that rapidly decays
to the excited state |e). Therefore, analogous to spontaneous emission, the repumping process is
well approximated by assuming a jump operator &j for each individual atom j. Physically, this
incoherent repump serves as the energy source of the CW behavior of the superradiant laser.

We can now write down the master equation for the steady-state superradiant laser

% = %[Hp] +rLlalp +]§; (me|o7 |+ L5 p+welot o). (4.2)

where k is the cavity decay rate or cavity linewidth, 1 is the free-space spontaneous rate, s is
the Ty dephasing rate, and w is the effective repumping rate. The parameter regime considered

here is the superradiant or “bad cavity” regime, which assumes that x > v Ng, 1,2, where vV Ng



95

is the collective coupling rate. In this regime, given enough intracavity atoms NV, the system can

go through a superradiant phase transition when the repumping rate matches the collective decay

rate, while both dominating over the other decay rates, i.e., y1,72 < w ~ NI'. < k. Here we have
2

introduced the cavity-assisted single-atom decay rate I'. = 9 _ Cv (for zero detuning), with C
K

the dimensionless cavity cooperativity parameter.
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Figure 4.3: Source: Ref. [I0I] (notations and captions have been adapted). (Left) Power as a
function of pump rate w and atom number N. The rapid buildup of power above threshold w can
be seen as well as the decrease of emitted power for too strong a pump. The dashed line shows the
boundary of the region of collective emission. (Right) Linewidth vs w and N. The white dashed
lines indicate (from left to right) the spontaneous decay rate, the inhomogeneous relaxation rate
1/T5, and the maximum pump rate Wyax.

The above system has been studied extensively [T0T] 100}, 100} 99, 12}, 166, 165 164, 66 67, 65].

Due to the similarity to the superradiant beam laser system, we leave the detailed derivation of
the superradiant master equation and the superradiant Heisenberg-Langevin equations to the next
section, and only qualitatively describe the results in the original proposal. The motivation was to
generate an ultranarrow linewidth laser with enough output power that can be directly applicable for
metrological use. With an ensemble of 87Sr atoms of N ~ 105, when the repumping rate w is tuned
such that the system is in the superradiant phase, the output light is calculated to simultaneously

reach a power of P ~ 107 W and a linewidth of Av ~ 1 mHz, as shown in Fig. [101].
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4.3 Superradiant atomic beam laser

The steady-state superradiant laser has been a promising candidate for the next generation
ultracoherent laser since the idea was proposed. However, because of the technical difficulties of
trapping a huge number of ultracold atoms and the atom loss due to radiative heating caused by
repumping, it has proved challenging to realize a truly CW superradiant laser in the optical domain
following the original trapped atom model. For this reason, we were motivated to consider a different

model of the steady-state superradiant laser, the superradiant beam laser model [92] [70] 69, [68] .

4.3.1 Model

As the name suggests, instead of trapping atoms inside the cavity, the superradiant beam
laser model considers an atomic beam transiting the cavity (see Figs. and for
various schematics of the superradiant beam laser model). Instead of being repumped inside the
cavity, the atoms are prepared in the excited state |e) before entering the cavity. Compared to the
original proposal, this model has several advantages. First, the atoms do not have to be frozen
in the optical trapping fields, which allows for much higher intracavity atom number N. Second,
we manually separate the pumping process from the lasing process, thus fundamentally avoiding
adverse effects caused by the incoherent repumping, including heating and atom loss. In some
sense, the experimental challenge has shifted from trapping a large number of ultracold atoms to
maintaining a high atomic beam flux as well as controlling the beam temperature and associated
velocity spread, as we will see in the next few chapters.

We now theoretically analyze the superradiant beam laser model. Consider the Tavis-

Cummings model similar to Eq. (4.1)) but this time with atomic motion *.

)

A P  Iw R +.  hg o N[ ata L ata

H = E ﬁ—i_ 2“ E aj—l—hwcafa—k? E n(xﬂ(afa—i—aTUj ) (4.3)
j J J

'Notice that compared to the Jaynes-Cumming model in Eq. ([2-104)), we now use the lower case {X;,p,} to refer
to the position and momentum of the center of mass of atom j, whereas in Sec. [2.2.2]and Appx. [B] this notation refers

to those of the jth internal particle of a single atom.
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Here, the summation ) ; goes over all the atoms in the atomic beam. We assume all the atoms are
identical with atomic mass m. The operator p; is the center-of-mass momentum of atom j inside
the atomic beam as introduced in Sec. and Appx. and 7(x;) is the cavity mode function
defined in Eq. at the position x; of atom j. We impose 7(x;) = 0 if atom j is out of the

cavity. In this sense, we can define the mean intracavity atom number N as
N = o7 (4.4)

where ® is the number of atoms passing per unit time (flux times cross section), and 7 is the single
atom transit time. It thus becomes obvious that by relaxing the Lamb-Dicke regime and moving
the repumping process out of the cavity, we are trading off the simplicity in external motion for
the simplicity in repumping. In the longitudinal direction (perpendicular to the cavity axis), atoms
enter and leave the cavity at a regular rate of 1/7, which can be thought of as an effective rate of
pumping from some final states as atoms leave the cavity to the excited state |e). This implies that
the parameter 1/7 plays a similar role to w in the control of the superradiant phase transition. In
the transverse direction (parallel to the cavity axis), as atoms move across different values of the
cavity mode function 7(x), it remains a question as to whether atoms can spontaneously synchronize
when they see different phases of the fields from each other. Most importantly, it remains to show
that there exists a suitable experimental parameter regime to build this CW superradiant laser.
Before answering the above questions, let us first fill our toolbox by deriving the Heisenberg-

Langevin equations and the master equation for the cavity superradiant systems.

4.3.2 Heisenberg-Langevin equations

Using the Hamiltonian (4.3), from Eq. (3.55) and the prescription given in Sec. (3.4), we

obtain the Heisenberg-Langevin equations for the the fields a, the atomic pseudospins ¢ and o,
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and the atomic position #; and momentum pj, i.e.,

da K . . 1g s -

= —(5 i )i — D ik, (4.5)
dé’j_ . ~A— Zg Az A 1 A— ~ZE - S
= Tiwad; + DR 5(71 + ’yg)aj + V1105857 — V2 <Uj Eive = 100 ), (4.6)
dé? . .
=i (3167 —0/a) =3 (35 +1) — 2 (66 8,57 (4.7
dx; P,
o m (“8)
df)] hg _ ~da ,\-i- ~—
- = —?Vn]( ja+a'o; ) (4.9)
. & a o\, , o : : .

Here V = Ers 87]’ 7 is the gradient operator. Operators &y, &j,, and ;, and their Hermi-

tian conjugates are the quantum white noise operators for the corresponding noise sources. We have
also used the shorthand notation n; = 7(x;), @nj = @n(fc)k:;{j, and introduced the collective

dipole operators that are given by

JE=> "ot (4.10)
j

From Eq. we immediately see the difference between the superradiant beam laser model
and the trapped atom model. The indistinguishability condition of the atoms in the latter case
is broken as a result of the spatial (entry position) and temporal (entry time) dependence of the
atom-cavity coupling gn;. Therefore, although we can still define the collective dipole JE, due
to the coefficients 7);, the condition for which atoms will synchronize (if they can) is unstudied.
Of course in the original Dicke model, the indistinguishability is also an approximation which is
valid as long as the atoms are confined within a wavelength A\. Therefore, we would expect the
superradiant phase transition to happen for the superradiant beam laser model if the transverse
motion of the atoms are confined within a length scale ~ A during the transit time 7. Once the
atoms are phase locked and in steady state, the collective dipole formed in the cavity will remain
macroscopic although individual atoms are entering and leaving. In this way, the system can have
a coherence time much longer than the single-atom transit time 7, resulting in an ultranarrow

linewidth. This is the basic principle of the superradiant beam laser.
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We can move into the frame rotating with the atomic frequency w, to simplify the form
of Eqs. (.5)-([.9). 2 Mathematically this corresponds to making the replacements a — ae~*wet,
o; = 0; e twal, é,.@ — é,.@ e~twal and éjm — éjm e~wal 5o that the fast rotating phase factor e’“at

is hidden from our Heisenberg-Langevin equations. In the atomic rotating frame, Eqs. (4.5)—(4.7)

become
@__<E+'A)A_ng*_\f€ (4.11)
a9 Te)eT s '
oy g ... 1 . . o o A
dt = injaja ) (71 +72) 0; v ’Ylajgjﬁl V2 (Uj iz — Ej;yggj )> (4.12)
62 ) )
—L = ign, (&T&; - 5}@) i (63 +1) =2y (&jgjm +é &;) : (4.13)

where A = w, — w, is the cavity detuning from the atomic frequency. The associated diffusion

matrix, according to Eq. (3.61)), has the form

a ol - i~ i+ e
( )
a 0 w
af 0 0
2Miotal = 7, — 0 v + %(1 — <5']Z>) 2v1 <6—J_> )

it 2(1+ (7)) 0 0
iz 0 2y, <j> 271(1+ <0]>)

(4.14)
where (2Mt0ta1)w(5(t —t) = <Fu(t)ﬁy(t’)> with p,v € {&,dT, N 0%, } are indices for
all the operators in question. From Eq. (4.14]) it is obvious that in our description so far all the
noise sources are independent, in the sense that the k noise only affects the fields, that the v; and
v2 noise terms only affect individual atoms, and that there are no cross diffusion terms (no off-

diagonal blocks) between different atoms. This will not be the case after we adiabatically eliminate

the cavity fields in the next section.

2See Appx. @ for a discussion on rotating frames in the HP for open quantum systems.
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For completeness, we follow Chap. |3| and write down the equivalent master equation that

corresponds to Eq. (4.5)—(4.9)), i.e.,

= 3] + o+ 3 (el o+ Felof)s) (w1

where H is the Hamiltonian (4.3).

4.3.3 Adiabatic elimination

As introduced in Sec. for cavity superradiant systems we work in the “bad cavity” regime
where we require x > VN 9,71, 72, % Here, compared to the conditions in Sec. we have also
added the constraint that the cavity decay rate s is much larger than the single-atom Fourier
limit %, which is usually referred to as the single-atom transit time broadening.

Working in the “bad cavity” regime allows us to adiabatically eliminate the fast field variables
a and a' and derive a coarse-grained model. To see this, we examine Eq. , which can be solved

exactly to obtain

. t t
a(t) = e~ (3T (0) — % / due”GHAY =t —u) — /& / due”GTAE (F—u).  (4.16)
0 0

The “bad cavity” condition assumes that the cavity decay frequency s is much larger than the
7+

dynamical frequency of the collective atomic dipole . If the timescale of interest is of the

same order as that of the collective dipole, then we have the coarse-graining condition ¢ > x~!.

The first term on the right hand side of Equation (4.16)) becomes ~ e~2" —5 0. The second term

can be Taylor expanded as

S
~ Y que AN “(t—u)

5 J

0

N_iﬁ —(£+idu | 57— _dj_(t) ldQ'j—() 2
y Jo e [‘] O == vt g g ¢

dJ—(t)

_ ig/2 7 _ dt 2
K/2+iA ®) m/2+z‘A+O[(“t> }
ig/2

Ny i (), (4.17)
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which implies that the field variable a can be well-approximated by the collective dipole J- (up
to some factor). The third term can be dealt with using a similar approach to that in Eq. (4.17)),

yielding

JE

A t P ~
Fcff(t) = _\/E/O du 67(§+1A)u5’{(t - u) ~ _mgn(t)' (4‘18)

Here we have defined the effective coarse-grained quantum noise Feﬁ, which can be justified by

checking the correlation [164]
~ A t Kz 2~ ¢ K _ 7 s
(1)) = [JE [ ane G uﬂ Vi [l G )
0 0

t t
= [ds [ s GO GHAND (¢ ¢l ()
0 0
t t
= eS(tH’)M(H/),{/ ds/ ds’ e3 s+ HAl=) (g _ o)
0 0
o St —iA(—t)

&
k2[4 + A2

Q

5t —t) (4.19)

where we have used the substitutions s = ¢t —u, s’ = ¢’ — v/, and assumed x|t — t/| > 1. Physically,
this implies that the quantum white noise é,.i can be coarse-grained to model another quantum
white noise on a much larger timescale. Therefore, in the bad cavity limit, the field a that satisfies

Eq. (4.11)) can be well approximated by the adiabatically eliminated solution

) (Ta +iT) .. (Co—ila) 2 .
~N——J — off » 4.20
a(t) g P Toﬁ ff (4.20)

where we have defined

g’k /4

_ [\ = g*A /2
T K2/4 4+ AZ A

g2
= I'o== 4.21
K2/4+ A2 0= % (4.21)
and the quantum white noise &g that satisfies <feﬁ(t)éiﬁ(t’)> = 6t — '), <éeff(t)éeff(t/)> =
(El0ély)) = (Ea®éet)) = 0.
Equation (4.20]) locks the fast-varying field variable a to the collective dipole J~. On the

timescale of the atomic dipole, the field does not have memory of its initial value, tracking the
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collective dipole but augmented by a Markovian type quantum white noise. In this limit, I'c, I'a,

and I'yg become useful parameters to describe the system dynamics. When A = 0, we have I'a =0

2

and I', =Ty = g—, which is consistent with our definition of I'. in Sec.
K

4.3.4 Superradiant equations

Equation (4 can be used to eliminate the field variable a from Egs. (4.9)) and (4 - -,

resulting in the superradiant Heisenberg-Langevin equations for atom j

d&; 1 ) PP A
- _§(Fc — ZFA)?]jUjJ ~5 (71 +72) g;

(FA—FZF)\/— erff‘f‘\/ia gy’n_\/i(&j_éjﬁz_gj
do?

dt

+(FA—zr)rgTﬁ +(FA+2F)#]&>H—2W( T

dp; AV, - AV .
% —(Ta —iT) 77] JH6T 4 (T +1iTe) 2’” 60"
) h . BV
+ (Fc + 'LFA) \/ﬁjg;rff j (Fc - 'LI‘A) \/% U;'rgeff-
The diffusion matrix for atom j is
my
2Mj; =
j: Vv=— + z
Jy == 0 1 2 <6’j_> G, p=—
+ 0 0 0 T +m) + &

—L = (. + iFA)njﬁ&j— — (T, — z’FA)njav*j— — 71 (67 +1)

A —

’72.7

)

7 HN
+§]’Yl J

%)

(4.22)

(4.23)

(4.24)
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and for j # k is

k,v=— + z
= |0 (azer)  —2(ezey)
My = 0 0 0 SIS (4.26)
: o -2(ofez) 4(ef5y)

where we have defined 2Mfky(5(t —t) = <F4”(t) k”(t’)>, with p,v € {+,—, 2} denoting different
dipole components, and j, k labeling different atoms. We have also introduced the parameter

CT24T3%

r
1 Ty

(4.27)

We make several comments regarding Eqs. f. First, we have not included the dif-
fusion terms associated with the momentum, since we will always make the ballistic approximation
in our later treatment by assuming p; as a constant during the transit time 7. This approxima-
tion is valid as long as the temperature of the atomic beam is high enough that the single-photon
recoil is much less than (p;). With the ballistic motion assumption, Eq. is approximated
by dd—lzj = 0, and the corresponding diffusion elements are zero. Second, it is clear that Eq.
describes single-atom diffusion, while Eq. describes the dipole-dipole interaction, which can
be significant for large N. After adiabatic elimination, what used to be the field noise now causes
all the dipoles to diffuse through the I'y terms. The cavity-mediated effects manifest as the dipole-
dipole diffusion matrices in the “bad cavity” limit. Third, the fact that only I'; appears in the
diffusion matrices implies that the relative phase between I'. and I'a does not matter in terms of
diffusion. Rather it is their modulus square which is proportional to I'y that gives the second order
moments, i.e., the diffusion matrices.

For completeness, we include the equivalent superradiant master equation that is given by [52],
71, [164]

dp _ L[ hla
dt  ih 2

Jri ﬁ} + L[|+ > (me|o7|p+2Ll5:15). (4.28)

J

where the first term is the collective Lamb shift given a heat bath in vacuum.
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4.4 Semiclassical c-number equations

The Heisenberg-Langevin equations (4.22])—(4.23)) are stochastic differential equation for oper-
ators that are formidable to solve. However, with a semiclassical c-number treatment [141], 155 [133],
we can numerically solve the c-number differential equations with consistency up to the second or-

der moments of the operators. In this section we derive these so-called c-number quantum Langevin

equations.

4.4.0.1 Hermitian operators

For numerical convenience, it is helpful to first rewrite Eqgs. (4.22)—(4.23)) in terms of solely
Hermitian operators, which allows a pathway to approximate operators by real numbers in the

c-number description. Using the transformation matrices

1
1 1 . 5 5
R= , R = (4.29)
i b
we obtain the relation between 6% and the Hermitian Pauli operators 6% and 67, i.e.,
o” ot A o”
=R , =R! : (4.30)

&Y 5 &
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Then Eqgs. (4.22))-(4.23) become 3

dé’;p PC AT AZ AT FA AYnz ~Y 1 ~
— =y | Do more; —miof | — =g | Yo mo{os — 6 | =5 (n+72) 65
k+#j k#j
i (6% — €1 67) + Ta (676 + £ 67
/F g Geff eff”J A\ OjGeft eff”j
+ AL (030 + 8,57 +ivAz (600 — €07, (4.31)
dé? T o . T'a U R 1 .
CT;:?CW Zﬁkzaz f—ﬁj ;y +777j Zﬁkaif f"?j f —5(71-1-72)0']
Py Py
+ W Tp, (62 + E 5%) 0 (&%é _ ¢t &%)}
\/]_TO c 7 eff eff 7 A 7 eff eff 7
+ Z\/i(o- 5]7"{1 - 5_7 7 ]) _Z 72 <a-zé] Y2 - é‘jfyg A;‘) (432)
dé? N Ta van o
= ) (65 + 1) =y e (9267 + oed) + 5y 2 o (o407 — o)
k#j k#j
Ui . t A N
+ ﬂ%{m[(a +i69)éur — &1y (67— i07)] + T [ (5 + 107+ €l (gx_wg)]}
N \/71[(&;0 + i&]y) Eim +E (&;ﬁ - z‘&;/)] (4.33)

The corresponding diffusion matrices are

2Mjy =
jiv=a v 2 jiv=a vz
! i (63) —i(61) ume [0 (e 0
, i 1 i@y + @ [Cmf+m)+ o | =gy 1 0 [
= L e +ief) —i(ef) +(67) 2(1+(57)) : 0 U
(4.34)
®A useful set of relations is (665 + 676, ) = & (6167 +616Y) and (6} 65 — 676, ) = % (6767 —616Y).
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and for j # k
QM;‘I: =
g v .
ju=e (o56%) —i(676%) —(oj6%) +i(675%)
y i(6367) (636%) —(636Y) —i(5367) Lymjng.
=\ —(67eb) —i(ojor) —(67en) +i(oior) ((o76%) +(o]6%)) +i((o]o%) — (o76%))
(4.35)

The diffusion matrices are most useful for the c-number treatment. Here we give the noise terms

in Eqgs. (4.31)—(4.33]) as an reference to Eqgs. (4.34)—(4.35]).

4.4.1 Rules for c-number equations

So far everything is quantum. In order to numerically simulate the dynamics of the many
body pseudospin variables, we make a second-order c-number approximation. Specifically, we

introduce the following rules:

(1) Non-noise terms.

These include the detuning terms and the drift terms in the Heisenberg-Langevin equations.

We establish the mapping

Sj — Sj (4.36)
(Sjs’k)ordering — SjSk, (4.37)

A~

where S; is a system operator and S; is its c-number counterpart. The notation

(S;Sk)ordering stands for a chosen ordering of the quantum operators Sj and Sk, which

we will choose as the symmetric ordering
. 1/ 4 .
<SjSk) = 5 <SJS]C + SkSk) . (4.38)
sym

Notice that the form of SJS’k should not be reducible, as in, 6 7 A;’ should be reduced to 05

before making the c-number approximation.
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Boundary and initial conditions.

We require for initial conditions (¢ = 0) or boundary conditions (when the atomic beam

enters the cavity)

(Sj)e = <S]> (4.39)
S50, = {((8:5), ). (4.40)
sym
where (-). is the ensemble average (over simulation trajectories) [I33]. As an example, for

the superradiant beam laser, atomic dipoles enter the cavity in the excited state |e). Thus

all the up to second order moments of the pseudospin operators are given by

(65)=1, (4.41)

()= (a¥) =0, (4.42)

(6)°) = ((6)°) = <(&g)2> 1, (4.43)

< (&5&;)Sym> =0, mrelnyzt, ptv (4.44)

In order for the c-number moments to match, for each simulation trajectory we let s =1

and randomly choose s7 and s? from 41 with equal probability. One can check that this

choice will satisfy Eqs. (4.39)—(4.40)) with moments given by Eqs. (4.41])—(4.44)).

Noise terms.

The first two conditions are sufficient to formulate a c-number theory if the system is closed.
In that case, with the initial conditions determined and the differential equations rewritten
in c-numbers, each trajectory is deterministic. However, for an open quantum system, it

remains for us to choose a rule for the c-number noise terms.

The c-number theory is fundamentally a Gaussian theory, meaning that we cannot match
moments of operators higher than second order. However, as mentioned in Chap. |3 the
quantum white noise also implicitly assumes a Gaussian noise model. Therefore, it is

sufficient to establish a mapping from the operator diffusion matrices to the c-number
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diffusion matrices (the mean of the noise is zero). Such a mapping is straightforward. Let
F; be the c-number counterpart of the noise operator Fj. Then the c-number diffusion

matrices can be defined as

2md(t —t') = (Fj(t)Fi(t)), , (4.45)
We then establish the mapping
(ZMij)sym = 2my; (4.46)
where we have chosen the symmetric ordering
(20Mig) g0y = 5 (2D +2M35). (4.47)

In the next section, we use the rules introduced in this section to derive the c-number
quantum Langevin equations for the superradiant beam laser model.

4.4.2 c-number Langevin equations

4.4.2.1 Non-noise terms

Following Rule (1) in the previous section, the non-noise parts of the c-number equations for

Eqgs. (4.31)—(4.33)), labeled by D;-‘, u € {x,y, z}, are given by

r T'a 1
Df = ?an (T7s% —njsi(si +1)] — = i [jysj —nysi(s5 + 1)} 3 (M +72) 87, (4.48)
pv=Lep Taver —nsvisr 4 1)) + L0 1778t — myst(sr 4 1)] — & y 4.49
;=5 JYs; njsj(sj—i- )|+ 5 [j 87 —nysj(s; + )] 2(71+W2)5ja (4.49)

T. _— z 2 I x T
Dj = = (Tenf + ) (s +1) = nj {7 sj+T%sj = {(%‘)2 + (53> } } + TAW (jysj -7 S?JJ) ’
(4.50)

where we have introduced the c-number collective dipole components

T =Y 3=l (151)
J J
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This c-number replacement is actually trivial because all the non-noise terms in Eqs. (4.31)—(4.33))
are already in symmetric ordering. In the large N limit, if the collective dipole is formed, we can

ignore single-atom terms and get

T T'a 1
Df = 5uT"s; = 5 mI’s; =5 (n+72) ), (4.52)
T I'a 1
DY = ?anjysj + 7?7ij 5 - 3 (11 +72) 8%, (4.53)
D? = — (Z_‘_l)_E jx$+jyy _i_FA jyx_j:cy (454)
j = Y1 Sj 9 77] Sj Sj 5 77] Sj Sj . .
4.4.2.2 Diffusion matrices

The boundary conditions for the superradiant beam laser have already been discussed as an

example following Rule (2) in the last section. The c-number diffusion matrix Qm% , by Rule (3),

is the c-number mapping of <2M j’j:)sym from Eqs. (4.34)—(4.35), where

(QMfk”)Sym - % <2M;‘,: + 2M,:;‘)
J,v=x Yy z jv=r y =z
iz |1 0 <;> jp=z | 1 00
= 0 1 <§1> Tnf+m)+ 0 10 |7
. <&;ﬁ> <&§/> 2(1+<A;>) . 0 00
(4.55)
and for j # k
k,v=z y 2
S I
<2M;‘k”)sym y 0 < ;&g> - < ;&g> x T1n;my. (4.56)
oy (o) Gy )
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In other words, taking the symmetric ordering ensures that all the imaginary terms cancel [155].

The c-number diffusion matrices are therefore

Jv=e Y z jv=x Yy =z
7, u=x 1 0 <S;:> 7, =z 1 0 0
e
2mi; =y 0 1 <8§4> (Tonf +71) + 0 10 [
e

(4.57)
and for j # k
k, v=z y 2
Jr =z <$stz>e 0 — <sjsi>e
Qmﬁky = 0 <5§si>e — <s§s%>e INI (4.58)
o U=, — (st (o), + oet),

4.4.2.3 Noise terms

Given the c-number diffusion matrices in Egs. (4.57)—(4.58)), we now provide the methods to
construct the corresponding c-number noise terms to satisfy the diffusion matrices. Notice that the

methods will not be unique because we only require the sufficient conditions.

(1) T'; terms.

For large N, we can ignore the single-atom diffusion matrix for I'; in Eq. (4.57). This
corresponds to the superradiant condition when the dipole-dipole terms dominate. The
remaining diffusion matrix for the I'y decay without the ensemble average, labeled by 2m/,

has the form

Z o2 Z o
s%sp 0 —8%s),
/
2mjyr, = 0 s3sy, —s5s] Lamjng, (4.59)
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which can be decomposed into

2my,r, = Bjr, (Bk,rl)T, (4.60)
where
sz 0
Ba,Fl = 0 SZ \/Flnw ac {J7 k} (461)
-5 —sY

Therefore, we can choose two independent c-number white noise sources &, and &1,

which satisfy

(G (D&, (t) = 0ot — 1), j, k€ {1,2} (4.62)

and define the noise vectors

Fir, sj 0
§1,ry ISh
Fijro = | F/. | = Bin =l 0 s VI (4.63)
a,r, . S,y
VA €T
4T S 75

Then we have one choice of the c-number noise terms for the I'; decay

T 241

] Fl 77.7 155 51 T, = \/7 Zé-l T (4.64)
rz+7

F/r, =nivTisi&r, = nj\/? FISAVE (4.65)

|T2 + T
Fﬁrl =-n;vI1 (S?’fl,l“l + S?fgrl) = —n; c . A (8?51’1"1 + 823{52711) . (4.66)

We can also choose

i = —fsj (Te€? +T'al?), (4.67)
Fir, = \ﬁ s7 (L€ —Tal?), (4.68)
Fir, = \/71{—0 [Fc (S]fp - 8?€q> +Ta (s]{q + sgfpﬂ : (4.69)
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where £7 and &P are only different from &; 1, and £ r, by a rotation.

We can check that
T
<FJ7F1FI€,I‘1> = <2m;'k,I‘1> =2mjkr, - (4.70)
Indeed, the noise terms F;r, give the correct c-number diffusion matrices.

(2) 71 terms.

Similar to our methods for I'; terms, from Eq. (4.57)), we get

1 0 s;?
2= [ 01 | (4.71)
y
s}’-” s 2 <1 + sjz)

With Cholesky decomposition, we obtain

2m./]‘7'71 = Bj"yl (Bjy’YI)T 9 (472)
where
1 0 0
Bjm= 10 1 0 V. (4.73)

S

s 2 (1) (=) - ()

Therefore we need to choose for each particle three independent white noise sources

m . . 4
L i€ {z,y, 2}, which satisfy

(€, (€K 4, (F)) = k00 (t — 1), (4.74)

with u,v € {x,y, z}. Then the c-number noises are chosen to be

z
7,71

F (4.75)

17 17 7,71
z
7,71

4The noises must be independent for different particle to make sure there are no diffusion terms between them.
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2 2
Notice that there might be numerical issues when 2 (1 + sj) — (sf) — (5?) < 0. In that

case, we might need to it to be 0 or its absolute value in simulations.

72 terms.

By Eq. (4.57)), the diffusion matrix corresponding to 7, decay is

100
2mf, =10 1 0" (4.76)
0 0O
The decomposition is
2m;ﬂ2 = Bj, (Bj,'m)T ) (4.77)
where
100
Bjy, =10 1 0] V72 (4.78)
0 00

Therefore we need to choose for each particle two independent white noise sources ff oo M E

{z,y, z}, which satisfy

{ ;{72 ()€K . () = djxdud(t — 1), (4.79)

with u,v € {x,y}. Then the c-number noise terms can be chosen as

T x

Jyv2 Jiy2
FJ}’Yz = Bjﬂz 5{’72 = ;{72 vV 72- (4.80)
0 0

We see that only two independent noise sources need to be introduced for each atom due

to the reduced rank of the matrix B ,,.
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As a result, the final c-number quantum Langevin equations for the superradiant beam laser

model in the large N limit are

dSL; FC X 2z FA Y 2 1 x x x T
5 = o WIS = 5 JYss — 5 (1t 2) 85+ Fip, + Fio, + F, (4.81)
ds T r 1

g _te A Y Yy Y Y
dt ?"ijsj + 77“‘790 i 2 (v +72) 85+ Fyp, + Fj + Fj, (4.82)
ds? T 1N

] C
b= (s D = (97 + TV + o (TVs5 - T7SE) + Fipy + Fi, + B,

(4.83)

where F;r ,F;.,, and F; ., are given in Egs. (4.63), , and ([4.80)).
In the remaining of this thesis, we will use the c-number theory developed in this chapter
to study various configurations of the superradiant atomic beam laser system. We will also study

various superradiant phase transitions resulting from different types of dissipation.



Chapter 5

Rugged mHz-Linewidth Superradiant Laser Driven by a Hot Atomic Beam !

5.1 Introduction

Ultracoherent light sources are the foundation of highly accurate atomic clocks [98] 20],
measurements of the time variation of fundamental constants [60], 46], novel tests of relativity [132)],
78], and dark matter searches [160]. Traditionally, these sources have been generated with cavity
stabilization, which involves locking lasers to highly stable optical cavities [55]. Despite their
incredible performance [126], these systems are complex, challenging to improve upon, and perform
poorly outside of controlled lab environments. However if cavity-stabilized lasers could be made
rugged, they could be used for improved global positioning[91], deep space navigation [38], and new
geophysical technology [13].

Superradiant lasers [25] 10T, 12l ©O5, 129, 115, 116, 87, (9, 136] are promising candidates
for next-generation ultracoherent lasers [I17]. However, a continuous wave superradiant laser has
not yet been demonstrated because of atomic heating in existing designs, which rely on ultracold
atoms [I15]. Also, the use of ultracold atoms makes these systems complicated and ill suited to
applications in the field.

Here we propose a new kind of superradiant laser built from a hot atomic beam traversing an
optical cavity. We show that its theoretical minimum linewidth and maximum output power are

competitive with the best ultracoherent lasers. Because of atomic phase synchronization, the phase

'The bulk of this work has been published in Physical Review Letters [92]. Copyright 2020 American Physical

Society.
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Figure 5.1: The superradiant beam laser. The atomic beam is generated from an effusive source, like
a commercial effusion cell. After emerging from the source (upper right), the atoms are prepared
by pumping lasers (blue arrows) in a metastable state prior to entering the cavity (lower left).
Inset: The minimal atomic structure needed for the superradiant beam laser to operate. In this
three-level scheme, atoms are rapidly prepared in a metastable state |e) by pumping (blue) on a
broad transition. Lasing (red) occurs on the long-lived |g) <> |e) transition. Real atomic systems
may require more complex pumping schemes.
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of the output light is robust against decoherence arising from atomic motion, such as Doppler and
transit time broadening. Furthermore, our system is naturally continuous wave, and it is inherently
insensitive to effects that limit the best cavity-stabilized lasers [55, [126], such as environmental noise
and drift. The simplicity and ruggedness of the design make this system promising for applications

in challenging real-world environments [149] [78] and for packaging into commercial systems.

5.2 Formalism

Our system consists of a dense atomic beam traveling through an optical cavity. We consider
the case of all atoms having a uniform velocity in the x direction (Fig. [5.1)). In this chapter, we
discuss the examples of °Ca and 88Sr, but our results apply equally well to many other alkaline-
earth-like species. The mean intracavity atom number is N = &7 in steady state, where ® is
the number of atoms transiting the cavity mode per unit time, and 7 is the transit time. The
atoms in the beam are described by dipoles that are pumped into a metastable state (Fig. [5.1])
before entering the cavity. The dipole transition frequency w, is taken to be near resonant with the
frequency w, of a single cavity mode, where coupling of the dipoles and cavity is described by the
Tavis-Cummings Hamiltonian H(t) = (hg/2) 3. ; n[xj(t)](t?fd + dT&j_). Here, the summation runs
over all atoms in the beam, n[x;(t)] is a cavity mode function evaluated at position x;(t) of atom j
at time ¢, and g is the vacuum Rabi frequency at a cavity antinode. Furthermore, the atomic dipole
raising and lowering operators are A]'-F = (&]-_)T = le); (9l;, where [g) and |e) are the atomic ground
and excited states, respectively, and the photon annihilation and creation operators of the cavity
field mode are @ and af. Besides this Hamiltonian that couples the atoms and cavity, our model
includes photon loss through a cavity mirror with rate «.

We consider the bad cavity regime, which occurs when x is much larger than the transit time
broadening 1/7, the collective coupling v/Ng, and the Doppler width ép = kAv,. Here k = 21/ A,
A is the optical wavelength, and Awv, is the single-atom velocity width along the cavity axis. In this
regime, the light field is rigidly anchored to the collective atomic dipole, so that the cavity degrees

of freedom can be adiabatically eliminated as @ ~ —ig.J~ /x. The operator J~ = > n(x;)6; is
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the collective dipole, which is the sum of the individual atomic dipoles interacting with the cavity
mode. New atomic dipoles entering the cavity synchronize with the existing collective dipole due
to the atom-cavity interaction [166]. Since there is a large number of atoms in the cavity mode, the
true operator equations are well approximated by stochastic differential equations for their complex

amplitude equivalents (as introduced in Chap. ;

ds* T

CTZ — ?cnj [jxs — ;85 (s —1—1] vV Ien;sié?, (5.1)

ds? FC Y 2 Y( 2 Z¢q

a9 [j S5 — NS5 (sj + 1)} + v Ien;si€?, (5.2)

ds? I 9 2

J_
G2 {ij§ +TVsj = ; [<83~”> + () H
— Ten(s5 +1) + VT (5567 — sl€7) (5.3)

Here s7, s j, and s are the c-number pseudospin variables that correspond to 67 = ¢ + 5t Aé’ =

j
I (’}j_&;-r. Similarly, 7% and JY represent the operators J* = J~ + J*t

i(&j_ — &;“), and 67 = ;r
and JY = z(j_ — j+) We have defined I'. = Cy, where C = ¢2/(k7) is the cavity cooperativity and
7 is the free-space spontaneous emission rate. We use the shorthand n; = n[x;(t)] and model the
cavity mode by n(x) = [O(z + w) — O(x — w)] cos(kz), where ©(x) is the Heaviside step function
and w is the cavity beam waist. Spontaneous emission into free space is neglected in Eqgs. (5.1))—
because the collective lifetime is much shorter than the spontaneous lifetime [T0T], (100, 166]. 2
Along the cavity axis, the atoms are randomly assigned a velocity drawn from a Maxwell-Boltzmann
distribution at a given temperature. Cavity shot noise is denoted by the stochastic noise variables
€7 and €P, which have zero mean and are delta correlated as (£(t)£%(t)) = 6.40(t—t'), a,b € {q, p}.

Each atom enters the cavity with s7 = 1, and projection noise is included by choosing random (and

independent) values +1 or —1 for s} and s} [133].
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Figure 5.2: (a) Mean-field calculations of the linewidth in units of the transit time broadening 1/7,
as a function of the Doppler width §p7 and ®7°T.. Here ®72I,, is the number of collective lifetimes
that elapse during the transit time 7. The black dashed line is the phase transition threshold
for steady-state superradiance, above which mean-field calculations predict a zero linewidth. (b)
The linewidth in units of I, as a function of the Doppler width for ®72I'. = 20. The markers
are simulation results using Egs. f with @ = 1000/7 and I'. = 0.02/7. For every data
point, we calculated 100 trajectories each with a simulation time of T = 20007. This numerical
simulation is compared with the mean-field theory, which is analytic. Inset: Below the phase
transition, simulations show an ultranarrow linewidth of order I'., which is 50 times smaller than
transit time broadening for these simulation parameters. (c) Simulation results of the linewidth in
units of I'. as a function of ®72T.. For every data point, we calculated 100 trajectories each with
a simulation time of T' = 2007 and ® = 500/7.
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5.3 Results

Typically, resonance widths in hot gases of atoms are dominated by Doppler and transit time
broadening. Although our system is based on a hot gas, these broadening mechanisms vanish when
the collective linewidth NT'. is much greater than dp and 1/7. The collective linewidth NT', is the
rate for an atom to spontaneously emit into the cavity in the presence of other atoms. The principal
features of this model can be obtained by dropping the noise terms in Egs. 7, corresponding
to a mean-field solution that is simple enough to be solved analytically and allows us to classify
different phases of emission. The form of the solution for the laser linewidth Aw is determined by
two independent parameters, the first being §p and the second being ®7%I'. = 7/(NT.)~!, which
is the number of collective lifetimes that elapse during 7. In general, we observe a phase transition
from broad linewidth emission to superradiant emission with an ultranarrow linewidth [Fig. |5.2{(a)].
Specifically, for large ép7, the transition threshold is governed by the Doppler width, whereas for
small dp7, transit time broadening determines the regime of superradiant emission. The latter is
evident because there is no superradiant emission for ®72I', < 8 even in the absence of Doppler
broadening (dp7 < 1). This is because unsynchronized atoms are introduced to the cavity so
rapidly that the collective dipole does not establish.

The mean-field analysis predicts an unphysical zero linewidth in the superradiant regime be-
cause it neglects quantum noise. In reality, vacuum fluctuations entering the cavity and quantum
fluctuations in the atomic dipole components cause phase diffusion, resulting in a nonvanishing
linewidth. To determine this linewidth we simulate Egs. f with noise terms included
for ®72T', = 20. The mean-field theory and c-number simulations agree outside the superradiant
regime, whereas inside the superradiant regime only the c-number simulations predict a nonvan-
ishing linewidth. Here the minimum achievable linewidth is I'; [Fig. |5.2(b) inset], which is much

smaller than 1/7, implying that our system is robust against single-atom transit time broadening.

2The conditions for neglecting free space spontaneous emission are that NT. > v and y7 < 1. We simulated this
system with free space spontaneous emission and confirmed that our model (which neglects this effect) reproduces

the correct minimum Aw, maximum P, and minimum g.
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Figure 5.3: The output power of the superradiant beam laser. The markers are c-number simulation
results. For every data point, we calculated 100 trajectories each with a simulation time of T" = 2007
and ® = 500/7. For 6p7 = 0.27, both the mean-field and simulation results peak at ®7°I'. ~ 20

with P = 0.Thw®.
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In other words, the collective atomic dipole stores the optical phase for much longer than the time
any individual atom spends in the cavity.

To see how the minimum linewidth in the superradiant phase varies with dp, we run simula-
tions with three Doppler widths [Fig. [5.2{c)]. For ép7 = 7, the linewidth can be brought down to
several I';, and for 6p7 = 0.27, the linewidth is I'.. These numbers elucidate that narrow-linewidth
superradiant emission occurs when the atoms are flying through the cavity so quickly that they
move less than \/2 along the cavity axis during 7.

To understand the scale of these quantities, we evaluate numerical values for the 3P, — 15,
v = 27 x 400 Hz transition in “°Ca. We take the velocity in the x direction to be that of Ca atoms
from an effusion cell operating at ~ 800°C. We also consider the case where ® ~ 10 atoms/s
and the atomic beam is laser cooled in the transverse direction to Av, ~ 0.41 m/s, corresponding
to the dpT = 7 curve in Fig. |5.2|c). Considering a simple cavity with straightforward dimensions
(a finesse of 20, a cavity length of 3 cm, and beam waist w = 300 um), we calculated a minimum
linewidth of order 10 mHz, competitive with the best stable lasers to date [105]. A similar analysis
based on the 8 Sr intercombination transition yields a minimum linewidth of order 100 mHz. The
detailed design parameters can be found in Sec. Therefore, ultracoherent light can be extracted
from a hot atomic beam with a significant Doppler width, which implies that ultracold atoms may
not be required to achieve narrow linewidth superradiant laser emission.

We now turn our attention to the laser output power P. While individual atoms would
rarely emit into the cavity mode during their passage, the emission rate is greatly enhanced by
collective effects. This enhanced rate leads to a N2 power scaling [T0T], [100], ® which is a principal
feature of superradiant emission. Determining P from both the mean-field and c-number simulation
approaches, we find good agreement between the two when dp7 is comparable to (or below) 0.27
(Fig. [5.3)). For Doppler widths in this regime and for ®7°T'. = 272 &~ 20, P achieves its maximum
value of 0.7hw®, where w is the center frequency of the output field. Physically this corresponds to

each atom emitting an average of 0.7 photons into the cavity mode. Furthermore, we find that the

3This N? enhancement is analyzed in detail in Chap.ﬁ
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Figure 5.4: Simulation results of the second-order time correlation function ¢(?) (0) compared to the

mean-field prediction. For each data point, we calculated 100 trajectories each with a simulation
time of T'= 200 with & = 500, 7 = 1, and ép7 = 0.27.
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emitted light is second-order coherent by calculating ¢(® (0) ~ 1 (see Fig.|5.4)). Together, Fig. (c)
and Fig. show that the maximum power and a linewidth of order I'. can be simultaneously
achieved when ®72T. ~ 20 and 6p7 < 0.27.

For the 4°Ca example mentioned above, we find that P ~ 0.1 mW at a linewidth of 40 mHz.
For 8Sr, P = 2.5 uW at a linewidth of 150 mHz. Significantly, these powers should be sufficient
for use with standard laser technology. In contrast the previously considered cold atom version
of the superradiant laser has orders of magnitude weaker power, restricting its use to specialized
equipment [I01]. The power P is greater in the superradiant beam laser because it has the potential
for a much larger intracavity atom number than cold atom systems, where particle numbers have
been limited by intrinsic inefficiencies in ultracold gas preparation techniques.

In addition to its relatively large output power and insensitivity to Doppler and transit time
broadening, this design is robust against environmental noise. This noise causes cavity length
fluctuations, which manifest as cavity resonance frequency noise that dominates the linewidths of
cavity-stabilized narrow-linewidth lasers [97]. For these lasers, the frequency noise on the laser
output field is equal to the environmental noise in the cavity resonance frequency. However, in
a superradiant laser, phase information is stored primarily in the atomic medium, which makes
the phase rigid against cavity resonance fluctuations; therefore, these fluctuations are written onto
the laser output frequency with a strong suppression factor. This factor is the cavity pulling
coefficient [12], defined as p = (w — wy)/(we — wy), which is the fractional change in the laser
frequency when the cavity resonance fluctuates with respect to the atomic transition. Using mean-
field theory, we analytically find that o o 1/(x7), which is the ratio of the cavity photon lifetime
to the atom transit time. A value of k7 = 1000 can be achieved with standard optics, resulting in
o ~ 0.004 for ®7°T". = 20 (see Fig. [5.5)).

This small p makes our design robust against environmental noise sources that limit
linewidths of cavity-stabilized lasers. The most common examples are vibration noise [40], thermal
Brownian noise [97], and slow drift in the cavity length. The response of cavity resonance frequency

to vibration noise is characterized by the acceleration sensitivity K. For the superradiant beam
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Figure 5.5: The cavity pulling coefficient p at dp7 = 0.27. A small cavity pulling makes the
laser frequency insensitive to environmental noise, such as vibrations. The markers are c-number
simulation results with x = 1000/7 and w, — w, = 100/7. For every data point, we calculated
100 trajectories each with a simulation time of 7' = 1007. As N increases, the simulation results
approach the mean-field calculation.
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laser, the laser output frequency has an effective acceleration sensitivity K. If our design uses a
simple V-block cavity with no regard for the vibration isolation found in cutting-edge stable lasers,
it would have an acceleration sensitivity of pK ~ 10713/(m/s?). Meanwhile, the acceleration sen-
sitivity of the best cavity-stabilized laser to date is of the same order, i.e., K ~ 10713/(m/s?) [126].

Thermal Brownian noise causes cavity resonance fluctuations that scale as 1/L, where L is
the cavity length. To suppress this effect, stabilization cavities have been made as long as half a
meter [61]. For the superradiant beam laser, the amplitude of thermal noise behaves according to
the effective cavity length L/p. This means that the output frequency of a beam laser based on a
compact L = 3cm cavity has the thermal noise of a 7.5 m cavity. Furthermore, slow thermal drift
is a practical challenge for cavity-stabilized lasers. The superradiant beam laser has an effective
coefficient of thermal expansion (CTE) of pa, where « is the CTE of the bare cavity. This means
that a beam laser based on Invar (an inexpensive and easy-to-machine material) with modest
temperature control would have a drift rate similar to that of an ultrastable cavity based on highly

temperature-stabilized ultralow expansion glass.

5.4 Sample design constraints

In this section, we give two examples of sample experimental parameters that are consistent
with the production of ultranarrow linewidth laser light within our presented theoretical framework.
We have chosen as our examples the 27 x 400 Hz transition line of *°Ca and the 27 x 7.5kHz
transition line of 3 Sr, respectively. In order to emphasize the potential simplicity, we consider here
the most direct implementation, i.e., a hot atomic beam, a single mode cavity, and a simplified model
of the atom delivery system where transverse collimation or transverse laser cooling is implemented
but no longitudinal cooling is assumed. On the other hand, we recognize that in a real device,
transverse cooling, velocity selective techniques, or alternative beam delivery approaches, might be
employed in order to more easily satisfy the Doppler constraint and enhance the effective atomic
beam flux through cavity mode. In the case of a more sophisticated design choice, the parameters

may be considerably more favorable than the numbers we give here for a simple configuration.
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However, the constraints ®72I'. > 8 and ép7 = kAv,7 < 7 must always be satisfied in order to
realize CW superradiant emission with linewidth in the ultranarrow regime, which is a principal

point of our proposal.

5.4.1 First example: 27 x 400 Hz line of *°Ca

Transition Rate 07 27 x (400 Hz)
Effective Beam Rate @ 6.1 x 10" /s
Transit Time T = %U 0.81 pus
Intracavity Atom Number N = o7 4.9 x 108
Transverse Velocity Threshold Av = % 41 cm/s
Minimum Linewidth I'.=+C 27 x (8 mHz)
Peak Power Poor ~ 0.7Qhw 0.1 mW
Cavity Pulling © 0.004

Table 5.1: Sample model parameters for the superradiant beam laser utilizing the 27 x 400 Hz
transition line of *°Ca.

For the Ca case (see Table , we consider a hot oven operating at temperature 842 °C,
which gives an out-of-oven beam rate ® ~ 10'? /s. As the atomic beam propagates from the oven
to the cavity, we assume that no longitudinal cooling is used, so the mean longitudinal velocity is
well approximated by the mean Maxwellian velocity as vz, = 765.9m/s. In the transverse direction,
laser cooling or velocity selection is needed to restrict the transverse Doppler width to below
dp = 27 x 0.6 MHz (Av, = 0.41m/s), in order to operate below the critical Doppler threshold
discussed in the main text. Prior to the atomic beam entering the cavity, the atoms must be
optically pumped into the excited electronic state. We estimate that for this situation, the effective
beam rate entering the cavity should be of order ® = 6.1 x 10'*/s. We choose cavity parameters
by considering a lossy cavity of length L = 3.3 cm, beam waist w = 0.31 mm, and finesse F' = 22.8,
which corresponds to a cavity decay x = 27 x (197 MHz) and cavity cooperativity C = 2 x 107°.
Given these parameters, our calculation predicts an output field of power 0.1 mW and linewidth of
the order 10 mHz. Meanwhile, k7 ~ 1000 gives a cavity pulling p as small as 0.004 as shown in

Fig. 4 of the main text.



88

5.4.2 Second example: 27 x 7.5kHz line of %8Sr

27 x (7.5kHz)
1.2 x 1013/s
Transit Time 1.3 pus

Transition Rate ot
d
T
Intracavity Atom Number N 1.6 x 107
Av
e

Effective Beam Rate

Transverse Velocity Threshold 26 cm/s
Minimum Linewidth 27 x (150 mHz)
Peak Power Poox 2.5 uW
Cavity Pulling © 0.004

Table 5.2: Sample model parameters for the superradiant beam laser utilizing the 27 x 7.5kHz
transition line of ®8Sr.

For the Sr case (see Table , we consider a similar experimental design to the case for
Ca. The oven operating at 650 °C gives a ®g ~ 10'® /s and v, = 469.8m/s. The required
Doppler threshold is 6p = 27 x 0.4 MHz (Av, = 0.26 m/s), and the required effective beam rate is
® = 1.2 x 10'3/s. Considering a cavity of length L = 6.0 cm, beam waist w = 0.31 mm, and finesse
F = 20.8, which corresponds to x = 27 x (121 MHz) and cavity cooperativity C = 2 x 107, we
calculate an output field of power 2.5 uW and linewidth of the order 150 mHz. Since k7 =~ 1000,

we predict a cavity pulling coefficient of p ~ 0.004.

5.5 Conclusion

Superradiant lasers based on cold atoms have achieved impressive results, but parasitic heat-
ing from atomic repumping has so far limited these systems to pulsed operation [I15]. The beam
laser design avoids the heating problem since pumping is performed outside the cavity (Fig. .
Therefore, the beam laser configuration may be a more promising approach for realizing a CW
superradiant laser. Furthermore, our design could conceivably be made simpler and less fragile
than cold-atom or cavity-stabilized systems. For this reason, the superradiant beam laser may
be well suited to operate in accelerating frames, making this design potentially useful for space
technology, inertial sensors, geodesy, field-based magnetometry, and astrophysical measurements.

We hope that our design will make ultracoherent lasers, which are currently limited to a handful



of specialized labs, ubiquitous in quantum science.
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Chapter 6

Superradiant Emission of a Thermal Atomic Beam into an Optical Cavity !

6.1 Introduction

In this chapter we study in detail the effect of Doppler broadening on collective emission when
atoms traverse the optical resonator. We consider this to be the dominant broadening mechanism for
metastable atomic dipoles and thermal atomic beams. We derive a general theoretical framework to
study the collective emission of the atomic beam that includes a description of the atomic state when
the atoms move through the cavity. This is then used to analyze the stability of the non-superradiant
(NSR) and superradiant atomic configurations. For the latter, we predict a stable phase of the
emitted light whereby phase diffusion is suppressed because of the formation of a large and robust
collective dipole. Analyzing a realistic physical example, we show that superradiant emission is
possible when the collective linewidth exceeds both the transit-time and Doppler broadening. In this
regime we show that superradiant emission can appear in two forms; (i) steady-state superradiance
(SSR), where the collective dipole is stable and phase diffusion dominates the dynamics of the
collective dipole, and (ii) multi-component superradiance (MCSR), where the amplitude of the
collective dipole oscillates in time. In the MCSR phase, we observe long-lived coherent oscillations
in which the Doppler broadening itself is responsible for establishing the dynamical phase.

This chapter is organized as follows. In Sec. we introduce the model and derive the
theoretical description that we will use throughout the chapter. This description is analyzed in

Sec. [6.3] using a mean-field treatment. We derive the stability of the mean-field results and use

'The bulk of this work has been published in Physical Review A [69]. Copyright 2021 American Physical Society.
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Figure 6.1: Schematic of the system (a) and the atom-cavity coupling (b). We consider a beam
of two-level atoms in the excited state |e) traversing an optical cavity of loss rate x with a given
velocity distribution. The x and z axes are chosen perpendicular and parallel to the cavity axis. The
atomic beam is much broader than the optical wavelength A so that the atoms experience different
phases of the cavity mode (blue and red denote different signs of the cavity mode function). The
excited state |e) of the atomic dipoles (b) couples to the ground state |g) via photon emission into
the cavity with coupling gn(x). The function 7(x) is the mode function of the cavity.
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them in Sec. to give analytical expressions for the linewidth of the emitted light. In Sec. we
present the analysis of the dipole dynamics of a thermal beam traversing the cavity and compare

simulation and analytical results. We conclude our discussion in Sec.

6.2 Derivation of the model

In this section we introduce the physical setup of the system and derive a theoretical descrip-

tion for it.

6.2.1 System and master equation

We consider a beam of metastable atomic dipoles with mass m that travel through an optical
cavity. Within the cavity the atoms couple to a single resonator mode. We choose x and z axes
perpendicular and parallel to the cavity axis respectively [see Fig. a)]. We describe the evolution
of the atomic dipoles and the cavity field using a master equation for the density matrix p, including
internal and external degrees of freedom of the atoms and the cavity variables. The time evolution

of p is given by

[ﬁ, ﬁ} + wL]a)p, (6.1)

~

where L[O]p = (2@ﬁ(§T —O0t0p - [)@Vﬁ) /2 is the Lindblad superoperator.

The first term in Eq. (6.1)) describes the coherent evolution and is governed by the Hamiltonian
B P’ hg
H= Z [27791 + ?n(fcj) (amj— + &ja)] : (6.2)
J

which is presented in the frame rotating with the atomic transition frequency w,. We have assumed
the resonance condition of zero detuning between the cavity frequency w. and wg, i.e., A = w.—wg =
0. The summation runs over all atoms in the beam. Inside the summation, the first term describes
the atomic kinetic energy, and the second term describes the coherent coupling of atom j to the
)T

single resonator mode. Here, %X; = (2;,9;,2;)T and p; = (Psj, Py j,P»;)T are the position and

momentum operators that satisfy the commutation relations [&;,pgr] = hdjrdas, With a, 5 €
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{z,y,z}. The function gn(x) describes the coupling between the cavity and atoms [Fig. |6.1{(b)],
where g is the vacuum Rabi frequency at the field antinodes and 7(x) is the spatial mode profile.
The operators @ and af are the photonic annihilation and creation operators that fulfill the usual
bosonic commutation relation [a,a!] = 1, while (}j = le);(gl; and 6; = |g);{e|; are the atomic
pseudospin raising and lowering operators, where |e);, |g); are the electronic excited and ground
state of atom j, respectively.

The second term in Eq. describes the leakage of cavity photons into the electromagnetic
field modes external to the cavity. The rate k is the cavity decay rate and determines the linewidth
of the cavity field mode when the atoms are not present. In the main part of this chapter we will
consider the cavity decay channel as the only source of decoherence, while we discuss additional

noise sources in Sec.

6.2.2 Elimination of the cavity field

We describe our system in the superradiant regime where s exceeds all other atomic relaxation
frequencies [I7, 100, 02]. In this regime we can adiabatically eliminate the fast cavity variables,
which leads to an effective master equation for the atomic degrees of freedom described by the

reduced density matrix

Patom = Treav(p), (6.3)

where Tre,y( ... ) denotes the partial trace over the cavity degrees of freedom. The resulting master
equation for pPatom reads

dp 1 P’ j
atom L Z 7]’ pAatom + FCE[J_]ﬁatom’ (64)

dt ik - 2m

where the incoherent part is governed by the single-atom linewidth

2
r,=9.
K
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We have also introduced the generalized collective dipoles
TE=Y " n(x))67 (6.6)
J

For the remainder of the chapter we focus on the dynamics of the atomic degrees of freedom.

A useful description is given by the Heisenberg-Langevin equations that are equivalent to the master

equation formalism, i.e., 2

do; T . A

J _~—¢ S \AZ T— —

doj T S

= Fen(x) (J j o >+Sj’ (6:8)

dx; pj

By 6.9

T (6.9)

T .

7; == “(6fJ —J%e;) V(%) e, TN, (6.10)
where the noise terms are given by SJ_ = n(fcj)ﬁj]:"*, SJZ = —Qn(&j)(]}Jr&j_ + 6;}‘7:"7) for internal

degrees of freedom and by N; = ih Vxn(x)\x:ﬁj (6;]:' - F *6;) for the external force acting on
atom j. The terms F* are effective noise terms on the coarse-grained timescale on which this
system of equations evolve and satisfy the correlations (F~(t)F~(t')), = 0 = (F(t)F~(t'))4 and
(F-()Ft(t"))g = Ted(t — t'), F* = (F). The expectation value (.), is over the cavity degrees

of freedom and the free-space photonic modes external to the cavity.

6.2.3 Parameter regime and c-number approximations

Our theoretical description is used to analyze the dynamics of the atoms that travel ballisti-
cally through the cavity. This requires neglecting optomechanical forces in Eq. (6.10]) by assuming

dp;
— =0 6.11
0 (6.11)
for all atoms. We now discuss the validity of this approximation. Optomechanical forces are
described in Eq. (6.10). In order to justify the approximation of a ballistic motion, we estimate the

mean force Fean ~ ANT Vxn(x) from Eq. (6.10) and the mean momentum change F,ean7, where

2See Chap. M| for a detailed derivation.
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7 = 2w/ (v,) is the transit time. Here w is the cavity waist and (v,) = (p,)/m is the mean atomic
velocity in the x direction. The mean momentum change has to be compared with the momentum
widths of the initial atomic momentum distribution in the corresponding Cartesian coordinates.
Along the z axis, assuming a standing wave potential with wavenumber k = 27/, optomechanical
forces are negligible if hkNT .7 < Ap,, where Ap, is the momentum width in z direction. For
NT.7 2 1 this requires a momentum width that is much larger than the a single photon recoil
hk. Vertical to the cavity axis, the mean force can be roughly approximated by Aw !NT,.. The
condition reads as then hw ' NT .7 < Ap, and hw 'NT.r < (p;). Therefore, we conclude that
optomechanical forces are negligible as long as the temperature of the incoming atoms is sufficiently
high. Moreover, we will mostly work in the regime where atoms collectively emit into the cavity
mode. This is possible if the transit time 7 of an individual atom is of the same order of magnitude
as the characteristic timescale of superradiant emission 1/(NT'.), where N is the mean intracavity
atom number.

In order to simulate the Heisenberg-Langevin equations in Egs. 7, we make a
semiclassical approximation where we exchange the quantum operators by c-numbers and use noise
terms that simulate quantum noise as introduced in Chap. {4 [I33], 02] [70]. This semiclassical
description can be derived by first writing down the Heisenberg-Langevin equations for the dipole

e A

components ;7 =

j ;T A;»r, A;’ =i(6; —&;“), 6% and then exchanging them with their corresponding

J

c-number equivalents s7, 5?, and s7. The same approach is repeated with the external operators
x; and p; that are replaced by their corresponding classical counterparts x; and p;. With this

procedure we obtain the following c-number stochastic differential equations

dS}U PC Z 7T T

ds? T

ditj =—n(x;)s;JY + S]Z-”, (6.13)
dSJZ T T YyY z

p7iaie n(x;) (J si+J s]> +S7, (6.14)
dx: .

5 _Pj (6.15)
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where

Jo = Zn(xj)sy, a e {zy} (6.16)

are the c-number collective dipole components. We have neglected single-atom terms in Eqgs. (6.12])—
that scale with I'. compared to the collective terms that scale with NT'.. The noise terms are
defined by S¢ = n(x;)s;F*, a € {z,y} and S} = —n(x;)(s]F* + s{FY). The independent random
noise terms F* and FY fulfill (F*(¢t)F*(t')) = To(t —t') = (FY(t)FY(t')). These equations have
been derived using the symmetric orderings of the operators and replacing these by their classical
c-number counterparts [92].

Beside the noise that is induced by F* and FY we also need to include another noise source
that arises from introducing new atoms into the cavity. We assume throughout this chapter that

the atoms enter in the excited state |e). In that case an atom indexed by j enters the cavity with

L

J

z

1. Since the atom is in |e), the quantum uncertainty in 55

S and s? is maximal. This is modeled
by randomly and independently initializing s7 = +1 and s?; = 41 [133]. With this methodology we
fulfill up to second order the correct initial spin-moments for the entering atoms, i.e., (s?} = (aj )

(s§sp) = (0567) = djk, o € {z,y}, and <sfs%) = <{&f&z}sym> = 0, where 0, is Kronecker-delta

P _ (pr5Y | AYsa : : : T Y
and {o*]- 07 fsym = (O'j oy, + ak,o'j) /2 is the symmetric ordering of operators o7 and oy

In the next subsection we will apply Eqs. (6.12])—(6.15])) with the noise terms introduced above

to derive a phase-space density description of the atomic dipoles.

6.2.4 Phase-space density description

The phase-space density description of our model is derived by defining the classical phase-

space density and the spin densities of the atomic beam as
Flxpt) = 0(x = x7)0(p — ;). (6.17)
J

s%(x, p, 1) 228?5(X—Xj)5(p —Pj) (6.18)
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where S5 1s the single-atom spin component with o € {z,y,2}. The collective dipole components

defined in Eq. (6.16|) are given by

/dx/dp n(x)s*(x,p,t), a€{z,y}, (6.19)

and Egs. (6.12)—(6.15)) can be rewritten with density variables as

af
9 L P g f =0, 2
5 + Vif =0 (6.20)
0s® P z _tec Z 7T T
T + e Vs —?n(x)s J'+ 87, (6.21)
9s  p y _Le z 7y y
0% P gt = ey (mst 1 vsn) 4 57 (6.23)
ot  m x5 =7 ' '

Here, Eq. describes the free flight of the atomic beam. The noise terms are given by S¢ =
n(x)Fs*, with a € {z,y,2}, and §* = —n(x) (F*s” + FYsY). We emphasize that these noise
terms are still local in time but long range in space.

The initial conditions for the atoms entering the cavity can be formulated as noisy spatial
boundary conditions for the stochastic partial differential equations 7. In order to
formulate these boundary conditions, we define x = —z( as the position on the x axis where the
atoms enter the cavity. Notice that the exact choice of xy depends on the choice of the mode

function n(x) and can in principle be o = co. We assign

f(=z0,y,2,p,t) =fo(y,2,p,1), (6.24)
s"(=x0,Y, 2, P, 1) =W*(y, 2, p, 1), (6.25)
s¥(=o,y, 2, P, 1) =WY(y, 2, p, 1), (6.26)
s*(=zo,y,2,P,t) =fo(y, 2z, P, 1) (6.27)

as the initial conditions for the system at every instant of time ¢. Here, we have used

foly, z,p,t) ZaxO—xJ (p - pj), (6.28)
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and ascribed xo = (—z0,y,2)T to be the entrance surface. Since the atoms enter the cavity in
le), the boundary conditions for f and s* are the same. The initial noise terms in the s* and s¥

components can be described by

W(y,z,p,t) = Y _s70(x0 — x;)6(p — pj), « € {z,y}. (6.29)
J
These noise terms have the second moments
@ By M / / ’ /
(Wwewe)) —;5aﬁ5(t —1)8(y —y')d(z = 2) x 6(p — ') fo(y, 2, P, 1), (6.30)
xr

where we have simplified notation as W = W%(y, z,p,t) and (W?) = WP(y/, 2/, p’,t'). Notice

that such noise processes are both spatially and temporally local.
Throughout this chapter we will assume that the distribution of the atoms is spatially homo-
geneous. This requires that the diameter of the atomic beam is much larger than A [see Fig. 6.1{(a)]

and the cavity waist w. This assumption allows for the formulation of an averaged atomic density

p(p) using the ensemble average (. )ens of the boundary condition fy(y, z, p, 1), i.e.,

p(P) = (fo(y; 2, P, t))ens, (6.31)

which is independent of space and time. As a result, after a time ¢ that is much larger than 7, we
achieve a stationary state for f that satisfies (f)ens = p(p) and describes a spatially homogeneous
atomic density in the cavity mode volume. However, this does not imply that the spin densities s*

are spatially homogeneous, which can already be seen in a mean-field description.

6.3 Mean-field analysis

In order to describe the mean-field dynamics of the spin densities, we discard for the moment

any noise terms introduced by W and F%, a € {z,y}. The resulting partial differential equations

from Eqs. (6.21)—(6.23) read as

Js* p I,

V8% = x z, 39
8t+m Vs 277(X)Js (6.32)
osY p Y T -
5 + - Vs’ = 5 n(x)JYs*, (6.33)
0s* p P _— _—
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In the following two subsections we will distinguish between the case when there is no superradiance
J* = JY =0 and when there is superradiance (J*, JY) # (0,0).
6.3.1 Non-superradiant phase (NSR)

The system is in the non-superradiant phase (NSR) when there is no collective dipole, i.e.,

J¥ = JY = 0. In this phase, the mean-field stationary state is given by

& =0, (6.35)
s¥ =0, (6.36)
s* =p(p). (6.37)

Here, we only report the density inside of the cavity for ¢ > 7.

Although Egs. f always represent a stationary solution of the mean-field equa-
tions, they are not necessarily stable. Any noise, for instance introduced by W< and F%, could
potentially destabilize the stationary state.

In order to determine the stability of the NSR phase, we calculate the evolution of small
fluctuations in spin densities by letting s* = §s* and s¥ = s and s* = p(p) + ds*. We do not
need to specify the source of these small terms explicitly, but note that such fluctuations will be
introduced by the noise processes when extending the theory to the full description of the dipole
densities.

The equations for ds*, §s¥, and ds? are given by

8(583: P x NFC X
T + ool Vs Ngn(x)&f p(p), (6.38)
06sY p g Le Y
T + - V0¥ =~ 5 n(x)dJYp(p), (6.39)
00s* p
— . Vx0s* = , 4
5 T Vxdst &0 (6.40)

where we have neglected terms that are second order in the fluctuations. Since Eqgs. (6.38) and (6.39)

are equivalent, we solve without loss of generality only the equation for ds*.
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Applying the Laplace transform

Ligl(w) = /0 " dte (), (6.41)
on Eq. , we obtain
[v = Lo] L[6s"] = 05" (x,p, 0) + %U(X)p(p)L[N‘r], (6.42)
where we have used the definition
Log(x) = = - Vxg(x). (6.43)

Next we multiply Eq. (6.42)) first by the inverse of [v — Ly] and then by n(x). After an integration
over space and momentum, we obtain a linear equation for L[0J*]. This linear equation can be

solved to find the result

J[dx [dpn(x)[v— Lo] 105 (x, p, 0)

L[6J*] = — . (6.44)
— % [dx [ dpn(x) [V — L] n(x)p(p)
The denominator is the dispersion function D(v) and takes the form
—1—/ dte” ”t/dx/dpn ﬁot (x)p(p).
Now using the action of the propagator
Lot _ _ E
e flx) = fx— 1), (6.45)

and after performing a change of variables x — x + pt/m, we obtain

_ FC *° —uvt p
v)=1-— 2/0 dte /dx/dpn (x + Et) np, (6.46)

which is dispersion relation for the NSR phase.

The zeros of the dispersion relation D(v) determine the exponents in the time evolution of
0J%. Assuming that these exponents are negative, the largest exponent (with smallest absolute
value) determines the characteristic timescale for a perturbation to relax the spin states again to
zero. On the other hand if there exists a zero of the dispersion relation with positive real part,
then the NSR phase is unstable. In this case the real part can be seen as the superradiant emission

rate.
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6.3.2 Steady-state superradiant phase (SSR)

We will now investigate the mean-field properties of the superradiant phase with a stationary
collective dipole. We will refer to the phase as steady-state superradiant (SSR) providing the system
reaches a stationary state that fulfills (J*, JY) # (0,0). Strictly speaking, this is only true in the
absence of noise. In the presence of noise, (J%,JY) # (0,0) is almost always true. In that case
steady-state superradiance can be well-characterized by the length of the vector (J*, JY) increasing

in proportion to the intracavity atom number N, i.e., ||(J*, JY)| < N.

6.3.2.1 Analytical solution to the SSR phase

Equations. (6.21))—(6.23)) and their mean-field versions Eqgs. (6.32)—(6.34) have a U(1) sym-

metry. This symmetry is given by a rotation with an arbitrary ¢ € R,

T

VaR

s cosp —singp

_ (6.47)
sY sinp  cosy sY
that transforms Egs. (6.21)) and (6.22]) to
o5 Te e a
8% + % Vo =) + & (6.48)
o3y r - .
L R T o

with corresponding noisy initial conditions W% and WY. Here, all objects labeled by (N) are
transformed according to the linear operation in Eq. (6.47)). Therefore this SSR phase can be seen
as a symmetry-broken phase [30]. We can always rotate the system to a frame where the stationary

collective dipole (J%, J¥) points in z direction (see Fig.[6.2). We denote the new z axis by || and

the perpendicular direction by 1. The resulting equations in the new frame are

asl p r
T I —-¢ [ I
5 + Vs 5 n(x)J's* + S, (6.50)
dst p 1 _Te 1.z 1
gs* P - Lo gl 4 Lol o4 g2
8t+m-vxs ——277(x)<J3 +Js>+8, (6.52)
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T

Figure 6.2: Schematic of the stationary collective dipole in the J*-J¥Y plane. Its mean length is given

by J(‘)‘ as defined in Eq. (6.55). The dynamics of its length fluctuations, 6.7/, we interpret as a Higgs
mode, and the dynamics of its phase fluctuations, 6.+, as a Goldstone mode (see Sec. [6.3.2.2).
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with corresponding input noise Wl and W+. Since the collective dipole points in the || direction,
the perpendicular direction L is solely noisy with zero mean, implying that J+ ~ 0. This leads to
the stationary solution for the dipole density s ~ 0.

Neglecting all noise sources, we can derive the stationary mean-field densities. The mean-
field dipole in the perpendicular direction is just 50L = (0. The mean-field densities sg and s§ are

determined by

I'e
Vst =5n(%) g 55, (6.53)

e 3T

z FC
- Vxsg=— ?n(x)J(l)l sg, (6.54)
where

J(l)l = /dx/dpn(x)sg (6.55)

is the stationary length of the collective dipole. Equations (6.53)—(6.54) can be collected into a

single equation
b [ 1\2 2 2] _
Pov s + 650?] =0
and therefore solved as

so = p(p) cos[K (x,p)], (6.56)

sp = p(p) sin[K (x,p)], (6.57)
where the argument K (x, p) is determined by

- VxK(x,p) :%U(X)J(l)l- (6.58)

S|

We will now derive the stability of the SSR phase.

6.3.2.2 Stability of the SSR phase

Similar to our methods in Sec. we derive the dynamics of small perturbations around

the stationary mean-field results by writing the spin densities as sl = 50 + osll, 5% = 5§+ 0s%, and
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st = dst. The dynamics of the small fluctuations is governed by the following set of linearized
equations
858“ P Fc z FC z
5 + e V0! :?U(X)&]”So + EW(X)JJ)"SS J (6.59)
aésL P Fc z
at + E . VX(SSJ‘ :?n(x)(SJLSo, (660)
99s* p . T Il 5l
o+ B vt == o) (015 + et (6.61)

Notice that using Eq. the dynamics of dst is completely decoupled from the dynamics of ds/
and 0s*. We will rely on this fact to treat the dynamics of these equations separately. Specifically,
we interpret the dynamics of 6.J/ and §J+ as the Higgs and the Goldstone mode respectively (see

Fig.6.2)), as we will now elaborate on by examining key aspects of the form of the solutions.

(1) Higgs mode.

The time evolution of ds!l together with the coupling to ds* describes the relaxation dynam-

ics of the amplitude of the collective dipole. This can be interpreted as a Higgs mode [58,[39].

In order to derive the dispersion relation for the Higgs mode, we first define st = sl +ids*
and 65~ = dsll —ids*. We can then use Eqs. (6.59) and (6.61)) to derive two decoupled

equations

O6st

ot
00s~

ot

r r :
+ L Vidst =— i?anOH(SSJr + ?cp(p)ndJ”e_’K,
m

P v s —itepglse 4 Le I ik
+m Vs —2277J058 + 2,0(p)775J e,

where we have used the notations K = K(x,p), p = p(p), and n = n(x). These equations

can be solved using the Laplace transform given by Eq. (6.41]) and we find

[v— L1] L[6sT] =8sT(x,p,0) + %pL[éJH]ne_iK, (6.62)

W — L] L[ds~] =65~ (x,p,0) + %prH]neiK, (6.63)
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where we have defined §.J!I = / dx / dp §sll and used

Lig(x) = 2 Ty =20 g0), (6.64)
L2900) = 2 Vg + i) Ay ). (6.65)

We can now solve Eqs. (6.62) and (6.63) formally for L[6st] and L[§s~]. Using L[dsl] =

(L[6st] + L[ds~])/2, multiplying this expression by 7(x), and integrating over the whole
phase space, we end up with an expression for L[(SJH]. Solving that equation for L[5J||]
leads to the final expression given by

LisJl) = 3”8, (6.66)

with
() =L 1 gt L g5

Alv) =5 [ dx [ dpn(x)[v—Li] 7957 (x,p,0) + 5 [ dx [ dpn(x)[v — L2] " 057 (x,p,0),

(6.67)
FC _ —3 FC _ i

Dy(v) =1~ 4/dX/dpn(X) v —L1] " e Kp—4/dX/dpn(X) v — La] " e p.
(6.68)

Using the actual form of the propagators

eﬁltg(x) :e—i% fot n(x—%T)J(‘)ldTg <X _ Bt) _ 6i[K(x—%t,p)—K(x,p)]g (X _ Bt) ,
m m

eﬁgtg(x) :6i% fgn(x—%’r)(](l)‘d’rg (X _ Bt) _ ei[K(X,p)—K(x—%t,p)]g (X _ Bt) ,
m m

and Eq. (6.56)), we obtain the Higgs mode dispersion relation

FC > —Vv P z
Dy(v) =1 - 2/0 dte t/dx/dpn (X— Et> 18- (6.69)

We emphasize that in the limit of no superradiance, i.e., s§j = p, we obtain the same

dispersion relation as we have derived in Eq. (6.46)).

If the SSR phase is stable, we need all the zeros of the dispersion relation Dj(v) to have
negative real parts. These zeros describe the relaxation dynamics of perturbations in the

collective dipole’s longitudinal direction.
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(2) Goldstone mode.

The dynamics of ds; is decoupled from the Higgs mode and describes the evolution of
fluctuations perpendicular to it. This is related to the dynamics of the phase of the collective
dipole (see Fig. |6.2]). Because of this observation we refer to this mode as the Goldstone
mode [47, [48].

The stability of the Goldstone mode can be calculated by solving Eq. . Laplace

transformation leads to
T
(v — £o] L[5s] =05 (x,p, 0) + £ L[5 Jn(x)s5(x. p) (6.70)

where we have used the definition of Eq. (6.43]). Using the same steps as in Sec. we

find

LIsJY] = (6.71)

with

:/dx/dp n(x) v — Eo]_l dst(x,p,0), (6.72)

Ie

D, (v)=1- 5 /dx/dp n(x) v — Lo] " ns. (6.73)

Using Eq. (6.45)) we find the result
FC > —V p z
D, (v) :1—2/0 dte t/dx/dpn(x—l-mt) 18- (6.74)

This dispersion relation, just like the dispersion relation for the Higgs mode, simplifies to
Eq. in the limit J(‘)l — 0. Let us emphasize that the dispersion relations for the Higgs
and the Goldstone look very similar but are only equivalent in the NSR phase. In fact
in the superradiant phase one main difference between the Higgs and Goldstone modes is
that the latter is always undamped. This can be seen using Eq. such that we can
transform the dispersion relation (6.74]) to

/ dte” ”t/dx/dpn X+ — ) -szg
DJ_(V) =1- .

i
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For this and the following equations we use the notation sg = sg(x, p). Applying the Gauf}

theorem and explicitly using the fact that the atoms enter in |e) and that the mode function

vanishes at infinity, we get

DJ_(V) =1+

After another partial integration we obtain the Goldstone mode dispersion relation

o0
/ e_”tdt/dx/dpn (X—|— Bt) 5‘(‘)
D, (v) =v%9 m .

i

(6.75)

where we have used Eq. (6.55)).

In order for the SSR phase to be stable we require that every zero of Eq. cannot
have a positive real part. However, we find that the Goldstone dispersion relation always
has a zero v = 0 in the SSR phase. This shows that there is no damping of the phase
as a consequence of the underlying U(1) symmetry. Every noise will lead to a slight and
slow change in J|. This dynamics is slow compared to the exponents given by the Higgs
dispersion relation that determine the relaxation time to the stable length of the collective
dipole. However, the slow change in J, leads to phase diffusion and this determines the

linewidth of the emitted light in the SSR phase [82] as we will explain in the next section.

6.4 Analytical estimates for the linewidth

In the ‘bad cavity’ regime, where the cavity linewidth exceeds all other frequencies in the
system, the coherence is stored in the collective dipole rather than in the cavity field. Therefore
the first-order coherence function, g;(t), for the cavity field is determined by the dipole-dipole

correlations

lim (a'(t + to)a(to)) o t Oli_{noo(f“(t +t9)J " (to)). (6.76)

to—00
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In our semiclassical description we exchange the quantum operators for their classical noisy coun-

terparts and correspondingly define the g; function as

gi(t) = lm (J*(t + to)J (t0)), (6.77)

to—0o0

where we have used J* = (J* 4+ iJY)/2 and J = (J* —iJY)/2.

6.4.1 Linewidth in the NSR phase

We first study the behavior of the g; function in the NSR phase. Here, both dipole compo-
nents J* and JY can be analyzed independently since they are dominated by noise. In this regime

we can calculate the g; function as

7 (t) ~ lim <Jz(t + tO)JI(tO» + <Jy(t + tO)Jy(tO» ) (678)

to—o0 4

Since the noise terms are isotropic, the correlation function for J* and JY are the same. Without

loss of generality we will focus on the J* correlation function. For this we define the g function as

gE(t) = lim (J%(t + to)J% (t0)). (6.79)

to—o0

We now calculate the time dependence of the g7 (¢) function.

In order to do this we integrate Eq. where we assume s* = p(p) and drop second order
terms in the noise contribution. This integration is done using the characteristics method. Defining
s*(t) = s*[x; + p(t —t;)/m, t], with x; = (—x;, yi, z;) the position where the atom enters the cavity
and t; the initial time, we obtain

¢ r
(0=t + [t <)) [ 0) + 7]
where x(t') = x; + p(t' — t;)/m. We can now use t —t; = m(x + x;)/p, to express s*(t;) =
WE(yi, i, p, t;) where y; = y — py( + @) /pa, 20 = 2 — pa(@ + 23) /ps, and t; = t — m(z + ;) /ps.
After a change of variables t' — t — t' we get

s (t) :sx(ti)—k/ooodt’n[x(t—t')] %Jm(t—t’)—k]:m(t—t’) 0,
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where we extend the integral to infinity because we assume that 7(x) = 0 for z < —z;. Furthermore
x(t —t') = x — pt’/m is independent of t. Multiplying s*(¢) by n(x) and integrating over the phase
space leads to a linear equation for J*. This can be solved using the Laplace transformation and

we get,

L{Jw=] + 2520 L [F7]

LL") = 5o ,

(6.80)

where D(v) is the dispersion relation in Eq. (6.46)), and

Jwe(t /dX/dp n(x) W* (yi, zi, ps i) - (6.81)

Notice that y; and z; depend on x and p. The time ¢; depends on x, p, and t. Since we are in
the NSR regime we expect all zeros of D(v) to be negative. We denote now by v the zero with
the largest real part. We assume in the following that this is a zero of first order. In the long time
limit we can conclude that, defining the inverse of the residue of 1/D(v) as

D(v)

Co = lim (6.82)
v—urg UV — 1/0
the dipole is given by
JE(t) ~ Ji () + JE(t), (6.83)
where
/ dt' e vo(t—t') /dx/dpn yz,zzapvtz)
’ (6.84)
t
/ dt’ ew(t*”—fﬂ”(t’)
JE(t) =70 - o

Co ’
originate from the noise introduced by the incoming atoms and by the cavity noise, respectively.
Here, t; =t' — m(z + x;) /pa-

Since the cavity noise and the input noise are independent, the gi function is now completely

determined by

g1 (t) = (J*(t +1t0) " (t0)) = g1 (t) + 91 (1), (6.86)
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where

91 (1) =(Ji(t + t0) Jiy (o)), (6.87)

gic(t)

(JE(t +t0)J (t0))- (6.88)

It is straightforward to calculate the cavity noise that takes the form

2ev0t

, 6.89
VQPCCO2 ( )

gic(t) =

For the calculations of the contribution of the incoming atoms we use the noise correlations that

are defined in Eq. (7.28]). The input noise term takes the form

ft+to dt’ fto dt" euo(t+2t07t’7t”)x(t/ _ t”)
0 0
2 Y
C’0

g in(t) = (6.90)

where

Mﬁ*”:/ﬁ/ﬁw@MP+iW—ﬂ)M@- (6.91)

While the actual form of this integral is dependent on the distribution and the mode function 7,
we can still analyze it in the limit where the time is much larger than the transit time 7. For a

time ¢’ > 7 we obtain 1 (x + £¢') 5 (x) & 0. Therefore it is reasonable to define

tehar = / dt’ x(t), (6.92)

and approximate
Xt —t") & tepard (' — ). (6.93)

Here tcpar is the characteristic timescale for the decay of x. Using Eq. (6.93]) we can calculate

ZL/chalreyot

(1) m——s—. 6.94
gl,ln( ) 21/0002 ( )

We emphasize that the actual form of g7;,(¢) for small ¢ < 7 depends on the density p(p) and

the mode function 7(x). However, the results in Eqgs. (6.89) and (6.94) show that the long time

behavior (¢ > 1) of the g; function can be described by an exponential with decay vy. In the
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NSR phase, we require that all zeros of Eq. are negative. Therefore the g; function shows
an exponential decay on a typical timescale —1/Re(rp). On the other hand if we approach the
transition to the SSR phase we expect that Re(vy) becomes vanishingly small. This results in a
increasing coherence time when approaching the threshold to SSR.

However, also in the SSR phase, we do not find an actual diverging coherence time. In this
phase we have to use a different method to find an estimate for the linewidth as we will now

show.

6.4.2 Linewidth in the SSR phase

The dynamics of ¢g; and its analysis are very different in the SSR phase. The main difference
is that the collective dipole is macroscopic and not dominated by noise. As we have shown in the
previous section, we can still decouple two different modes of this dipole, one along the direction of
the collective dipole (Higgs mode) and another perpendicular to this direction (Goldstone mode).

It is reasonable to write the g; function in Eq. (6.77)) as

g1(t) lim <J” (t + tO)J” (to)ei[@(tHO)*@(to)D
1 =

o 4 ) (6.95)
where we define the collective dipole to be J(t) = Jll(t)e=*#®) /2.

Since the length of the dipole is assumed to be stable, we can always write .JI! () = J(U +6J1(1),
where the first term is the stationary length of the collective dipole and §J H(15) describes noisy
fluctuations around this length (see Fig. . Assuming now that all zeros of the Higgs dispersion
relation in Eq. have negative real part, we can conclude that these fluctuations decay rapidly.

Therefore, we can simplify the g; function as

ly2
g1(t) ~ lim (JZ) (ellelt+to)—e(to)ly, (6.96)

to—o0
In this picture the dynamics of the g; function is determined by the dynamics of its phase. The

dynamics of the phase can be approximated by

do(t) . " (6.97)



112

With this result it is sufficient to determine the time evolution of J+. To do this, we use Eq. (6.51))
to calculate s*(¢). Multiplying it by n(x) and integrating over the whole phase space, we obtain

JL. The resulting equation can be solved using a Laplace transformation where we eventually get

L{Jy ] + 25220 [F1]
D, (v)

L[J] ~ (6.98)

This result is completely equivalent to Eq. (6.80)) except we use now the dispersion relation of the

Goldstone mode in Eq. (6.75). The noise equivalent to Eq. (6.81)) is given by

T ®) = [ ax [ dp )W (1, 2.p.10). (6.99)

The main difference between Eqgs. (6.80]) and (6.98) is the different zeros of the dispersion relations

in Egs. (6.46) and (6.74). While the zero of Eq. (6.46]) always results in an exponential behavior,

the dominant zero of Eq. (6.74)) is vp = 0. This implies that the dynamics of J+ and the resulting
phase ¢ = J+/ J(‘)‘ are diffusive.

For simplicity let us again assume that vy = 0 is a first order zero of Eq. (6.74). In that case

/dt/dx/dpnx—i— )”
C, = lim (6.100)

v—0 14 J[|)|

we can define a non-vanishing

and use it to obtain

JH(t) = JE(t) + T, (6.101)

/ dt /dX/de] yzazlap7 z)

where

) (6.102)

/ dt’ F—fl(t’)
Joh(t) =0——=¢ : (6.103)

o
are the input and cavity noise terms, respectively.
We can now give a simple expression for the g; function
JN? et

gt~ lim J0)T el (6.104)

to—o0 4
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where Ap(t,tg) = @(t + to) — ¢(to). Let us without loss of generality choose tg = 0 and write

Ap(t,0) = Ap(t). Since input noise and cavity noise are independent, we obtain

(Ap(t)%) = (Apwm(t)?) + (Ape(t)?), (6.105)

with Agin(t) = JL/J0 and Ape(t) = JL /7).
The term corresponding to the cavity noise is given by

4

(Apc(t)?) = W (6.106)
showing the usual increase of the variance with ¢ of a diffusion process.
For the noise term that arises from incoming atoms, we use Eq. to obtain
/ at’ / dt’"x(t' —t")
(Apin(t) 2 (7l , (6.107)

where we have used the definition in Eq. (6.91]). While this process has a non-trivial time dependence

for t < 7 we can write in the large time limit ¢ > 7 the following expression

tC ar
(Apin(t)?) %ﬁta (6.108)
1 (Jp)

with the characteristic timescale t.p,, defined in Eq. (6.92). In the ¢ > 7 limit we obtain
_ Ly
g1(t) oc e 2, (6.109)

with a linewidth

4 tchar
T I e
L7 (Jy)? Ci(Jdy)

(6.110)

Here, tohar is the characteristic time that has the form

tehar = /_Z dt/dX/dp p(P)N (X + %t> 1 (x) (6.111)

and the quantity C| is defined as
/ dt/dx/dpn x+—t> I
(6.112)

i
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6.4.3 Discussion and limitations

Here we give an example of the order of magnitude, in particular, regarding the number N
of dipoles that effectively interact with the cavity mode. We discuss the behavior of the presented
quantities when we increase N. Notice that we scale I'. o« N~! so that NT. is considered to be of

order 1. This implies a linear scaling of the maximum output power of the field
rk(afa) ~ To(JTJ7) o< N. (6.113)

This choice of scaling allows the dispersion relations given in Eqgs. (6.46]), , and (|6.75))

to be independent of N. Therefore the linewidth in the NSR phase, given by 2uy, is of order 1
which is the scaling of the collective linewidth. In the SSR phase, however, we have J(|)| o IV and
therefore (J(‘)‘)2 o« N? implying a coherent collective dipole. In this regime the linewidth, given in
Eq. , is of order I" o« 1/N where we have used that tepy o N and C'| o< 1. This highlights
the fact that a macroscopic, coherent collective dipole oc N is needed for a narrow linewidth that
is a factor N smaller than that in the NSR phase.

We remark that the calculation of the g; function in the NSR phase needs the zero v of D(v)
to be sufficiently isolated such that the contribution of exponents with faster decay rate only plays
a minor role. In general it is possible that 1 is complex in that case. Since the dispersion relation
is real, there is always a second root 15 that would need to be included in our calculation. However,
this will not affect the decay of the g; function for very large values of ¢ that is only determined by
the real part of 1.

In the SSR phase, our calculation is only valid if every zero of the dispersion relation of the
Higgs mode in Eq. is negative. In this case the decay of the Higgs mode is a factor N faster
than the dephasing process determined by I'. However, if a zero of Eq. has zero real part, our
calculation becomes invalid and predicts an instability of the system. In this situation, the system
will be either not superradiant or in a dynamical multi-component superradiant (MCSR) phase,
as we will see later in Sec. Such an instability will also occur if there is a solution 1y with

positive real part to D (vy) = 0, where D (1) is the Goldstone dispersion relation in Eq. (6.75)
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(see Ref. [70]).

6.5 A thermal beam traversing the cavity

We will now analyze an explicit model in detail. To be specific, we use a cavity mode function

that is given by

n(x) = [O(x + w) — B(x — w)] cos(kz), (6.114)

where O(x) is the Heaviside step function, w is the cavity mode waist, and k is the wavenumber.
We consider an atomic beam traversing this cavity mode with a constant single velocity v, = p,/m
and a homogeneous spatial atomic density. The transit time is then 7 = 2w/v,. In the z direction,

we assume a Maxwell distribution of velocities. We can thus express p(p) as

2
N BZ 6_62%’

6.115
2wV 2mm ( )

p=pp:) =

where N is the intracavity atom number and B, characterizes the momentum width in the z

direction.

6.5.1 NSR phase

In the NSR phase all atoms remain in the excited state while they traverse the cavity. The

stability of this phase is determined by the dispersion relation in Eq. (6.46]). For the specific case

of Egs. (6.114) and (6.115]), we can solve the integrals in Eq. (6.46)) analytically and obtain

NT. .7

D(v) =1+ 1 F(v), (6.116)

with

62D7'2+2V7' 2

1—e” TN 57
PO) == — - [ (H;Q) et [ V00T ) g [
T T T

D D D \/260%, \/26%,

Here, we have defined the Doppler width as
_ kAp, k

5p = (6.117)
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Figure 6.3: The zero vy of D(v) from Eq. with the largest real part as a function of the
Doppler width 6p and of the collective linewidth NT, all in units of 1/7. In the region where
vy > 0 (shown as white region) the state of the atomic beam is unstable and the beam of excited
dipoles will undergo superradiant emission. The solid black line indicates the transition where

vo = 0 [Eq. (6.118)].
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and erf(...) denotes the error function. The zero vy of Eq. with the maximum real part is
shown in Fig. [6.3] as a function of NT'.7 and dp7. For our parameter range solutions are restricted
to the domain vy € R. The shaded area where 1y < 0 describes the region where the NSR, phase is
stable. Here, fluctuations decay with the exponent 1. In the white region where 1y > 0 we expect
that fluctuations will be amplified and therefore the atoms will undergo superradiant emission. The
condition vy = 0 describes the phase boundary between the superradiant emission and the NSR

phase. This phase boundary can be calculated by solving D(0) = 0 which results in the equation

NT. 5272
5 T - DT : (6.118)

52D72

V2mdpTerf {‘SDTZT} +2e7 7z =2

We first consider the limit where Doppler broadening is very small, i.e., dp7 < 1. In this case the

atoms remain almost in the same position in the standing wave while traversing the cavity. For

this choice the right-hand side of Eq. (6.118]) simplifies and we obtain

NI
8

=1. (6.119)

This shows that even in the absence of Doppler broadening, the collective linewidth NT'. has
to overcome transit-time broadening 1/7, i.e., NI'. > 8/7, so that the atomic beam can induce
superradiant emission above threshold.

In the large Doppler broadening limit dp7 > 1, the atoms move many wavelengths during

the transit time 7. In that case, the right-hand side of Eq. (6.118) can again be simplified, giving

NT. ¢
- D (6.120)
8 V2o

This result is a second condition for superradiance; the collective linewidth has to overcome Doppler
broadening, i.e., NT'. > 85p/+v/2m. Remarkably, this condition is completely independent of 7.
Both conditions NT, > 8/7 and NT'. > 85p/+/27 are visible in Fig. in the small (dp7 < 1)
and large (0p7 > 1) Doppler broadening limits, respectively.
We will now present results for the g; function in the NSR phase as defined in Eq. for

to > 7. The analytical estimates of g;(¢) have already been discussed in Sec. Numerically,
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we find that the g7 function has a non-vanishing imaginary part. However, this imaginary part
becomes vanishingly small after averaging over many trajectories. In Fig. we plot the absolute
value of the g; function in (a) for p7 = 0.1, N['.7 = 4 and in (b) for 0p7 = 10, NT'.7 = 20. Well
inside the NSR phase, these parameters are chosen to represent the case (a) where transit-time
broadening dominates Doppler broadening with dp7 = 0.1, and (b) where Doppler broadening
dominates transit-time broadening with dp7 = 10. For both cases we observe a long-time behavior
that is essentially exponential. To show this we have performed a numerical fit to the tail of the
g1 function assuming an exponential o< exp(ct) and have calculated for (a) ¢ ~ —1.9, and for (b)
ct = —6.5. Those two values are in very good agreement with the calculated values of 1 that
are for (a) vo7 = —1.8, and for (b) vy7 = —6.2 (see Sec. [6.4.1). However, the short time behavior
for both parameter choices is not exponential. In Fig. [6.4(a) we observe initially an almost linear
decay of the g function that abruptly ends at the transit time ¢ = 7. The g; function in Fig.|6.4|{b)
shows a Gaussian behavior for short times. The timescale where this Gaussian behavior is visible
in much shorter ¢t < 0.17 in agreement with the timescale expected from the larger Doppler width
t ~1/(dp) = 0.17. The two-stage behavior of the g; function has the signature of being dominated
by single-particle effects for short times and by collective effects, as determined by g, for long
times.

In the next subsection we will discuss the superradiant regime.

6.5.2 SSR phase

For the analysis of the SSR phase we solve the partial differential equation Eq. (6.58]). The

solution is given by

[
I, kp,
K(x —w,z,p,) = 2];7;7” {sin (kz) — sin <kz B xﬂ . (6.121)

MUy

This solution has the correct boundary condition K (—w, z,p,) = 0 implying that all atomic dipoles

are in the excited state when entering the cavity. Substituting Eq. (6.121]) in Eq. (6.57)) and then
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Figure 6.4: The absolute value of the g; function [Eq. (6.77)] normalized by |g1(0)| as a function
of time ¢ in units of 7 for (a) dp7 = 0.1, NI'.7 = 4 and (b) dp7 = 10, NI'.7 = 20. The ¢; function
is calculated by numerically integrating Eqs. — using Eqs. — over a total
time tgy, = 2007 with NV = 2000 atoms, and averaging over 100 trajectories. For the calculation of
g1 we have chosen ¢ty = 107. The red dashed line is an exponential fit < exp(ct) of the tail with
an exponent cr ~ —1.9 (a) and ¢ = —6.5 (b), respectively. The values of vy (see Fig. for the
same parameters are 17 = —1.8 (a), and ypT = —6.2 (b).
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calculating J(‘]l defined in Eq. (6.55)), we obtain

2

252
J—N/ du < : ,
\/ 2702, %

where 7, is the Bessel function of the first kind of order n. This is a non-linear equation for J(‘)‘

1-9 [chgT Si“ﬂ?)]

(6.122)

that can be simplified by defining the average dipole j” J(|)| /N that can be calculated by

o )]

252 uT
]0 = / du = I
2 NTcTjy
\/ 270, —50

is completely determined by the value of NI'.7 and §p7. For j 7é 0 we

(6.123)

This shows the value of j”

obtain a superradiant scaling [100]
(ﬂ)_N%”>uN? (6.124)

The stability of this collective dipole is determined by the zero vy with the largest real part
of the Higgs and Goldstone mode dispersion relations [Egs. and ] However, for the
considered parameter regime we only find an instability in the Higgs mode and not in the Goldstone
mode. Because of this, we focus on the Higgs mode dispersion relation in Fig. In order to
calculate the zeros of the Higgs dispersion, we substitute Eq. in Eq. to solve for
K(x,p), and then use Eq. to calculate the zeros of the dispersion function Eq. . We
numerically solve the equation and report the real and imaginary parts of the solution in Figs. (a)
and [6.5|(b), respectively. We find a parameter regime where Re(vy) < 0 and this marks the regime
where the SSR phase is stable. However, we observe also an unstable area that is defined by
Re(vg) > 0. This area is indicated by a gray color in Fig. and is bounded by a dashed line that
has been determined numerically. In this parameter range we expect neither the NSR nor the SSR
phase to be stable. Therefore, we find a dynamical and superradiant behavior of the system that is
most clearly visible in the spectrum that has several peaks. Because of this we refer to this phase
as multi-component superradiant (MCSR).

In the SSR phase, where Re() < 0, we always find a non-vanishing imaginary part Im(vg)

indicating that any fluctuation in the collective dipole length will decay as a damped oscillation.
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Figure 6.5: The real part Re(rp) (a) and the absolute value of the imaginary part |Im(rp)| (b) in
units of 1/7 of the zero 1y with the largest real part of the Higgs dispersion relation [Eq. ] as a
function of the Doppler width dp and the collective linewidth NT. in units of 1/7. The parameter
region where the Higgs mode is unstable, Re(rp) > 0, is marked as gray area and bounded by a
dashed black line. We call this phase multi-component superradiant (MCSR). The solid black line,
given by Eq. , marks the transition from SSR to the NSR phase (see also Fig. . Subplots
(c) and (d) show the value of the collective dipole j(l)l [Eq. (6.123)] and the linewidth I' [Eq. (6.110)]
in units of I, respectively. They are shown as a function of the same parameters as subplots (a)
and (b) for the parameter regime where the Higgs mode is stable. For all calculations we have used

Eq. (6.114) and Eq. (6.115).
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For the whole parameter region of the SSR phase we have also calculated the Goldstone dispersion
relation and have not found any additional instabilities.

Figure c) shows the normalized collective dipole j(|)| calculated using Eq. . We
see that the maximum dipole in the SSR regime is close to NI'.7 = 20 and for p7 < 1. Using
the previous results we can also calculate the linewidth I' using Eq. . We expect that this
analytical result is valid as long as the collective dipole is stable. The results are apparent in
Fig. d). Here, we report a narrow linewidth, I' < 400, only for sufficiently small values of
opT < 5.

To analyze and compare our analytical results we have simulated Egs. f across

the different transitions between the SSR, MCSR, and NSR phases.

6.5.3 Transition from SSR to NSR

We first analyze our simulations for the transition from SSR to the NSR phase for various
values of dp7 and fixed NT'.7 = 20. In Fig. [6.6) we show the results of our numerical integration
where different markers indicate different intracavity atom numbers [see inset of Fig. [6.6{a)].

In Fig. [6.6(a) we show the collective dipole correlation (J*J) = ((J%)? + (J¥)?)/4 (propor-
tional to the intensity of the output field) where the red dashed vertical line marks the threshold
between the SSR and NSR phases. The analytical prediction is visible as a black solid line and
agrees very well with the simulated results. In general we observe that the analytical result is in
better agreement for larger intracavity atom number N.

In Figs.[6.6(b) and [6.6(c) we show the linewidth I' that is extracted by fitting the gy function
in Eq. with exp(—I't/2). In subplot (b) the linewidth I' is shown in units of the collective
linewidth NT'. while in subplot (¢) we show the linewidth in units of the single-atom linewidth T'..
We observe convergence of the simulation data for different N in the NSR phase in subplot (b).
On the other hand we observe convergence of the simulation data in the SSR phase in subplot (c).
This finding suggests that the linewidth I' scales with NT'. in the NSR phase while it scales with

I’ in the SSR phase.
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Figure 6.6: (a) The normalized collective dipole correlation (J*J)/N?, (b) the linewidth T' in units
of the collective linewidth NT, and (c) the linewidth in units of the single-atom linewidth T'. as
a function of the Doppler width dp in units of 1/7. The different markers correspond to different
intracavity atom number N as described in the inset of subplot (a). The linewidth is calculated by
fitting the g; function using ¢y = 107 to an exponential & exp(—I't/2) over a time interval of length
ty = 207. The solid line in subplot (a) is the value of (j(|]|)2 /4 calculated from Eq. (6.123). The
linewidths in (b) visible as solid line are —2vp, where vy is the zero with the largest real part of the
dispersion relation in Eq. . In (c) the solid line gives the solution of Eq. calculated
using Eq. for given values of j[|)|. The red dashed vertical lines mark the transition from
SSR to the NSR phase. We have chosen NI'.7 = 20 with a simulation time of g, = 2007 and a
total number of trajectories 200000/N for corresponding N.
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To further compare our numerical results with analytical predictions we have also calculated
the exponent vy that is the zero of the dispersion relation in Eq. and plotted it as the
black solid line in subplot (b). Numerical and analytical results are in very good agreement in the
NSR phase. This description breaks down at the transition where the exponent 1 vanishes. After
that in the SSR phase we expect that the linewidth of the collectively emitted light is dominated
by phase diffusion. In order to show this we have calculated the linewidth in Eq. using
Eqgs. and . This linewidth is plotted as the black line in subplot (c). We find good
agreement of the theoretical prediction and the numerical result.

For the derivation of the linewidth in the SSR phase we have assumed a stable length of the
collective dipole. This is guaranteed by choosing NT .7 = 20, where there is no instability in the
superradiant regime [see Fig. [6.5((a)]. In the next subsection we will explicitly study the crossover

from the SSR to the MCSR phase, where the Higgs mode becomes unstable.

6.5.4 Transition from SSR to MCSR

We choose NT'.7 = 50 and perform simulations for different values of § p7 across the transition
between the SSR and MCSR. phases [see Fig. |6.5(a)]. In Fig. [6.7(a) we show (J*J) = ((J*)? +
(JY)2) /4 for different values of N [see inset of Fig. a)]. The red dashed vertical lines mark
the thresholds from SSR to the MCSR phase, and from the MCSR to the SSR phase. The first
threshold is close to dp7T =~ 3 while the second threshold appears at dp7 ~ 12. For comparison we
have also calculated the predicted mean-field value using Eq. that is visible as the black
solid line. We find very good agreement in the superradiant phase for small values of p7. At the
threshold we see an increase of (J*J) in the numerical results that shows a clear deviation from
the black line.

The instability at the transition from SSR to the MCSR phase has been derived from the
Higgs dispersion relation that describes the relaxation dynamics of the amplitude of the collective

dipole. Therefore we expect to see this instability also in the fluctuations of the collective dipole
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Figure 6.7: The collective dipole correlation (J*J)/N? (a) and the value of go(0) — 1 [Eq. (6.125)]
(b) as a function of dp in units of 1/7. The different symbols indicate different intracavity atom

numbers N [see inset of subplot (a)]. The solid line in subplot (a) is the value of ( j(‘)‘)2 /4 calculated
from Eq. (6.123). Subplot (c) shows the intensity spectrum [S>(w)| defined in Eq. as a
function of w and dp in units of 1/7. The value of |S2(w)| is normalized for every dp by the
maximum |[S¥**| = max,|S2(w)| and calculated for N = 4000. The red vertical dashed lines
indicate the threshold from SSR to MCSR and from the MCSR to the SSR phases [see Figl6.5(a)].
The red horizontal solid lines in subplot (c¢) are the values of +1Im(vg) corresponding to the zero
vy of Eq. with the largest real part. For the calculation of gy we have used ty = 107 and
for the calculation of Se(w) and integration time of ¢ = 207. All simulations were performed
with NT'.7 = 50 and with a simulation time of tg, = 2007. For every N we have averaged over
200000/N trajectories.
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length. For this we calculate the go function which is defined as

(J*(t +t0)J(t +to)JJ"(t0)J (t0))
WENE ’

92(t) = (6.125)

where ¢y > 7 is a sufficiently long time. We plot g2(0) — 1 in Fig. [6.7(b) for the same values of
dp7. We find ¢g2(0) = 1 well inside the SSR regime (dp7 < 3); therefore we expect second-order
coherent light. Beyond the transition (0p7 2 3) we find a sudden increase of go(0) highlighting
the transition point. This increase cannot be explained by chaotic light because it even exceeds
the value of g2(0) = 2. Remarkably, the second threshold dp7 &~ 12 is not visible in subplot (b)
while we would expect a transition to the SSR phase there with g2(0) ~ 1. We understand that
this finding is due to finite size effects that are pronounced in this regime because of a small value
of (J*J)/N? < 2 x 1073, This is comparable with finite size effects that we consider to scale like
1/N.

Because the exponent vy also has an imaginary part [Fig.|6.5(b)], we also expect an oscillatory

behavior in the unstable phase. In order to analyze this we have calculated the intensity spectrum

Sa(w) = /0 " e () — 1], (6.126)

where ¢ is the integration time. We plot [Sa(w)| in Fig. [6.7(c) as a function of w in units of 1/7.
The vertical red dashed lines mark the thresholds and the red horizontal solid lines are the values
of +1Im(r) visible in Fig. [6.5(b). We find very good agreement of the values of & Im(v) with the
peaks of |Se(w)| until p7 < 12.

The transition between the SSR and the MCSR phase is also visible in Fig. [6.7(c). The
function |S2(w)| shows very broad peaks in the SSR phase suggesting that the amplitude oscillations
are strongly damped. This is not true in the MCSR phase where the peaks are narrower suggesting
long-lived amplitude oscillations.

We will study this dynamical feature using the spectrum

Sy (w) = /0 " gt (1), (6.127)
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which we have calculated for the same parameters (see Fig. [6.8). Figure [6.8|d) shows the absolute

value of the spectrum |S;(w)| as a function of w and dp in units of 1/7. The horizontal dashed red

line marks the threshold from SSR to MCSR around dp7 =~ 3. The red circles indicate the value

of £Im(vy) at the threshold. In general we find three different appearances in the spectrum:

(i)

(iii)

For sufficiently small values of d p7 we find one narrow peak at w = 0 indicating coherent and
steady-state superradiant emission with the atomic transition frequency. As an example
we present a cut of the spectrum in this SSR phase in Fig. (a) where we also compare
the spectrum for different values of N. We remark that in Fig. [6.8(a) the central peak is

Fourier limited because of the finite integration time t;.

Beyond the transition we find beside the central peak at w = 0 also sidebands. These
sidebands appear at the predicted value of & Im(rp). This is also visible in Fig. [6.8(b)
where we have also plotted +1Im(yy) as red vertical solid lines for the given parameters.

The sidebands become better resolved with increasing N.

Well inside the unstable regime, we find a third behavior where the central peak at w =0
vanishes and we observe sidepeaks at odd multiples of 4+ Im(1g)/2. This is best visible in
Fig. [6.8|c) where we also show & Im(ry)/2 as vertical red solid lines corresponding to the
given parameters. Here we also find that the peaks become better resolved for increasing
N. The fact that we find a decreasing width of the sidebands for increasing N, as visible

in Fig. b—c), suggests that they are due to collective emission.
g gg y

Remarkably, while the transition from (i)—(ii) is already visible in the length of the collective

dipole and the intensity spectrum, the transition (ii)—(iii) is only visible in the coherences that are

described by g1. In g1 the peaks occur at +Im(vy)/2 while the peaks in go are still at 4 Im(vyp).

The reason for this is that during an intensity oscillation period T' = 27/ Im(1g) the collective

dipole gains the opposite sign (J — —J). This phase-shift in the collective dipole results in the

same intensity (J*J — J*J) but doubles the period in J to 27. This highlights that the collective

dipole is switching between two Zy symmetric states in (iii).
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Figure 6.8: The spectrum |S;(w)| [Eq. (6.127))] plotted for 6pT = 3 (a), dpT = 4.5 (b), pT = 6
(c) as a function of w in units of 1/7. The different lines correspond to different intracavity atom
numbers N as shown in the inset of subplot (a). The spectrum is normalized for every dp by the
maximum |S7"**| = max,|S1(w)|. The red vertical lines in (b) correspond to +Im(vy) where vy
is the zero of Eq. with the largest real part. The red vertical lines in (c) correspond to
+1Im(rp)/2. Subplot (d) shows the spectrum |S;(w)| as a function of dp and w in units of 7 for
N = 4000. The red dashed horizontal line marks the threshold from the SSR to MCSR regime.
The circles on this line are the values of +Im(1p) for the given parameters. All simulations were
performed with NT'.7 = 50, with a simulation time of ts, = 2007 and averaged over 200000/N
trajectories. The spectra are calculated using ¢ty = 107 and t; = 207.
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To provide further details on this transition we use now a fixed value for the Doppler width
0pT = 6 and change the collective linewidth NIT'.7 = 30-60. For these parameters Fig. m(a)
predicts a transition from SSR to the MCSR phase. The corresponding results for |S;(w)| and
|So(w)| are visible in Figs. [6.9(a) and [6.9|(b), respectively. The values of +Im(1) are visible as
red lines in Fig. [6.9(b) and are in good agreement with the sidebands of |So(w)|. We find that
the sidebands become narrower when entering the MCSR phase, indicating long-lived intensity
oscillations. In the spectrum |Si(w)| in Fig. [6.9(a) we have marked the theoretically predicted
threshold from SSR to MCSR as red dashed horizontal line. The circles on this line show the
values of +Im(ry) that agree with the emerging sidebands in |S;(w)|. These sidebands become
more and more pronounced, emerging from a broad distribution at approximately NI'.7 ~ 42.
Beyond this point we find no central peak but a period doubling that we compare to +Im(vy)/2
visible as the red lines in Fig.[6.9|(a). We find very good agreement between the sidebands of | S (w)|]

and £ Im(vy)/2 for NT' .1 2 42.

In Fig. [6.9(c) we show
0% = (NT)*(J*J), (6.128)

which can be seen as the square of an effective Rabi frequency driving the individual dipoles.
The quantity is reported in units of 1/72 for different intracavity atom numbers [see legend of
Fig.[6.9(c)]. The black solid line is the theoretical prediction obtained from Eq. and is only
in good agreement in the SSR phase. The transition between the SSR and the MCSR phases are
shown as the vertical red dashed line. We find that the effective Rabi frequency is always larger

than the theoretically predicted value.

6.5.5 Spontaneous emission and 7, dephasing

In this section, we discuss the effect of additional noise terms on the observed superradiant
phases. So far in our description we have neglected free-space spontaneous emission with rate ;

as well as T, dephasing. This can be justified if 717 < 1 and 7/T5 < 1. In this limit, both effects
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Figure 6.9: The spectrum |S1(w)| [Eq. (6.127)] (a) and the intensity spectrum |Sa(w)| [Eq. (6.126])]
(b) as a function of NT'; and w in units of 1/7. Both spectra are normalized for every dp by the

maximum |S)"*| = max,|Sy, (w)| with n € {1,2}. The red dashed horizontal line in (a) marks the
threshold between the SSR and the MCSR phase and the circles are the values of &+ Im(vp). Here,
vp is the zero of Eq. with the largest real part. The red solid vertical lines are given by
+1Im(vp)/2. In subplot (b) the red lines show the values of +Im(rp). For all results in subplots
(a) and (b) we have used N = 4000, ¢ty = 107, ¢t = 207, and averaged over 50 trajectories. Subplot
(c) shows the squared effective Rabi frequency [Eq. (6.128)] in units of 1/7% as a function of the
collective linewidth NT. in units of 1/7. The data are shown for various values of N (see inset).
The black solid line shows the result obtained from Eq. and the red vertical dashed line
shows the transition from SSR to MCSR. All simulations are performed for dp7 = 6.
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are negligible during the transit time of an atom, and the corresponding noise is dominated by
input noise and cavity shot noise. In order to observe superradiance we require NI'.7 > 1, which
results in NT'. > ¥ given 717 < 1. This means that we assume a large collective cooperativity
NC = Ng?/(ky1) > 1.

We will now show how we can add the effects of spontaneous emission and dephasing to our

model. 3 For this we now generalize the master equation in Eq. (6.1)) to

% - % [F.0] + il + Zj: {meler)+2eio} (6.129)

where 2 = 2/T; is the rescaled Ty dephasing rate [I0I]. Using this master equation, we can

eliminate the cavity field and derive the full c-number Heisenberg-Langevin equations. These c-

number stochastic differential equations for the dipole components are given by

dsj T it

—L =Sn(xy)s5 " o5 T (6.130)
ds? T, . 71+ 72

ds I'. T X Z z

L == () (78 + YY) = s+ 1)+ T (6.132)

where we have used noise terms .7-"j°‘ = 8]9‘ + F& 4+ F¢

T &, for a € {z,y,z}. While the noise

terms S§* have been given in Egs. (6.12)-(6.15), we now introduce two additional independent

noise sources F¢_  and F¢ ., which originate from spontaneous emission and T dephasing, respec-
b

I J2?
tively. These noise terms fulfill (73" (15).7’-"5771 (') = 2 (Myy1 )05 00 (t —t') and (F7., (t)}—lfm ) =
2 (M) 05 0jK0(t — t'), with the diffusion matrices given by
B=z y 2
a=z 1 0 CH
M=y | 0 1 s % (6.133)
z sP sy 2(1+s7)

3See Chap. for a detailed discussion on how to include these effects.
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Figure 6.10: The normalized collective dipole correlation (J*J)/N? (a) and the linewidth I in units
of the single-atom linewidth I (b) as a function of transit-time broadening 7! in units of NT,. The
black circles are simulation results using Eqs. (6.130)—(6.132)). We have fixed 6p/(NT;) = 7 x 1072,
71/(NT,) = 1072, 72 /(NT.) = 5x 1073, and the intracavity atom number N = 2000. The linewidth
is calculated by fitting the ¢g; function using ty = 107 to an exponential o< exp(—I't/2) over a varying
te. All the simulations were performed with tg,, = 1007 and averaged over 100 trajectories. The
gray plus symbols are simulation results using the same parameters except for v; = 0 = . The

gray dashed lines are analytical solutions, giving in (a) the value of (j(|)|)2 /4 using Eq. (6.123

and in (b) the linewidth Eq. (6.110) calculated using Eq. (6.121)) with corresponding values of j0|,
respectively.
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and

o=z 1 00
Mjqyy = o 0o 1 0 |—= (6.134)
z 0 00
We simulate Eqgs. f for the numerical results we present below.

We first investigate how these noise sources affect the SSR phase and in particular the in-
tensity and the linewidth of the produced light. In particular we focus on the regime where the
collective linewidth is much larger than the Doppler width 6p/(NT.) = 7 x 1072, the spontaneous
emission rate 71 /(NT.) = 1072, and the dephasing vo/(NT.) = 5 x 1073, We fix the intracavity
atom number N = 2000 and vary the ratio between 77! and NT.. In Fig. [6.10(a) we show the
results of (J*J)/N? for these parameters as black circles. For comparison we have performed simu-
lations with v; = 0 = =5 visible as gray pluses and also plotted the analytical result corresponding
to the solution of Eq. as gray dashed line. While we find almost perfect agreement be-
tween the analytical result and the simulation with v; = 0 = 9, the numerical results including
spontaneous emission are always smaller. This can be expected because spontaneous emission and
dephasing will both result in a decrease of coherence in the atomic dipoles and therefore result in
a reduced light intensity. In addition, free-space spontaneous emission also leads to a loss of exci-
tations into electromagnetic modes external to the cavity mode. Nevertheless, we find very good
agreement for the threshold of superradiance that for the considered parameter regime is close to
771/(NT.) = 1/8. We also find a similar functional behavior of (J*J)/N? for the simulations with
and without spontaneous emission and dephasing.

Figure (b) shows the linewidth I" calculated by fitting the g; function given by Eq.
with exp(—I't/2) obtained from simulations including (black circles) and without spontaneous emis-
sion and dephasing (gray pluses). We also compare our results to the analytical estimate from
Eq. visible as gray dashed line. We find very good agreement between the simulations with-

out spontaneous emission and dephasing and the analytical result as long as 7! /(NT,) > 1072,
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Figure 6.11: Simulation results of the real part of g;(¢) normalized by Re [¢1(0)] for pT = 4.5 (a)
and 6p7 = 6.0 (b). For the black solid lines we have used NT'.7 = 50, 1 = 0.057~! with N = 4000
and tgn = 200. The g7 function is calculated using ¢ty = 107 and averaged over 50 trajectories.
For the gray dashed lines we have used the same parameters except for v = 0. These dashed lines
are the real parts of the g; functions that are used to calculate the spectra shown in Figs. (b)

and [6.8c).
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Below this point we find a rather small coherent collective dipole component and cannot expect
that the phase diffusion argument that has been used to derive the analytical result will still be
valid. The simulations including spontaneous emission show a very similar functional dependence
but are almost always slightly above the simulation results without spontaneous emission. Still, we
find a minimum linewidth of the order of I'. that is orders of magnitude smaller than v; and ~e.
This highlights the fact that the linewidth of the generated light is typically not limited by any
single-particle dephasing mechanism.

We will now study the stability of the MCSR phase. For this we choose the same parameters
where we have observed the two different emission regimes in Figs. [6.8(b) and [6.8c), i.e., N7 =
50, dpT = 4.5 and dpT = 6.0, respectively. We now add a small spontaneous emission rate
~v17 = 0.05 to our previous simulations. We plot the real part of the g; function Re(g;) in Fig.|6.11
for 6p7 = 4.5 (a) and épT = 6.0 (b). The simulations without spontaneous emission are visible as
gray dashed lines and the simulations with spontaneous emission as black solid lines.

In Fig. (a) we find a positive Re(g1) with oscillations for both simulation types that are
in good agreement. As a consequence, we also find a similar spectrum as shown in Fig. (b)
Remarkably, our simulation results suggest that the oscillations have a slightly longer lifetime for
non-vanishing ;.

Figure b) shows very good agreement between the two simulations with and without
spontaneous emission. We find Re(g;) oscillating around zero, therefore giving rise to a similar
spectrum as in Fig. c). Our findings show that the change of the sign in Re(g;) that occurs with

half the frequency of the intensity oscillations is robust against small additional noise sources.

6.6 Conclusions

In this chapter we have studied the onset and stability of collective emission of an atomic beam
that traverses an optical cavity. We have developed a semiclassical theoretical framework to study
the dynamics of the atomic dipoles in the presence of Doppler broadening. We have analyzed this

model using a mean-field description and determined the stability of the non-superradiant (NSR)
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and steady-state superradiant (SSR) phases. These results were used to analyze the stationary
light emission of the corresponding phases and predict a linewidth of the emitted light. After
that we investigated a model using numerical simulations and presented analytical techniques that
provide supporting analysis. We explored a SSR phase and a dynamical superradiant phase with
a multi-component superradiant (MCSR) light output. With our derived theory we were able
to quantitatively predict the threshold of the MCSR phase and the occurrence of sidebands in
the spectra. In addition, we found that these results are robust against free-space spontaneous
emission and 75 dephasing processes if they are small compared to transit-time broadening and
Doppler broadening.

We highlight that the MCSR phase is observed in presence of relatively large Doppler broad-
ening. This is potentially easier to realize in actual experimental setups working with thermal
atomic beams. Nevertheless, for the observation of the MCSR phase one still requires a collective
linewidth that overcomes all broadening mechanism including Doppler broadening.

We have focused on the interplay between collective emission and thermal broadening in
the parameter regime where thermal effects dominate dephasing processes such as free-space spon-
taneous emission. However, we expect that these effects become important for cold or even ul-
tracold atomic beams when the Doppler broadening becomes comparable to the linewidth of the
atomic dipoles. In this parameter regime one could potentially study subradiance in the regime
where the transit time becomes comparable to the atomic lifetime [I53, [143]. Additionally, one
could explore the regime where the collective linewidth becomes comparable to the recoil fre-
quency [16, [15], 14, 145], 66, 67] and the semiclassical theory used in this chapter becomes invalid.
Such parameter regimes could be achievable regarding the recent progress on producing high phase-

space density atomic beams [24].



Chapter 7

Collective Emission of an Atomic Beam into an Off-Resonant Cavity Mode !

7.1 Introduction

Atomic ensembles in optical cavities provide a versatile platform to study collective effects
that arise from strong light-matter interactions. These systems have been employed to study spatial
pattern formation including self-organization [37, 8, [125], synchronization [3], 56} 166l 172), 161], and
also spin ordering or texturing [1006, [79, 84]. They are intrinsically open quantum systems because
photons can enter and leave through the cavity mirrors while external driving usually balances
cavity losses and allows the stabilization of coherent out-of-equilibrium states.

The success of these systems also relies on the good controllability of cavity-mediated inter-
actions in atomic systems. These can be tuned by adjusting the parameters of the driving lasers
but also by varying the detunings between the atomic transitions and cavity mode frequencies. For
instance, if an ensemble of metastable dipoles couple to a resonant cavity the dynamics will mostly
be dominated by dissipation in form of spontaneous as well as superradiant or subradiant emission
[32, 52l 154, 116]. In contrast, for the case of large detuning, the dynamics remains coherent on
long timescales, and these setups can be used for quantum simulations of collective physics [108]
and even for spin squeezing [89, [0, T18].

However, fluctuations in the cavity detuning are also a major source of noise. One of the
main obstacles that limit the precision of the state-of-the-art cavity-assisted atomic clocks is the

quantum noise caused by cavity detuning from mirror fluctuations. Recently, it has been found that

'The bulk of this work has been published in Physical Review A [68]. Copyright 2021 American Physical Society.
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the noise caused by such fluctuations can be minimized by having systems working in a so-called
“bad cavity” parameter regime [101, 12, 115 59]. In this regime, the phase information of the
output field is stored in the atomic ensemble rather than the cavity. Such systems, including active
atomic clocks [25] and superradiant lasers [12] [115] [87, 136, 150, 29], are becoming candidates for
future standards of quantum metrology.

Despite the fundamental interest in these kind of systems, only a few works investigate the
effect of continuously introducing and removing atoms. Recently, the use of an atomic beam to study
superradiant lasing and dynamical phases have been discussed [153] 92} [70} [69]. These atomic-beam
cavity configurations represent interesting situations where neither photons nor individual atoms
remain in the cavity on long timescales, but nevertheless cooperative effects can beat single-atom
constraints.

In this chapter we investigate the collective emission of an atomic beam into an off-resonant
cavity. The finite detuning between the cavity and atomic transitions results in a collective Lamb
shift [52]. We investigate the special case where the atoms enter in their electronic excited state
and discuss how the collectively emitted light depends on the detuning. We study cavity pulling
effects in this setup, which describes the shift of the emission frequency in the direction of the
cavity resonance, and investigate the dynamical superradiant phases that emerge.

This chapter is structured as follows. In Sec. [7.2] we introduce the theoretical framework
to describe the coupled dynamics between the atomic beam and the cavity mode. We derive
stationary solutions of this description in Sec. [7.3 where we also derive an analytical expression for
the cavity pulling coefficient. Section treats the stability of the stationary atomic configuration
and studies the onset of superradiance and the destabilization of the superradiant phase. In Sec.[7.5
we investigate a specific model and derive expressions for the stationary phases, and we compare
our results to numerical simulations of this system. After that we conclude our results in Sec.

while the Appendix provides further details to some calculations contained in Sec.
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9)

Figure 7.1: (a) Atoms enter the cavity in the excited state |e) and can emit photons into a single
cavity mode. Photons leak out through the cavity output mirror with rate x. (b) Each atom is
represented as an optical dipole of transition frequency w, coupled to the cavity mode of frequency
we. The coupling gn(x) depends on the position x of the atom, where g is the vacuum Rabi frequency
or Jaynes-Cummings coupling coefficient and 7(x) is the mode function. The cavity-atom detuning
frequency is given by A = w, — wy.
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7.2 Theoretical model

In this section we introduce the theoretical description of the dynamics of the atomic beam

coupled to an off-resonant cavity.

7.2.1 Master equation formalism

We consider a beam of two-level atomic dipoles in their excited state |e) with transition
frequency w, and mass m traversing an optical cavity. These atoms can emit photons into a single
cavity mode of frequency w, (see Fig. .

The density matrix p describing the atomic and cavity degrees of freedom is governed by a

Born-Markov master equation

b _ L T 1 Eatast sata — 26580
prialine [H,p} 5(@ ap+ pa'a —2apa'). (7.1)
Here, the Hamiltonian
52
. pP; hg _
_ hAata i M9 (aie 4 sta
H =hAa'a + Ej o + 5 n(x;) (a 6; +06; a)] (7.2)

describes the coherent dynamics of the coupled atom-cavity system in a frame rotating with w,. The
first term determines the energy of cavity photons where A = w, — w, is the detuning between the
cavity and the atomic frequency. Operators @ and a' are the photonic annihilation and creation
operators that fulfill the commutation relation [a,a!] = 1. The second term in Eq. is the
kinetic energy of atom j where j runs over all atoms in the atomic beam. The last term in
Eq. describes the Jaynes-Cummings coupling between an atom and the cavity, where g is
the vacuum Rabi frequency at a field maximum and 7(X) is the cavity mode function evaluated at
position X.

The atomic position operator X; = (:f:j,@)j,éj)T is conjugate to the momentum operator
D; = (Pujs Py.j»D=j) T With the usual canonical commutation relations [fij, pu.x] = ihdk0m, p, v €

T, Y, 2y € operators . = |€)4{gl; ana o, = |g);{€|; are € atomic ralsing an owering
Th tors 677 = |e);(gl; and 65 ;j{e|; are the atomic raisi d loweri

operators, where |e);, |g); denote electronic excited and ground states.
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Dissipation in this system is described by the Lindblad term in the master equation Eq. (|7.1)).
This describes the leakage of cavity photons into the free-space electromagnetic field with rate k,

typically referred to as the cavity linewidth.

7.2.2 Heisenberg-Langevin equations

The master equation formalism introduced in Sec. [7.2.1] is equivalent to the Heisenberg-

Langevin equations that are given by

%:_GA*g)&_ingrﬁ? (7.3)
d;? Z%”(’A‘j)AJz‘d’ (7.4)
d;j =ign(x;) (dTA; - Aj&) , (7.5)
% :%’ (7.6)
% - %h(d“f +67a) Vxn(x)]eg, (7.7)

Here we have represented the gradient as Vy = (9/0x,0/0y,0/0z)T, and included the cavity shot
noise F~ that fulfills expectation values (F~(t)) = 0, (F~(t')F~(t)) = 0 = (FH({#)F(t)), and
(F-("F*(t)) = wd(t —t'), with F* = (F7)I. The operators 67 = 5765 — 6506, describe the

population inversion. The operator J~ is the collective dipole and is defined as

Jm = n(%))s; . (7.8)
J

We are interested in the situation where dipoles in the atomic beam transverse the cavity
mode with a large velocity. Assuming a mean velocity v, perpendicular to the cavity axis [see
Fig[7.1a)], we can estimate the transit time as 7 = 2w/v, where w is the beam waist of the
cavity mode. Throughout this chapter we will neglect optomechanical forces that are described
by Eq. (7.7) and consider only ballistic motion. This is valid in the parameter regime where the

2 that exceeds the mean force F,

atomic momentum distribution has a width Ap,, = |/(p2) — (pn)
times the transit time 7 in every spatial direction p € {z,y, z}. In this regime we may assume that

the momentum of each atom is constant.
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7.2.3 Semiclassical description

We will now make a semiclassical approximation where we substitute the operators by c-
number variables and add noise terms that give the correct second moments. Similar approaches
have been used in Refs. [92] [70] 69} 133]. Specifically, we replace the position operators x; by the
classical variables x;. We derive the time evolution of the Hermitian cavity operators a* = a + at,

57 —67),

a¥ =i(a—a') and atomic dipole operators 6% = 6; + Aj, A;’ =1i(o; —7;

) j j 0%, and then substitute

Vi Y

them by their classical counterparts; o, o¥ for the cavity and s, sé’, and s3 for the dipoles. The
c-number noise terms are chosen such that the second moments of two classical variables A, B
relate in the form (AB) = (AB + BA)/2 to the second moment of their corresponding operators

A and B ; i.e., we choose symmetric ordering of the operators. The resulting c-number stochastic

differential equations read

da® K g
=——a"—AaY —=JY * .
p” 5 o) 2J + F7, (7.9)
e W P (7.10)
dt 2 2 ’
ds?
J _g z
ds”
g zZ T
d—tj =— in(xj)sja , (7.12)
ds? g
cTt] :§n(xj)(axs§ — a¥s7). (7.13)
de pj
—= == 7.14
e (7.14)

Here, F* and FY are independent noise terms defined by (F*) = (FY) = (F*(t)FY(t')) = 0 and
(Fe)F (') = (FY(t)FU(t)) = ké(t — ). In Eqgs. (7.9)—(7.10), J, and J, are the classical x and
y components of the collective dipole given by J* = Zj n(xj)s;’? and JY = Z]- n(xj)sg. Eq.
describes the ballistic trajectory.

Noise is not only introduced by the cavity degrees of freedom, but also by the boundary
conditions. We will investigate the dynamics of atoms that enter the cavity in the excited state
le). Therefore if an atom indexed by j enters the cavity, we initialize si =1 and choose the x

and y components of the dipoles randomly and independently from sj = +1 and s? = +1. This
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accounts for the correct second moments of all dipole components (see Refs. [92), [70l [69]). With
these boundary constraints, Eqgs. (7.9)—(7.14) can be directly implemented in numerical simulations.

In the next section, we will introduce a density method to analytically solve these equations.

7.2.4 Density description

We will now use Eqs. ((7.11)—(7.14)) to derive a collective description of the atomic beam. For

this we define the densities
f(x,p,t 2(5 (x —x;)0(p — pj), (7.15)
(x,p,t Z sH8(x —x;)0(p — Pj)s (7.16)

where the s? are pseudospin components with p € {z,y,z}. Using these definitions together with

Eqs. (7.11)—(7.14) we obtain

TP ovs=0 (7.17)
a@f + % - Vxs® :%n(x)szay, (7.18)
8;; + % S VysY = — gn(x)szoﬂ", (7.19)
O+ P st =) (05— ats"). (7.20)

The collective dipole in Eqs. (7.9)—(7.10) can be also expressed as an integral over dipole densities

JH :/dx/dp n(x)s*(x, p,t), (7.21)

with p € {z,y}.

Equations f are closed with the time evolution of the field variables in Eq. f
. It remains to include the atomic noise terms in this density formalism. To do this, we
formulate the initial conditions for the atoms entering the cavity as boundary conditions for the

partial differential equations ([7.17] - Assuming that the atoms enter the cavity in the plane
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x = —xq [see Fig.|7.1j(a)], we can ascribe as initial conditions;
f(_x()?yazvput) :fO(yv'Z?p’t): (722)
s*(—z0,y, 2, P, 1) =W*(y,2,p, 1), (7.23)
sY(=wo,y,2,p,t) =W¥(y,2,p, 1), (7.24)
s (=xo,y,2,p,t) =fo(y, 2, P, 1). (7.25)

The boundary condition for the density is given by

f Y, 7p7 Z(S O_XJ p p]) (726)

where xg = (—x0,y,2)T is the position where the atoms enter. We can therefore express the initial

condition for the dipoles as

WH(y, 2, p,t 25“5 X0 — X;)3(p — pj), (7.27)

with p € {z,y}, and for the second moment as

(WHWYY) =228,,0(t — )y — )0 (= — 2)3(p — D) foly 2. p. 1), (7.28)

Pz
where we have used the notation WH# = Wk (y, z,p,t) and (W) = W"(y, 2, p’,t').
Throughout this chapter we will assume that the atomic density after one transit time 7 is

spatially homogeneous in the cavity. This results in the property

(f(x,p,t > 7)) = p(P), (7.29)

where p(p) is a continuous spatially homogeneous density of the atoms that is time independent.
This, however, does not imply that the dipole densities s*, u € {x,y, z}, are spatially independent,

as we will expand on in the next section.

7.3 Stationary states of the system

We will now investigate the asymptotic stationary solution reached after a sufficiently long

time, ¢ > 7, of the coupled equations for the field, Eqgs. (7.9)—(7.10), and dipole densities,
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Eqs. (7.18)—(7.20). To obtain these results we will use the previously mentioned assumption of
a spatially homogeneous atomic density. In addition, we will discard all noise terms, which implies

a mean-field approximation.

7.3.1 The non-superradiant solution

We begin with the simplest solution that describes the situation when the atoms cross the

cavity without generating a coherent light field. This is a trivial stationary state of the system

given by
ag =0, (7.30)
ag =0, (7.31)
sg =0, (7.32)
sy =0, (7.33)
55 =n(p). (7.34)

In this case, the atoms simply remain in the excited state |e) while traveling through the cavity

region.

7.3.2 The superradiant solution

We now derive the more interesting superradiant solution. In order to reduce the equations,

we rotate to a complex field o = (o — ia¥)/2 and complex dipole density s = (s* — is¥)/2. Using

these definitions in Eqs. (7.9)—(7.10) and Eqgs. (7.18)—(7.19), we derive the following mean-field

equations

da . K g
e (ZA + 5) a— 22/dx/dp n(x)s, (7.35)
9 __p ig 2
ds*  p . X X
5% = m V«s® +ign(x) (a*s — s*a), (7.37)

where we have used the collective dipole defined in Eq. (7.21)).
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Figure 7.2: Sketch of the Bloch sphere where the dipole density can be mapped on a point of the
sphere (here visible as the blue arrow) with radius p(p) depending solely on the momentum p. The
angles K and ¢ depend on position x, momentum p, and time t.



147

Equations ((7.36))—(7.37)) imply a conserved length of the dipole density

(;’t + R vx> [4lsf? + (5% =0, (7.38)

which can be seen by realizing 4|s|?+ (s7)? = (s%)2+(s¥)?+ (s%)2. Therefore it is useful to represent

the stationary dipole components in spherical coordinates

S0 :p(QP)e_id) sin(K),

55 =p(p) cos(K), (7.39)

where the dipole length is determined by the boundary conditions of the atomic beam density p(p)
as in Eq. , and ¢, K are spherical angles dependent on position, momentum, and time. In
that case, for every fixed value of x, p, t, we can assign a Bloch vector to the density of the atomic
dipoles (see Fig. [7.2). The boundary condition for K is determined by the fact that the atoms
enter in the excited state and thus K (xq,p,t) = 0.

To find the superradiant solution, we assume that the atomic beam undergoes collective

emission with a single frequency w. In that case we can express the phase ¢ as

¢(Xa p, t) =wt+ ¢(X7 p)v (740)

where the first term on the right hand side describes the monochromatic oscillation of the density
with frequency w, and the second term 1 is a time-independent phase in phase space. The angle
K (x,p) is not explicitly time dependent in this case.

This assumption allows us to solve the cavity field analytically from Eq. ((7.35) and obtain

T ,
Qg ~ —ij cos(x)e X Jo, (7.41)
where we have defined
2
g
r,=2 7.42
. (7.42)
A—w

tan(x) :Tm, (7.43)
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and

Jo = / dx / dp n(x)s0. (7.44)

We mention that «g, sg, and Jy are all proportional to exp(—iwt), which constitutes their only time
dependence. Our result for the field goes beyond the typical adiabatic elimination of the cavity
fields since it includes retardation effects that are apparent in x and that explicitly depend on the

frequency w. Using Egs. (7.39) and Eq. (7.41) in Eq. (7.36]), we can derive the following equations

for the angles

% V) = —w— F(QX> cot(K)C (), (7.45)
LA :”2") / dx' S(p), (7.46)

with
=[xt [[dpt ' sin (1 07 = x) sin(1)
S() = [ dpf ofplcos (1 0/~ x) sin(K),
and where we have used
P(x) = Ten(x) cos(x). (7.47)

As a simplification, we have employed the notation A" = A(x’, p’) where A can be 7, p, ¥, and K.
Equations ((7.45))—(7.46]) have a U(1) symmetry since they are invariant under a rotation ¢ — ¥+,
where ¢ is an arbitrary phase that is independent on position, momentum, and time. We will now

explicitly break this U(1) symmetry by choosing the phase offset such that

g = / dx’ / dp’ 1/ cos (') sin(K"), (7.48)
/ dx’ / dp’ 1'p' sin (¢') sin(K'). (7.49)

Notice that J(l)| is not time dependent; the value of J(|]| is the stationary length of the collective

dipole and has the relation Jl = 2| Jo.
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With this choice of J(|]|, we can simplify Eq. (7.45) and Eq. (7.46|) to

F(X)J(‘)I

% . wa = —w - TCOt(K) sin ('QD_X)? (750)
p T
- VK = cos (Y —x). (7.51)

Since all atoms enter the cavity in the excited state we have the boundary condition K (xg,p) = 0.
If we now impose that the gradient of the angle Vyi cannot diverge at x = xg, we obtain the
boundary condition for the angle ¥ (xg, p) = x.

Although we will give a simple example in Sec. where we can explicitly solve Eqgs. (7.50)—
, we are not aware of a general solution. However, in the limit where y < 1, we can apply

perturbation theory as we will show now.

7.3.3 Perturbative solution for xy < 1: Cavity pulling

We consider now the case where y < 1 and also ¢ < 1. The latter is a consequence of the
boundary condition 1 (xg, p) = x together with the approximation sin () — x) & 1 — x that implies

that ¢ according to Eq. (7.50) is only slowly varying. In this parameter regime we can approximate

X by
Y~ A,sz (7.52)
from Eq. and simplify Eq. and Eq. to get
PV = ot (K) (6~ ), (7.53)
% VKK :FCQJOn. (7.54)

The second equation is now completely decoupled and independent of w. Using the substitution

L4
Y= i O (7.55)

we can derive

VU = —wsin(K) (7.56)

3o
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with the boundary condition ¥(xg, p) = 0. This can be integrated to obtain

U(x,p) = —w /000 dt sin [K (x — %t,p)] , (7.57)

where we have extended the upper limit of the integral to infinity assuming that K(z,y,z,p) =0

for r < —xg.

Using Egs. (7.55) and (7.57)) in Eqs. (7.48) and ([7.49), we obtain

0= / dx’ / dp’ /'Y + xJ). (7.58)

Combining Eqs. (7.52)), (7.57)), and (|7.58)), we can now solve for the frequency

A
541

where we have defined

- P sin
o :/O dt/d /dpz( + mt) psin(K) o
0

as a timescale.

The result given in Eq. (7.59) can be rewritten to calculate the cavity pulling coefficient

w 1

that describes the emission frequency of the atomic beam relative to the detuning between the
cavity resonance and the atomic resonance. While the exact form of C| depends on the actual
model, there is still a very general physical observation that we can make. If the timescale C|
is small enough such that kC| < 1, we get a pulling coefficient p < 1. In this case, light will
essentially be emitted with the cavity frequency and not with the atomic frequency for A < k. On
the other hand, if kC'; > 1, we have a cavity pulling coefficient o < 1 and therefore the emitted
light is almost resonant with the atomic transition frequency. This has been shown to be the case
for superradiant lasers [12, 92] that work in the regime where s is much larger than any atomic

linewidth, in particular k > NT'.. For situations where a stable emission frequency is desired that
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is independent of cavity length noise, we would like p to be as small as possible. For the remainder
of this article we will now focus exactly on this regime and first determine the stability of the atomic

beam configuration.

7.4 Stability in the bad cavity regime

In the limit where x determines the shortest timescale, we can eliminate o from Egs. (7.18])—

(7.20) according to Eq. (7.41]) and also neglect the the explicit w dependence of y;, i.e.,

A
= —. .62
tan(x) 72 (7.62)
We then obtain the following stochastic differential equations for the dipole densities
0s® p T _F(X) x . Yl o2 T
a0 + o Vst = 5 [cos(x)J* — sin(x)JY] s* + 87, (7.63)
JsY p y _L(x) . y ”
L VA . Sy, 64
5 —i—m Vs 5 [sin(x)J* 4 cos(x)JY] s* + S (7.64)
0s? r r
8816 + % - Vxs® =— (2x) cos(x) (sJ* + s¥JY) — (2X) sin(y) (sYJ* — s*JY) + §7, (7.65)

where we have used the definition given in Eq. .

Equations (7.63)—(7.65) also include stochastic noise terms S* = n(x)N7s?, S¥ = n(x)NVs?,
and 8 = —n(x) (N*s* + N¥sY), where the noise terms N* and NY can be assumed to be -
correlated on the typical evolution timescale of the atomic degrees of freedom. This implies
NNV (E)) = 0 and (NCON(E)) = (MY (ONI(E)) = T cos? ()3t — ¢).

These noise terms are important for the dynamics since they introduce small fluctuations
into the dipole components that can destabilize the state. In order to predict this destabilization,

we investigate the stability of the stationary phases that we have introduced in Sec. [7.3]

7.4.1 Stability of the non-superradiant configuration

For the non-superradiant configuration, we study small fluctuations ds* and ds¥ around the

solution given in Eqgs. (7.30)—(7.34). For this kind of analysis we can drop the noise terms. We find
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the linearized equations

6s® p . T'(x) . y

T + o Viis® = 5 [cos(x)0J* — sin(x)dJY] p, (7.66)
00sY p y L) .. . ”

5 + - Viis¥ = 5 [sin(x)dJ* + cos(x)dJY] p. (7.67)

Since we neglect terms that are second-order in the fluctuations, these equations become decoupled

from fluctuations ds* around s* = p . We have also introduced §J# = / dx / dpnost with

=1,y

Equations ([7.66)) and ([7.67)) can be reduced to uncoupled equations for ds = (ds* — ids¥)/2

and its complex conjugate. Without loss of generality, we focus on the solution of §s and derive

0ds p CT(x) 4y
E + E . VX(SS —Te (SJp, (768)

where 6J = (0J% —idJY)/2. Applying the Laplace transformation

Liglw) = [~ deegtt (7.69)
to Eq. , we obtain
[v — Lo] L[ds] = ds(x,p,0) + @e_ixp(p)L[éJ}, (7.70)

where we have defined the operator
__p

Multiplying Eq. (7.70) by the inverse of operator [v — Lp] and n(x), and then integrating over space
and momentum, we obtain

/dx/dp n(x) v — Eo]fl 0s*(x,p,0)
L[6J] =

567 , (7.72)

where the denominator is given by the dispersion relation

D(v) =1 — /0 " dteviix / dx / ap (x+ %t) F(;)p. (7.73)
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The asymptotic time evolution of d.J is determined by the zeros of the dispersion relation
D(v). In fact the zero, vy, that has the largest real component is the principal one that controls
the dynamics. As long as we satisfy Re(vg) < 0, the non-superradiant configuration is stable. The
imaginary part Im(r) then determines the frequency of the light emission.

In the case where Re(rp) > 0, a qualitatively distinct solution is anticipated in which we
expect an exponential build-up of fluctuations that results in superradiant emission, implying the
formation of a macroscopic collective dipole. In the remainder of this section, we will determine

the stability of this stationary superradiant phase.

7.4.2 Stability of the superradiant configuration

We analyze the dynamics of small fluctuations around the configuration that is determined

by Eqgs. (7.39), (7.53), and (7.54). To do so it is convenient to move into a frame rotating with

frequency w, and define

wt (7.74)

W
Il

9]

»

and § = §+§*, 3 = i(§— §), as well as JH = /dx/dp n(x)s* for p € {z,y}, accordingly. This

frame is chosen such that the steady state 39 = e“'s is time-independent, i.e.,

d§0 . . dSQ iwt
o = <zw80 + dt) et = 0. (7.75)

We now consider small fluctuations 68 = (§5%, 65, 95%)T around the stationary solutions that we

can parametrize by
55 =pcos(y) sin(K), (7.76)

59 =psin(¢) sin(K), (7.77)

55 =pcos(K). (7.78)
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In this rotating frame, we also keep the convention introduced in Eqs. (7.48|) and ((7.49))

Jl = / dx / dp &L, (7.79)

O:/dx/dp nsy, (7.80)

meaning that the collective dipole is chosen to be always pointing in the x direction. Using

Eqgs. (7.63)—(7.64) in the frame rotating with w, the dynamics of Js is then governed by

908 _ rss + S06J, (7.81)
dt
where
L= ,Coig + L. (782)
Here, we have defined
0 w @ cos(x)J(‘J|
Ly = —w 0 @ sin(x)J(')| (7.83)
—@ cos(X)J(‘)‘ —@ sin(x)Jcl]l 0
and
cos(x)5§ — sin(x)5§
I'x
So = (2) sin(x)3§ cos(x)55 (7.84)

—cos(x)5§ — sin(x)3f  sin(x)5§ — cos(x)5

with 6J = (6J%,8JY)T. The operator £y has been given in Eq. (7.71)), and 13 is the 3 x 3 identity

matrix.

The Laplace transformation of Eq. (7.81)) leads to
vL[08] = 058(x, p,0) + LL[63] + SoL[6T]. (7.85)

Now, we first solve for L[0S]. Than we project on the first two components by multiplying with
the matrix 12,3 € C?*3 with ones on the diagonal and zeros elsewhere. This results in two coupled

equations for L[§§*] and L[§§Y].
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After multiplying with n(x) and integrating over the whole phase space, we arrive at
L[6J] :/dx/dpn(x)igvg(uig — L£)7155(x, p,0)

+/dx/dpn(x)ig73(y13 — L) 1SyL[8]], (7.86)

which can be used to solve for L[6J], resulting in

L3 =D(v)! / dx / dpnlas(vis — £)7165(x, p,0). (7.87)

where we have defined

D(v) =1, — /dx/dpﬁ(x)i2,3(1/i3 —L£)7'Sg

=1, — / eVt / dx / dpn(x)12.3e£1S,. (7.88)
0

The dynamics of 6J are now determined by the value of v for which D(v) is not invertible. We find

then that the time evolution is described by
6J o e"?,
where 1 is the zero of the dispersion relation
Dgr(v) = det [D(v)] (7.89)

with the largest real component.

This dispersion relation can be used to determine the nature of the instability of the super-
radiant configuration. Specifically, for a particular example that we study later in Sec. we will
show that the amplification of fluctuations occurring for Re(ry) > 0 can lead to a transition to a
multicomponent superradiant emission regime.

After providing all the theory that is required to analyze the beam-cavity system, we will

analyze in the next section a specific model where we apply all the results of Sec. [7.3] and [7.4]
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7.5 An atomic beam with a single velocity traversing an off-resonant optical

cavity

We will now investigate a system consisting of an atomic beam composed of atoms with an
identical velocity v = (v;,0,0)T travelling across one antinode of the cavity mode (see Fig. [7.1]).

We assume that the cavity mode can be modeled by
n(x) =0(z +w) — O(zr —w), (7.90)

which simplifies the cavity profile to a box with length 2w, where w is the waist of the cavity mode.
The transit time 7 is thus fixed to be 7 = 2w/v,. For t > 7, the corresponding homogeneous

density of atoms is given by

p=—. (7.91)

7.5.1 Non-superradiant phase

We will first determine the stability of the non-superradiant configuration given by

Eqgs. (7.30)—(7.34). Using Eq. (7.90) and Eq. (7.91]), we can explicitly calculate the dispersion
relation D(v) given in Eq. (7.73]) that takes the form

NT. iy 1 1—e™7
D(v)=1- 5 u cos(y)e X— (1 — e) . (7.92)

vT vT

We then numerically find the solution vy of D(v) = 0 with the largest real component. In Fig.[7.3
we show the real component Re(rp) in subplot (a) and the imaginary component Re(rp) in subplot
(b) as a function of NT.7 and of A/(k/2), respectively. In Fig. [7.3|a), we observe Re(vg) < 0 for
sufficiently small NT'.7 or large enough A/(x/2). The solid black line marks the phase transition
threshold below which the non-superradiant configuration is stable, and above which we expect
superradiant emission. Specifically, for A/(x/2) = 0 this threshold is given by NI'.7 = 4, which

means that superradiant emission is only possible if the collective linewidth NT'. is essentially
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Figure 7.3: (a) The real component Re(rp) and (b) the imaginary component Im(rp) of the zero
vy with the largest real component of D(v) in Eq. . They are plotted as a function of the
detuning A in units of /2 and the collective linewidth NT'. in units of 1/7. The black solid line
is determined by Re(vy) = 0 above which we expect superradiant emission.
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larger than the transit time broadening 1/7. In Fig. [7.3(b), we plot the imaginary component
Im(rp) which is the frequency of the atomic emission relative to the atomic resonance frequency
wqa. Therefore it is clear that Im(ry) = 0 for A = 0, implying that the atomic frequency, the cavity
frequency, and the emission frequency are all equal. When A # 0, the emission frequency depends

not only on A/(x/2) but also on NT.7.

7.5.2 Superradiant phase

We will now study the superradiant configuration as shown in Fig. above the phase

transition threshold. For this we need to solve Egs. (7.50|) and (7.51)) given Eqgs. (7.90) and (7.91).

Using the substitution

v
; ) = 7.93
sin(1 =) = o (7.93)
we derive the differential equation
l
K T, v
—w SiH(K)Uxaax = COSQ(X)JOnvxg:E. (7.94)
This equation implies
U = [1— cos(K)]f (7.95)
with
2w
f=—"F—""7 (7.96)
I'ccos(x)J,

where we have used the fact that 7 is unity for —w < x < w by Eq. (7.90). Combining this result

with Eq. (7.93]) and then solving Eq. (7.51) we obtain

. sin |:\/1+f2FcC:‘S(X)J0| (z4w)
Sin[ (a:)} = . (7.97)

e P

We have now found the solutions for K and v and will use them to determine the frequency

w and the collective dipole J(‘]‘. Using the results for ¢» and K in Egs. (7.48) and (7.49)), after some
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b)  A/(K/2)=05 () A/(s/2)=1 (d) A/(k/2)=15

Figure 7.4: Bloch vectors parametrized according to Egs. f where we have combined
Eqgs. and to calculate w and J(|J| and then Egs. (7.93), (7.95)), and (7.97) to calculate
K(z) and ¢ (x). The black solid lines are the traces of the Bloch vectors for —w < z < w. We
have used NT'.7 = 10 and four different values of A/(k/2) [see titles of subplots (a)—(d)] for the
numerical values used.

algebra we find

<92 §
3 =NFCTSIH£<2>, (7.98)
etan(y) = I;T¢1J:r7ﬁ [1 - Sing(@] , (7.99)

with

W1+ fQFCCOS(X)JyT
= 5 )

¢ (7.100)

Given a value of A/(k/2) and NT.7, we can now numerically determine £ and f and then calculate
J(l)| and w. These values can then be used to derive K (z) and ().

In Fig. we show the result for four different values of A/(k/2) with a fixed NT'.7 = 10
where we derive K (z) and () and then use Eqs. (7.76)—(7.78) to illustrate the dynamics of the
dipoles on the Bloch sphere (see Fig. with ¢ = ) for —w < x < w. We have normalized the
Bloch vector to length unity.

Since the atoms enter in the excited state |e), the Bloch vector is pointing along the z direction
initially for z = —w. For all cases the collective dipole J(l]l, which is here determined by the integral

of all the Bloch vectors along the trajectory for —w < x < w, points in the x direction by choice
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[see Egs. and (7.79)]. In Fig. [7.4a) where A = 0, the Bloch vector remains in a plane that
is spanned by the z axis and the collective dipole. This is different for nonvanishing A values [see
Figs. [7.4(b)- [7.4(d)] where the Bloch vectors leave this plane. We observe that the total curve
becomes shorter for increasing A values and the length of the collective dipole also decreases for
these parameters.

In order to study this effect, in Fig. (a) we show the normalized collective dipole j(|]| = J(|)| /N
for different values of NI'.7 and A/(k/2). We observe the same transition threshold between
the superradiant and non-superradiant phases as shown by the black solid line in Fig. This
transition is continuous but not differentiable. Above the threshold, we find a non-vanishing value
for the collective dipole. In Fig. (b) we show the value of the frequency w that has been calculated
for the same parameter regime as jg in Fig. (a). We see that w vanishes for A = 0 which implies
that the atomic frequency w,, the cavity frequency w., and w are equal. For a given value of NT'.7
the frequency w increases linearly with A/(x/2). This shows that the cavity pulling coefficient
p = w/A in the superradiant regime is independent of A even for large values of A/(k/2).

We have also derived the stability of the superradiant configuration using the dispersion
relation in Eq. . We have found zeros 1y with positive real part for the parameter region
that is shown as a gray area in Fig. [7.5 bounded by a black dashed line. This is the parameter
space where we expect a different dynamical phase because the stationary superradiant and the
non-superradiant solutions are unstable.

We will now compare our analytical finding with numerical simulations.

7.5.3 Numerical study

We numerically integrate Eqgs. (7.63)—(7.65) using the mode function in Eq. (7.90) and the

homogeneous density in Eq. (7.91]).
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Figure 7.5: The normalized collective dipole jg = J(‘)‘ /N (a) and the frequency w in units of 1/7 (a)
as a function of A/(x/2) and the collective linewidth NT'. in units of 1/7. The results are calculated
using Eq. and Eq. . The black dashed line is the boundary of the gray area where the
superradiant configuration transitions to a multicomponent superradiant regime. This has been

determined using the solution of j(l)l and w to find zeros of the dispersion relation in Eq. (7.89).
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7.5.3.1 Superradiant to non-superradiant regime

We first investigate the crossover regime from the superradiant to the non-superradiant phase
for a fixed NT'.7 = 20 and various values of A/(x/2) and N. Figure[7.6{a) shows the cavity output
power in units of N/7. This quantity can be interpreted as the number of photons that are emitted

per atom during the transit time 7. It is calculated from

r{ata)
N/t

B (J*J)
=TI, COS2(X)TT, (7.101)

where we have used Eq. and J = (J* —iJY)/2 is taken from the numerical integration. On
the other hand we can take our analytical results where we expect (J*J) = N2 j(‘)‘ /4 to predict the
cavity output power. In Fig. a), we show the numerical results of the output power as dotted
lines with different markers which indicate different atom numbers (see inset). The analytical
results calculated from jg is shown as the solid black line. We find very good agreement of the
numerical and analytical results for all parameters. In general we observe that at the transition
from the superradiant to the non-superradiant phase (dashed vertical red line), finite size effects
smooth out the non-analyticity, which is expected from the analytical results.

To study the coherence properties we also investigate the second-order Glauber go function
defined as

(J*JJ*J)

92(0) = RO (7.102)

which is shown in Fig. |7.6(b). Well inside the superradiant phase we observe g2(0) ~ 1, which
indicates second-order coherent light. This result is as expected because in this regime and for
large intracavity atom number NN, the collective dipole is coherent and therefore noise only plays
a minor role. As a consequence we can use (J*J) ~ (]\7‘]'(‘)‘/2)2 and (J*JJ*J) ~ (J*J)2. The value
of g2(0) increases at the threshold and reaches ¢2(0) ~ 2 well inside the non-superradiant regime.
This result indicates thermal light.

In order to have access to the emission frequency of the cavity field we have also calculated
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Figure 7.6: (a) The cavity output power r(a'a) in units of N/7 [see Eq. (7.10I)] and (b) the
value of g2(0) — 1 [see Eq. (7.102)] as functions of A/(x/2) for various values of N [see inset of
subplot (a)]. (c) The spectrum |S(v)| [see Eq. (7.103)] normalized for every value of A/(r/2) by
the maximum S™® = max, |S(v)| as a function of v in units of 1/7 and of A/(k/2) obtained
by numerically integrating Eqgs. f for N = 4000. For all simulations we have used
NT . = 20. The black solid line in subplot (a) is calculated from the solution j(|]| obtained from
Eqgs. and . The vertical red dashed lines mark the analytical threshold between the
superradiant and non-superradiant emission regimes. For (c¢) we have used ¢ty = 107 and ¢y = 207.
The red solid line in (c) in the superradiant regime is the frequency w calculated using Egs.
and (7.99). The red solid line in (c) in the non-superradiant regime is Im (1) where 1 is the zero of
Eq. with the largest real part. All simulations have been performed for a total time T" = 2007
and averaged over 100000/N different initializations.
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the spectrum
tcut .
S(v) = / dt e (T (E+ 10) I (t0)), (7.103)
0

where tg > 7 is a time after which we expect the system to reach a stationary state and t¢, is a
numerical integration time. This spectrum is shown in Fig. [7.6(c) as a function of the frequency
v in units of 1/7 and for different values of A/(k/2). We have normalized this spectrum for every
value of A/(k/2) such that |S(v)| < 1. In the superradiant phase we observe a narrow peak of the
spectrum. Specifically, the peak is centered at w = 0 for A = 0. For increasing values of A/(k/2)
from zero, we find a linear increase of the emission frequency described by this peak. The red solid
line in the superradiant regime indicates the analytical solution of w that has been presented in
Fig. [7.5(b) and is in very good agreement with the numerical results. The linear behavior of the
emission frequency is determined by the pulling coefficient, w = A, where we find pr7T == 2.8.

In the non-superradiant regime we observe a much broader spectrum and also a different
behavior of the emission frequency. The red solid line in the non-superradiant regime describes the
solution Im(zg) shown in Fig. b). We find good agreement between this solution and the peak

of the spectrum in the non-superradiant phase.

7.5.3.2 Stationary to multicomponent superradiant regime

We will now investigate the transition from the stationary superradiant phase to a multi-
component superradiant phase (gray region in Fig. , first along NI'.7 = 50 for different values
of A/(k/2). As we will show below, in this multicomponent superradiant phase we observe poly-
chromatic superradiant emission where the spectrum shows several frequency components. We first
study the output power x7(afa)/N in Fig. [7.7(a), where different markers indicate different values
of N (see inset). The analytical results derived from j(‘)‘ in Egs. and are shown as
the black solid line. The vertical dashed red lines indicate the transition from the stationary to
the multicomponent superradiant region (A < 1) and from the multicomponent to the stationary

region (A < 2.5). Inside the stationary superradiant phase, we find good agreement between the
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Figure 7.7: (a) The cavity output power x(a'a) in units of N/7 [see Eq. (7.10I)] and (b) the value of
92(0) — 1 [see Eq. (7.102)] as functions of A/(k/2) for various values of N [see inset of subplot (a)].
(¢) The spectrum |S(v)| [see Eq. (7.103))] normalized for every value of A/(k/2) by the maximum
SMaX = max, |S(v)| as a function of v in units of 1/7 and of A/(x/2) obtained by numerically
integrating Eqs. f for N = 4000. For all simulations we have used NI'.7 = 50. The
black solid line in subplot (a) is calculated from the solution jg obtained from Eq. and
Eq. . The vertical red dashed lines border the multicomponent regime. For subplot (c) we
have taken the values tg = 107 and t¢yy = 207. The red solid line in (c¢) in the superradiant regime
is the frequency w calculated using Eq. and Eq. . The red circles in (c¢) at the phase
thresholds are the values of w + Im(v;), where v is the zero of Eq. with the largest real
part. All simulations have been performed for a total time 7' = 2007 and averaged over 100000/N
different initializations.
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numerical and the analytical results. In the multicomponent regime, however, we observe that
the output power spikes, indicating that every atom emits more photons than expected from the
analytical theory (black solid line).

We also show the g2(0) for the same parameters in Fig. [7.7(b). We find that g2(0) ~ 1 in
the stationary superradiant regime. The slight increase for A/(k/2) > 5 is due to the fact that we
approach the transition to the non-superradiant regime. This can also be seen because the output
power in that parameter regime approaches zero in Fig. [7.7|a).

In the multicomponent regime that is bordered by the two red vertical dashed lines, the g2(0)
function spikes. The fact that we find values g2(0) > 2 indicates photon bunching in this parameter
regime that cannot be explained by thermal light.

The features of the emitted light are best illustrated in Fig. (c) where we plot the spectrum
|S(v)| as a function of v in units of 1/7. In the stationary superradiant regime we find a narrow
single peak. The position of this peak agrees very well with the frequency w that has been calculated
in Fig.[7.5(b). The emission frequency follows the description w = pA and we find pk7 ~ 1.6.

For parameters within the region that is bordered by the two vertical red dashed lines,
however, we find several narrow peaks which means that the light emission is polychromatic. The
origin of the sidebands can be explained by the zero v of the dispersion relation Eq. with
Re(vy) > 0, signalizing an unstable superradiant configuration. The imaginary component Im(v;)
is expected to be the frequency of the sidebands relative to the central frequency w. We show
w =+ Im(r) at the phase thresholds as red circles. They are in good agreement with the emerging
sidebands. We emphasize that our linearized description used to calculate 11 does not work beyond
the phase thresholds to the multicomponent regime, where we need to include the full dynamical
description of the atomic dipoles.

We have also studied the same transition for a fixed value of A/(x/2) = 1.5 when we vary
NT .7 > 20. For these parameters, we expect the phase threshold to be around NT'.m =~ 40, shown
as the vertical red dashed line in Fig. [7.8, In Fig. [7.8(a) we show the output power for different

values of N using different markers (see inset). The black solid line is the analytical result calculated
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Figure 7.8: The same quantities as shown in Fig. but for a fixed value of A/(k/2) = 1.5 and as
a function of NI'.7. The vertical red dashed line marks the transition from the stationary to the
polychromatic superradiant regime and the red circles in (c¢) at the phase threshold are the values
of w £+ Im(v1). The remaining parameters are the same as in Fig.
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from j(l)l. In the stationary superradiant regime the analytical and the numerical results are in good

agreement. Beyond the threshold we observe an increasing value of the numerically calculated
output power while the analytical result keeps decreasing.

In Fig. [7.§b) we find that the light field is second order coherent [i.e., g2(0) ~ 1] inside the
stationary superradiant phase. When we enter the multicomponent regime we observe an increasing
value of g2(0). The maximum value of g2(0) for the given parameters is close to ¢g2(0) ~ 3.

The spectrum |S(v)| is visible in Fig. |7.8(c) as a function of v in units of 1/7. We find
one narrow peak of the spectrum in the stationary superradiant regime. The corresponding emis-
sion frequency is in good agreement with the analytical value (red solid line) of w calculated in
Fig. (b) At the transition we find two emerging sidebands. These sidebands have been compared
with w 4+ Im(vy) (red circles), where vy is the zero of Eq. with the largest real component.
They are in good agreement with the numerical results. Beyond the transition point we observe an

increasing number of sidebands.

7.54 Cavity pulling

At the end of this section we derive the cavity pulling coefficient g that describes the change
of the emission frequency w when the atomic transition and the cavity mode are not resonant. For
this we use Eq. and solve the integral in Eq. ([7.60) using the mode function in Eq. and
the atomic density in Eq. (7.91f). Since the cavity pulling coefficient is the result for small detuning
A/(k/2) < 1, we can use Eq. and find f o< A/(x/2) and neglect the second order in f2 ~ 0.
Consequently, we find £ = FCJ(‘)‘ 7/2 and can use Eq. to calculate J(‘)‘. The value of ¢ can then

be used to calculate the timescale

sin()
NT.721— =%
CL=—5 o ¢ (7.104)

The value of p is shown in Fig.[7.9(a) as a function of NT, and x both in units of 1/7. The
latter is given in a logarithmic scale to show different orders of magnitude for k7. For k7 < 1,

the lifetime of photons is much shorter than the transit time of the atoms. In this case we expect
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Figure 7.9: (a) The cavity pulling coefficient o defined in Eq. as a function of the cavity
linewidth x and the collective decay NT, both in units 1/7. For the calculation of p we have
solved Eq. using the solution of Eq. for f = 0. (b) The cavity pulling coefficient p
normalized by 1/(k7) as a function of NT'; in units 1/7. For the derivation we have calculated
p = w/A that is independent of A in the limit k7 > 1 where the cavity field can be eliminated.
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many photons in the cavity and the resulting pulling coefficient is p < 1, showing that emission
appear almost in resonance with the cavity degrees of freedom. For x7 > 1, photons leave the
cavity earlier than the atoms traverse the cavity. In this regime the atoms store the coherence and
the frequency of the collectively emitted light is almost in resonance with the atomic transition,
p~0.

The results obtained in the regime k7 > 1 can be directly compared with our simulations.
In Figs. [7.6(c) and [7.7|(c), we have seen that the frequency w is linear in A even if A/(k/2) ~ 1.
This is equivalent to the fact that p is independent on A in the limit k7 > 1. In Fig. [7.9(b), we
show @ normalized by 1/(k7). This pulling coefficient is slightly different from the one that has
been reported in Ref. [02]. The reason for this discrepancy is the absence of Doppler-broadening
and the cosine term in the cavity mode function in the model studied here. In fact the results
in Ref. [92] seem to be displaced by approximately a factor of 1/2 that is due to an average over
cosine-squared, and this results in a weaker effective coupling. In addition, we remark that this
pulling coefficient is only valid in the stationary superradiant regime, and cannot be used for the

multicomponent regime where we observe several peaks in the emission spectrum.

7.6 Conclusion

In this chapter we have introduced a theoretical description for the dynamics of an atomic
beam that traverses a single mode optical cavity. The atoms are described by optical dipoles with
transition frequency that is detuned from the cavity frequency. We have derived the stationary
phases of the atomic beam including the non-superradiant and superradiant configurations. The
latter was used to calculate the cavity pulling coefficient in both the “bad” (large k) and “good”
(small k) cavity regimes. After deriving an analytical theory for the stationary phases, we have
determined the stability of the atomic dipole densities. By applying our theory to a specific model
we have predicted three phases of the atomic beam. Our findings are in good agreement with
numerical results where we highlight the phase transitions by examining the output power, the go

function, and also the emission spectrum. In the end we discuss cavity pulling for this specific
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model.

The model analyzed in Sec. represents an idealized model since it does not capture ad-
ditional relevant effects of an actual experiment such as the Doppler broadening, inhomogeneous
coupling, and homogeneous broadening. However, we have shown that even such a minimal model
has non-trivial solutions with monochromatic light emission and even highly dynamical phases with
polychromatic light emission. Therefore we rather see this work as a stepping stone towards under-
standing the physics of more specific setups. Our idealized model highlights that multicomponent
superradiant emission can originate from collective homogeneous frequency shifts. This work ex-
tends previous scenarios that have been studied where the dynamical phase emerges because of
optomechanical effects [66], 67] and inhomogeneous frequency shifts [136] 150, [69]. Although ex-
tensions may be necessary, the general theoretical methodology developed here will provide a good
foundation for understanding any potential experimental systems.

In the future, it would be interesting to understand the interplay and relation to dynamical
phases that have been studied in similar atomic beam setups [70} [69]. Moreover, while our analysis
has been focusing on the light that is produced by the collective emission of the atomic beam, we
have not yet investigated the atomic state in great detail. This might be especially interesting in
the multicomponent superradiant regime because the dynamical character of the light field must
result in a dynamical spin density. We expect that this is interesting for the study of dynamical

phases and dissipative time crystals [49] 62 156, [75].



Chapter 8

Regular and Bistable Steady-State Superradiant Phases of an Atomic Beam

Traversing an Optical Cavity !

8.1 Introduction

Coupling quantum particles to bosonic modes enables the building of versatile platforms to
study driven-dissipative dynamics in various physical setups. Prominent examples include trapped
ions [21], color centers in diamonds [5], semiconductor systems [127], and atoms in optical cav-
ities [I08]. The bosonic modes typically serve as common and intrinsically lossy channels that
enable strong interactions. In particular atomic ensembles in optical cavities have been used to
investigate many-body effects that are of elementary and fundamental interest, such as exotic
quantum phases [110} 85, 86} 8, 53, 83, 04, 03, 79, 84, B6] and collective dissipative dynamics
[37, 10, 125, 138] 137, 165, [72], but are often accompanied by potential technological applica-
tions [101], 134 12} 119] O0, 142] 144].

An example of such technology is the steady-state superradiant laser [101} 12]. This laser
works in the regime where the lifetime of cavity photons is orders of magnitude shorter than the
lifetime of the coherent dipoles. In this regime, coherences are stored in the atoms and are robust
against environmental noise [101], 12} 100} 99| 1T, 115 116]. Besides this technological feature, this
setup has also been connected to time crystals [156] [62] 49, [74], [I71], synchronization [107, 3], 166,
172, [161], and dynamical phase transitions [7, [114] 66, 108, [67]. The rich dynamics of this system is

based on effective interactions between the atoms and requires that the atoms remain in the cavity

'The bulk of this work has been published in Physical Review A [70]. Copyright 2021 American Physical Society.
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e), :,:.f.':"". ) gn(x)

Figure 8.1: (a) Atoms are preexcited and pass through a lossy optical cavity. (b) Two-level atoms
resonantly exchange photons with the cavity mode with a spatially dependent coupling gn(x).
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over long time scales.

In this chapter, we will investigate superradiant phases that establish and persist on timescales
that are much longer than the lifetime of any individual photon or atom in the cavity. In order to
show this, we consider an atomic beam that traverses an optical cavity (see Fig. ) A similar
system has been studied in [92] for purposes of realistic quantum metrology applications such as
active optical clocks [25] and ultra-narrow linewidth lasing in the field [78|, [149]. The superradiant
phases that arise from such systems highlight the ability of many-body states to store coherence
on timescales exceeding the lifetime of their constituents.

The chapter is structured as follows. In Sec. we introduce a semiclassical treatment to
describe the dynamics of the atomic beam. In Sec. we determine the parameter regime where
the atomic beam will undergo superradiant emission. In Sec. we analyze the two occurring
superradiant phases and study in detail the crossover between the two phases. We conclude with
a discussion of the results and their implications in Sec. The Appendix provides additional

details of the calculations presented in the main text.

8.2 Model

We study the dynamics of a collimated atomic beam that passes through an optical cavity. In
our model, the atomic beam is composed of atoms that have the same identical velocity v = (v, v,),
where v, (v,) is the longitudinal (transverse) component perpendicular (parallel) to the cavity axis
(see Fig.|8.1h). Each atom possesses internal degrees of freedom that are described as a two-level
system representing an optical dipole with transition frequency w, between its excited |e) and
ground state |g). We assume throughout this chapter that the atoms are preexcited in |e) before
they enter the cavity. Once in the cavity, every atom interacts during its transit time 7 with a
single cavity mode with linewidth x and frequency w. that is on resonance, i.e., w. = w,. The
atom-cavity coupling is characterized by a vacuum Rabi frequency g at the maximum of the cavity

mode function 7(x) (see Fig.[8.1p).
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8.2.1 Parameter regime and quantum mechanical description

We investigate the regime where the lifetime of cavity photons is much shorter than the atom
transit time, i.e., k! < 7, and the Rabi splitting due to the coherent atom-cavity exchange is
unresolvable, i.e., VVNg < k, where N is the mean intracavity atom number. In this regime, the
field mode mediates an all-to-all interaction between the atoms, and exposes the dipoles to quantum
noise that physically arises from the vacuum leaking through the cavity output. Consequently, we
can adiabatically eliminate the field variables and describe the dynamics of the atomic degrees of

freedom using the following Heisenberg-Langevin equations

dé; r R R

dé%

) ( 57+ ) +87, (8.2)
dx;

dTJ =v;. (8.3)

These equations are presented in the reference frame rotating with frequency w,. Here j labels
.I.

the individual atoms and 6, = l9); (el Aj = (&;) are the annihilation and creation operators

of an electronic excitation and 65 = |e);{e|; — [g);(gl; for atom j. The internal degrees together

with the position x; = (x;, z;) describe the instantaneous state of each atom. Furthermore we have

introduced the single-atom emission rate ', = ¢%/x into the cavity mode and collective operators

for the atomic dipoles

= Zﬂ(xj)ﬁf (8.4)

The summation runs over all atoms in the beam. The effect of the shot noise that is present in this
system is apparent in the terms given by S’; = n(ﬁj)c}]z-]:'_ and SJZ = —277(§<j)(]:'+5'; + &;r]:"_). The
term F is effectively delta-correlated on the slow timescale associated with the dynamics of the
atomic degrees of freedom. This property is represented by the set of correlations that can be written
as (F-(OF(t))e = 0 = (FHOF(¢))e and (F~()FH(E)e = Dd(t — ¢), F+ = (F). The
expectation value (...). is taken over the cavity degrees of freedom and the vacuum electromagnetic

modes external to the cavity. In our treatment we have neglected spontaneous emission and other
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dephasing mechanisms, since we assume that 7 is much shorter than any single-atom decoherence
time. Furthermore we assume that the atomic motion is ballistic, which is an approximation that
is valid when optomechanical forces can be ignored. This requires that Fr/m < v, where we can
estimate the optomechanical force F ~ hNT.Vyn(x) that is acting on an individual atom during

its transit. Here, m is the mass of the atom and Vy = (9,, 0,) is the gradient operator.

8.2.2 Semiclassical description of the atomic degrees of freedom

We are interested in the NV > 1 limit where many atoms couple to the cavity mode at the
same time. Because of the exponentially large Hilbert space dimension an exact solution of the
quantum mechanical Heisenberg-Langevin equations is intractable. Therefore we make a semiclassi-
cal approximation where we replace the quantum operators by c-numbers and add fluctuating noise

terms that account for the true quantum noise. This can be done by writing down the Heisenberg-

Langevin equations for the Hermitian dipole components 67 = &; + Er;f, A;’ = i(&; — Aj), and 67,
and replacing them by their corresponding ¢-number variables s7, sg, and s7. This results in the

following stochastic differential equations that completely characterize our model 2

X
dsj

dt

y
dsj

dt
ds? T

ditj =— ?Cn(xj) (stf + Jys?;> +S7, (8.7)
dx;

d—; =v;. (8.8)

n(x;)s5Je + S5, (8.5)

n(x;)s5Jy + SJ‘I-/, (8.6)

The expressions

Jo = mej-)s;% (8.9)

with a € {x,y} define the x and y components of the collective dipole. In this semiclas-

sical description, the cavity vacuum noise is represented by the terms Sj =n(x;)siF, and

2We have neglected single-particle terms that scale with T'. under the assumption that I'.7 < 1. Furthermore,

our approach requires that IV > 1. In this regime the emission is mostly collective.
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87 = —n(x;)(s5Fz + s?]:y), where F, and F, have zero mean and are defined by the correlation
matrix elements (F,(t)Fp(t')) = Tcdapd(t —t') with a,b € {x,y} and J;; the Kronecker delta. In
our approach, these noise terms have been derived using the symmetric ordering of the operators,
where we identify the symmetric ordered moment (6?6? + 6?&?} /2 as the second moment <sfslj’>
of the classical c-number variables. Besides the fluctuations arising from the cavity vacuum noise
(i.e., F» and Fy), there are additional noise source terms that arise from the effective pumping
that is introduced by atoms sporadically entering and leaving the cavity mode. For atom j that
enters in [e) with s7 = 1, the uncertainty in s7 and s]y- needs to be maximal (see Ref. [I33]). This is
modeled by randomly and independently initializing s7 = £1 and sg = +1. With this we fulfill the
boundary conditions for the preexcited dipoles as they enter the cavity, i.e., (6767) = (s7s]) = d;j,
<A§'6§/> = (si/s% = 0ij, and (676] +676%)/2 = (s¥s]) = 0.

While the microscopic description of Egs. f is used for the numerical analysis of
the setup, we can also derive a macroscopic description that allows for (semi)analytical results. To
obtain this macroscopic description of the atomic beam we examine the dynamics of the densities

sa(x,t) = >, s70(x — x;) with a € {z,y,2}. Using Eqgs. (8.5)—(8.8) we obtain Klimontovich-like

stochastic equations [22] for the densities

xX ]‘_‘C
({3; +v- Vs, :?n(x)stz +S., (8.10)
3} I,
Py . Vxsy ==n(x)Jys. + Sy, (8.11)
ot 2
8 z FC
;t +v-Vgs, =— ?n(x) (Jusz + Jysy) +S- . (8.12)

The left-hand sides of Egs. (8.10)—(8.12)) describe the free flight of the atoms. The first term on the
right-hand side of each equation characterizes the collective decay mediated by the cavity field. In
this density notation the z and y components for the collective dipole defined in Eq. can be

expressed as
Jo = /dx N(x)sq(x,1), (8.13)

where we have used /dx f(x) = / d:v/ dz f(z,z) and a € {z,y}. The S, terms in
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Eqgs. (8.10)—(8.12) are stochastic variables that are described by S,(x,t) = n(x)Fgs, and S,(x,t) =
—n(x) (Fesz + Fysy).
While the derivation so far is quite general, our analytical and numerical analyses focus on a

simplified cavity mode function with a rectangular profile that is given explicitly by the form
n(x) = cos(kez) [O(x + w) — Oz — w)]. (8.14)

Here, O(x) is the Heaviside step function, w is a width parameter that effectively corresponds to
the cavity beam waist, and k. = 27/\ is the wavenumber with A the optical wavelength. The
transit time is directly related to the cavity beam waist and the velocity vertical to the cavity axis,
ie., 7 = 2w/v;. The prescribed condition that new atoms are introduced in state |e) leads to a
boundary condition s,(x = —w, z,t) = N/(2w). This is derived assuming that the diameter of the
atomic beam is much larger than the wavelength A. In this case we can use A-periodic boundary
conditions in the z direction and restrict the z values to the interval [0, A). In order to describe the
quantum fluctuations of the introduced dipoles it is necessary to establish the correct magnitudes
of the second moments [I33]. This results in initializing the s, and s, components with the aid of
a simulated noise process that is defined by the following properties: s,(x = —w, z,t) = W,(z,1t),
with (W, (z,t)) = 0 and (W, (2, )W, (2, ")) = N/(2w)dap0(z2 — 2/)0(t — t') /v, a,b € {z,y}.

In the following section we will use this density description to study the onset of superradi-

ance.

8.3 Onset of superradiance

We first solve Egs. (8.10)—(8.12]) within the scope of a mean-field approximation. That is,
we assume S, ~ (Sq), a € {z,y, 2}, and calculate the expectation values of the individual dipole
components. For clarity, here the expectation value (...) denotes an average over different initial-

izations and noises. By replacing the fluctuating variables s, and J, by their expectation values,
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we obtain the mean-field description

9(sz)

ot TV Vs :%”(X)<Jx><8z>» (8.15)
I(sy) I

) v Tl =EEnG ), .16
agstﬁ +v - Vilss) = — %n(x) () (s2) + (T, (s,)] (8.17)

Without any mnoise, the system will always remain in a non-superradiant configuration
(82) = 0= (sy), and consequently (J;) =0 = (J,). In this case the atoms essentially do not in-
teract with the cavity and there is no emission of photons. Therefore, during the transit the atoms
remain in their electronic excited state, i.e.,

(5) =5 (3.18)

However, this mean-field solution is in general not stable with respect to perturbations by the
physical noise sources. Fluctuations of the dipoles and cavity shot noise would initiate a transient
avalanche emission process and lead to collective emission by the dipoles into the cavity mode. In
order to find the threshold for this effect we calculate the stability of the non-superradiant solution

with respect to a small fluctuation ds, = s, — (Sa), @ € {z,y}. The equations for s, read

005, NT,
ot v Vxdsa )

n(x)6Ja. (8.19)

Here, we have defined §J, = [ dxn(x)ds, and neglected second order terms in the fluctuations.

Define the operator
Lof(x) = —v - Vxf(x), (8:20)

with a function f(x) = f(z,z). With this definition, we use the Laplace transformation L[f](v) =

/ e "' f(t)dt on Eq. (8.29) and obtain
0

NT.

[V — Lo] L[0sa] — 054(x,0) = 4w)\17(x)L[(5Ja]. (8.21)
We solve this for L[ds,] where we obtain
-1 NT. -1
L[dsq] = [v — Lo]™ " dsq(%x,0) + L[6J,] [v — Lo]™ ", (8.22)

4w
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where we have relied on the fact that L[0J,] does not depend on x. We can now multiply this

equation by 7 and integrate over x to obtain

L[5 Ja) = Ji + Ja, (8.23)

with
J) = / dxn(x) [v — L] 654(x,0), (8.24)
Jo :/dxn(x) Z&L[&Ja] [v— Lo . (8.25)

We solve the equation for L[0.J,] and the final result reads

J1

L[6J,] = — . (8.26)
— ot Jdxn(x) [ = Lol n(x)
Using now the relations
[v— Lot = / dt e Vtekot, (8.27)
0
¢£0t f(x) = f(x - Vi), (8.28)
and after a substitution x — x + vt we obtain
/dx/ dt e V' (x + vt)ds4(x,0)
L[6Ja] = (8.29)

ivzf)‘\’/dx/ dte "t x—i—vt)n(x)’
where Js,(x,0) is the fluctuating initial condition and we have used the notation
/dxf / d:c/ dzf(x,z) for any function f(x) = f(x,z). The inverse transform back
into the time domain would provide the solution for §.J,. However, what we are interested in
here is the stability of this solution, that is, whether §.J, is exponentially damped or exponentially
grows. This behavior can be studied directly using the dispersion relation, i.e., the denominator of

Eq. (8.29), whose roots determine the exponents in the time domain. The dispersion relation reads

D(v) dx

4w)\ dt e 'n(x + vt)n(x). (8.30)
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Figure 8.2: The resulting phase diagram describing the light emission for different values of the
Doppler shift, k.v,, and the collective linewidth, NT'., both in units of the inverse transit time, 1/7.
For small values of NI'.7 we find no superradiant emission. For sufficiently large values of NT.T,
regimes of either regular steady-state superradiance (SSR) or bistable SSR are observed depending
on the magnitude of k.v,T.
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The long-time behavior of §.J, o € is determined by the root 1y of D(v) with the largest real
part. If vy has a negative real part the non-superradiant state is stable and vy determines the
decay rate of fluctuations. On the other hand, if 1y has a positive real part the fluctuations will
exponentially grow and thereby seed a superradiant emission from the ensemble.

The boundary between the regime of no superradiant emission and that of superradiant
emission is visible in Fig. [B:2] as a solid black line. This black line has been calculated by finding
the roots vy of Eq. with Re(rp) = 0. As visible in Fig. superradiant emission emerges
when the transit time broadening 1/7 is small compared to the collective linewidth NT'.. The
exact threshold between no superradiant emission and superradiant emission depends on how many
wavelengths an atom traverses during its transit. This quantity is shown as the z axis in Fig. [8.2
that represents k.v,7 = 27 X (v,7)/A. However, superradiance can be observed for every v, as long
as NI'.t > 20.

While in this section, we have been primarily concerned with the difference between super-
radiant and no superradiant emission, we also show in Fig. [8.2] two different superradiant phases.
In the next section we will explain how we distinguish between these two superradiant phases
and provide a detailed analysis for parameters that cross the transition boundary that separates

them.

8.4 Superradiant phases

We now focus entirely on the superradiant emission regime. In particular, we are interested
in understanding the effect of v, along the cavity axis that leads to a transverse Doppler shift in
the frequency of emitted photons. For a single atom, the emission of photons into the direction of
motion shifts the frequency to the blue of the atomic resonance frequency w,, while emission in the
opposite direction shifts the frequency to the red. In the following subsection we will demonstrate

that this simple single-atom picture is inadequate to describe the collective system.
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8.4.1 Regular SSR and bistable SSR

In order to study the regimes of coherent emission, we integrate the stochastic differential
equations f numerically for various parameters. In general, we observe that for small
velocities v, the atomic beam undergoes superradiant emission that is still resonant with the bare
atomic resonance frequency. This finding highlights the many-body character of the superradiant
atomic beam since one might expect a Doppler-shifted frequency for the single-atom case. In order

to demonstrate this behavior, we show the spectrum (see Fig. [8.3n)

T
S(w) / dt LTt + 1) T (1)) (8.31)

0

where tg > 7 is a sufficiently large time after which the system has evolved to a stationary state,
and J(t) = [J5(t) — iJy(t)]/2. The time T is the integration time after ¢y (see caption of Fig. [8.3).
For kv, 7 = 27 x 0.3, i.e., when each atom traverses 0.3 wavelengths along the cavity axis during the
transit time, the spectrum shows a narrow Lorentzian peak at w = 0 corresponding to continuous
superradiant emission with central frequency w,. We label this phase as SSR, due to the similarities
with regular steady-state superradiance (Fig. |8.2)).

While this behavior remains stable at first as v, is increased, once a critical velocity is
reached we observe a threshold beyond which a qualitatively different behavior emerges. As an
example, we show S(w) for k.v,7 = 27 x 0.8 in Fig. , corresponding to each atom traversing 0.8
wavelengths along the cavity axis. In this case, the spectrum exhibits two narrow Lorentzian peaks
that are symmetrically shifted from the resonance frequency of the atoms. While the form of the
spectrum suggests simultaneous emission with both frequencies, we find that the atomic beam will
randomly undergo superradiant emission with either the red or the blue detuned frequency. The
random choice is seeded by the first emission with probability of 0.5 for each of the two possibilities.
Subsequently collective spontaneous emission events will amplify the light field with that frequency.

To further demonstrate this behavior, we illustrate in the left (right) inset of Fig. the
emission spectrum corresponding to trajectories that emit with red (blue) detuned frequencies.

Since we have a finite number of initializations we may observe a slight imbalance of red-detuned
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Figure 8.3: The spectrum S(w), defined in Eq. , as a function of the frequency w in units of 1/7
in the SSR phase for k.v,7 = 27 x 0.3 (a) and in the bistable SSR phase k.v,7 = 27 x 0.8 (b). For
the simulation we used NI'.7 = 30, N = 800, and a total integration time of to+ 71 = tgm = 20007.
The spectra are calculated using 500 independent initializations and after a time ¢ty = 107 (after
which the system is well described as being in steady state). The two insets in subplot (b) show
the averaged spectrum of the trajectories that correspond to a negative frequency wr =~ —4.46
(238 trajectories) and positive frequency wr & 4.46 (262 trajectories).
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frequencies with respect to blue-detuned frequencies in each trial batch. This imbalance can be seen
as different heights in the spectrum shown in Fig.[8.3b. In the insets we see only one peak supporting
our claim that superradiant emission appears for the shown parameters only on one sideband.
Because of the bistable nature of the superradiant peaks, this is reminiscent of optical bistability
of intensity solutions [I], and consequently we refer to this phase as bistable SSR (Fig. .

This bistable behavior is best visible in the dynamics of the phase

Ap(t) = arg </t 1 dt}, (7 + t6)J(t6)>> , (8.32)

0 t1 —to

where arg(...) denotes the argument and to and ¢; are the initial and final times of an averaging
window. We show the dynamics of the phase Ay in Fig. with 500 initializations and for the
same parameters as in Fig. , NT .7 = 30 and k.v,7 = 27 x 0.8. Most of the 500 trajectories
remain on straight lines with a constant slope. This slope corresponds to the two frequencies that
are visible in Fig. [8.3b. However, some of the trajectories jump between the two slopes, signifying
clearly the bistable nature of the frequency solutions.

In order to understand further properties of the two superradiant phases and to provide insight

that is evident from an analytic treatment, we now develop a mean-field theoretic description.

8.4.2 Intensity and emission frequency

Both superradiant phases can be classified by a non-vanishing collective dipole with a constant
length. However, in one phase the collective dipole oscillates with a non-vanishing frequency w
(bistable SSR) while in the other regime the phase of the collective dipole remains almost constant

(regular SSR).

In order to analyze this behavior we solve the mean-field equations

aé? + V- Vls) :%n(x)(sz><J>, (8.33)
8<astz> V- Vilsz) = = Ten(x) [(J7){s) + (s") ()] (8.34)

that are presented in the form above for the complex dipole s = (s, —isy)/2 with J = / dx s.



1500

1000

500
5 0
<]

-500

-1000

-1500

50

100 150 200 250 300
t/T

186

Figure 8.4: The phase difference Ap(t), defined in Eq. (8.32)), as a function of time in units of 7 for
N = 800. The time window is defined by tg = 107 and t; = 17007, and the total simulation time
is tsim = 20007. For the simulations we used 500 trajectories and the parameters k.v,7 = 21 X 0.8

and NT'.m = 30.
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From Eqs. (8.33)—(8.34)) one can verify that

(57+v: ¥x) (522 + o)) 0. (8.35)

This equation highlights that in our model the length of the Bloch vector is conserved. This is a
consequence of the form of Egs. f that describe collective emission as Rabi oscillations
with a self-consistent Rabi frequency o (J). As a result we can use spherical coordinates to
describe the dipole densities. Together with the boundary conditions, we therefore parametrize the
pseudospin variables by the following geometrical quantities

N

(s) :me—w(x@ sin [K (x,1)], (8.36)
(s) :% cos [K(x,1)], (8.37)

with space and time dependent angles ¢(x,t) and K(x,t).
While this description is always valid we will now focus on the stationary properties of the
atomic beam that are realized after a sufficiently long time ¢. In both regular SSR and bistable

SSR, we anticipate a behavior for ¢(x,t) according to
o(x,t) = wt + P(x), (8.38)

where w is the frequency of the emitted light and v is a position dependent but time independent
phase. Assuming K is not explicitly time dependent, we obtain the following coupled differential

equations for ¢ and K

w4+ v Vxp =—Tn(x)|[(J)]sin(y) cot (K), (8.39)

v - Vi K =T'n(x)[{J)| cos(). (8.40)

These equations can be solved together with the two equations emerging from the real and imaginary
parts of / dx (s)e™t = |(J)|. The solution of all four equations result in a value for the length of the
collective dipole |(J)|, the emission frequency w, and the functions K (x) and 1(x). We have derived
these equations, without loss of generality, under the assumption that (J(t = 0)) = (J,(t = 0))/2

points in the z direction at ¢t = 0. This is equivalent to the assumption (J) = |(J)|e~™.
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The complexity in solving Eqs. (8.39)—(8.40) is tremendously simplified in the case where
w = 0 (regular SSR phase) because we directly obtain the result ¢» = 0. In this case Eq. (8.39) can

be directly solved using 1) = 0 and this results in the partial differential equation
v - VxK =Tn(x)[{J)] (8.41)

The solution of this equation is straight forward and reads

L) st sin (;Tzzkczc) cos (k:c [z — xD

K(z—w,z) = k: , (8.42)
cVz
where we have used
Jj st =2[(J)|
N
:/dx n(x) SwX sin( K (x))
1— jo <Fc‘]|2’st7' Sin£ck:§j7)>
=N 2 (8.43)

FcJH,stT
2

Solving this implicit equation for Jj 4 and using the result in Eq. allows us to describe the
dipole density in the regular SSR phase. However, for the general case we have to solve the coupled
partial differential equations.

We show the mean-field results for w and |(J)| across the regular SSR to bistable SSR
transition and compare them with the results of a numerical integration of Egs. f. The
results are calculated for NT'.7 = 20 visible in Fig. B.Bh-b, close to the non-superradiant regime,
and for NT'.7 = 30 shown in Fig. B.5c-d, well inside of the superradiant regime. In Fig. 8.5 we
illustrate (J*J)/N? and the emission frequency w as a function of k.v,7. The mean-field theory
predicts a non-analytical behavior of both (J*J)/N? and w at a threshold value of k.v,7 = 7. It
shows a kink-like local minimum for (J*J)/N? and a bifurcation of w at the threshold that is in
agreement with the simulations. In general we find that the non-analyticities are smoothed out by
noise and finite size effects. The rather large discrepancies between the mean-field results and the

simulations in Fig. are likely due to these effects that are more pronounced close to a tri-critical
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Figure 8.5: The collective dipole (J*.J)/N?2, subplots (a—c), and the frequency of the light w
in units of 1/7, subplots (b—d), as functions of k.v,7. Subplots (a-b), and (c—d) show results for
NT'.m =20 and NI'.7 = 30, respectively. The circles and stars correspond to numerical simulations
of Egs. 7, and the solid lines represent analytical solutions for N — oo. The vertical gray
dashed lines show the transition from regular SSR to bistable SSR. The numerical values of w
from the simulations in subplots (b) and (d) have been calculated by fitting ¢1(¢) (Eq. (8.64)) to
cos(wt + ¢p)e Tt/2 and tg = 107. Here, w, T’ and ¢ are fitting parameters. The simulations are
performed with NV = 800, an integration time of g, = 1007, and 400 initializations.
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point where regular SSR, bistable SSR, and the non-superradiant emission phases meet (tri-critical
point is at NT'.7 = 272 and k.v,7 = 7). For the large k.v,7 limit we obtain the asymptotic result
w & k.v,. The behavior of w close to the transition is reminiscent of a second order phase transition
that is here observed in a highly dissipative setting where neither individual atoms nor individual
photons remain in the cavity on a timescale longer than 7. We remark that in both superradiant
phases we have broken a U(1) symmetry resulting in a well defined value for the phase of J and
corresponding physically to the generation of near-monochromatic light. In the bistable SSR phase
we also have a broken time-translation symmetry, which is evident in Eq. for w # 0.

As we have pointed out in the previous subsection the system can jump between the two

bistable frequencies +w. We now analyze the statistical properties of this effect in more detail

using the result of the numerical integration of Eqs. (8.39)—(8.40]).

8.4.3 Mode hopping probability

In order to quantitatively analyze the statistical properties of the mode hopping, we calculate
the probability for the occurrence of a jump from the negative to the positive frequency. In order
to do this, we begin by evaluating Ap(t) according to Eq. (8.32). Then, we divide the time

interval [0, tmax] of every trajectory of Ap(t) into M equal interval time bins [(m —1)At, mAt] with

m=1,...,M and At = tyax/M. Within each time bin we calculate an average frequency
1 mAt dA ot
w(m) = / dt’ﬁ. (8.44)
At Jm-1)at dt

From the average frequencies, we can now accumulate statistics on the number of frequency jumps
that occur by evaluating whether w(m)w(m + 1) < 0 for m =1,..., M — 1. By counting the total
number of jumps from all trajectories, Njump, and dividing by the maximum number of jumps

possible, Niotal = (M — 1) x T, where T is the number of trajectories, we get

Njump

ump —
-/V:cotal

P (8.45)

for the probability of a mode hop.
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Figure 8.6: The jump probability Pjump, defined in Eq. , for different values of k.v,7 for
NT.r = 20 (a) and NT.7 = 30 (b). For the simulations we used tg, = 1007, N = 800, and
T = 400 and started the analysis after to = 107, after which, to good approximation, the system
had reached the stationary state. The value of Ap(t) for each trajectory is calculated according to
Eq. without the time average for t; — to. According to the definitions given in the text prior
to Eq. , we have used tnax = 907 that we split into M = 20 bins. The gray dashed vertical
line shows the threshold between the regular SSR and the bistable SSR phases, i.e., kv, 7 = 7.
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The jump probability is shown in Fig. B.6p—b for various values of k.v,7 across the phase
transition from regular SSR to bistable SSR and for NT'.7r = 20 (Fig. [8.6p) and NT.7 = 30
(Fig. ), respectively. The simulations are the same as those shown in Fig. |8.5] We see that
Piymp is close to Pjymp ~ 0.5 for both values of NI'.7 well inside the regular SSR phase. This can
be explained by the fact that A diffuses. In this case, after every time bin, the total phase gains
with probability 0.5 a positive or negative increment. Beyond the transition point, k.v,7 = 7, we
observe a decrease of this jump probability in both cases. For NI'.7 = 30 (Fig. ), we observe
that the jump probability drops to a value very close to Piump ~ 0. This emphasizes that the switch
between a negative and a positive frequency becomes very improbable. While we also see a decrease
of the jump probability for NT'.7 = 20 (Fig. ), after the transition point, a jump is still much
more likely than for NT'.7 = 30. Moreover, we observe that the jump probability shows a local
minimum very close to the local maximum of the amplitude of the collective dipole (see Fig.[8.5p).
Therefore we propose that the reason for this effect is the more pronounced contribution of noise
with respect to the mean value of the collective dipole. For the same reason we expect that the
jump probability will decrease in the bistable SSR phase for larger atom number N since the ratio
of noise to the mean value of the collective dipole is further reduced.

While deep in the regular SSR phase we have observed a diffusive behavior of the phase A,
we have also seen a ballistic behavior inside of the bistable SSR phase (see Eq. and Fig. )
This dynamical phase transition is highlighted in the linewidth of the collectively emitted light as

we show now.

8.4.4 The linewidth

Well inside the regular SSR phase we may assume that the system has a macroscopic collective
dipole with some arbitrary phase ¢ in the z-y plane. In that case we can rotate into a frame
such that Jj ~ N and J ~ VN, where || and L denote the new z and y axes. The direction
corresponding to Jj is the direction of the collective dipole while the perpendicular direction .J;

is solely dominated by fluctuations. The dynamics of the dipole component in the perpendicular
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direction can be derived from Eqs. (8.10)—(8.12]) as

0 I,
% 4+v-Vgs| %?T]<X)JJ_3z7St + S8, (8.46)

where we have dropped second order terms in the fluctuations and noise and are therefore able to

substitute the mean-field solution for s, that reads

N

EWY cos(K (x)). (8.47)

Sz,st =

Here, K is the solution of Eq. for w = 0 = 9 in the SSR phase. Equation
includes cavity noise described by the quantity S, (x,t) = n(x)F s, with (F,(¢)) =0 and
(FL()FL(t)) =T:0(t —t'). Besides the cavity noise, it also includes the noisy boundary condition
that arises from the introduction of new atoms s, (r = —w, z,t) = W, (z,t), with (W, (2,t)) =0
and (W, (z, )W, (Z,t)) = N/(2wN)d(z — 2")o(t — ') /vs.

We can integrate Eq. to obtain an analytical result for J,, which can be used to
calculate the linewidth. Furthermore we can use this analytical result to calculate the threshold
between the regular SSR and bistable SSR phases.

Using the Laplace transform on Eq. (8.46)) we obtain
L.
[I/ — ,C()] L[SJ_] — SJ_(X, 0) = ?T]SZVStL[JJ_] + L[SJ_]. (8.48)

Here we have used the fact that s, g is time independent, and included the definition in Eq. (8.20)).
The initial condition s, (x,0) arises from the noisy boundary condition that represents atoms

entering the cavity. It is given by
s1(x,0) = Wi(z = vsto(x), —to(z)), (8.49)
where tg(x) = (w + x)/v,. Solving now Eq. for L[s] we find
Llsi) = [ — Lol ™ 1(x,0) + omsem LU + LS4 (8.50)

Multiplying by n(x) and integrating over the space variable x, we find an equation for L[J,]. We

solve this equation for L[.J] and find the result

LiJw, ]+ 222 [s)]
Dy(v) ’

L[J,] = (8.51)
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where

T, (t) = / dx 1 (% + Vi) W, (2 — vato(x), —to(x)) (8.52)

arises from the initial projection noise. In this derivation, we have used Egs. (8.27)—(8.28) and the
change of variables given by x — x + vt.
The function D (v) is the dispersion relation of the Goldstone mode of the collective dipole,

which reads

NT,
4w\

D,(v)=1- /dx /000 dt e "'n(x + vt)n cos(K). (8.53)

In the regular SSR phase, we can use Eq. (8.41)) to rewrite D, (v) as

/ dte_”t/dxn(x+vt)v-sz”’st
0

D, (v)=1- ,
v) Tiw

where

S||st = msin [K(x)], (8.54)

and J) g = /dx 1n(x)s| st has been calculated in Eq. (8.43).
Applying Gaufl’s theorem and using the fact that the atoms enter in the excited state and
that the mode function vanishes at infinity, we get

0o . d
/0 dte t/dxdtn(x—}—vt)sﬁt

D, (v) =1+ Tia
s

After another partial integration, we obtain the final form

/ e vt dt/dX?](X+Vt)3|,st(X)
0
JH,st .

D, (v) =v (8.55)

The zeros of Eq. (8.55)) can be used to describe the dynamics of J,. In what follows we will
assume that 1y = 0 is the solution with the largest real part. With this we can argue that the pole
at v = 0 in Eq. (8.51]) dictates the long-time behavior of J;. To describe this long-time behavior

we can use the approximation

LlJw, ]+ £ L[S.]

L.~ Cov ’

(8.56)
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where

Dy (v) _ /000 dt/dxn(x—i—vt)sjst(x)

Co = ili}r(l) y Tiw (8.57)
By inverting the Laplace transform we find now
/t dt' [Ay(t') + Az (t)]
J =70 7 , (8.58)
with
A(t) = / dx 1 (x+ vt ) Wi (z — vato(z), —to(z)), (8.59)
As(t) :2‘31&“/). (8.60)

Equation (8.58)) describes diffusive dynamics perpendicular to the direction of the collective

dipole with length Jj ; that results in phase diffusion. Integrating

dp 1 dJy

it S T dt

(8.61)

we obtain

Do dt (M) + As(t)]

Ag(t) = plt) - ¢(0) ol (3.62)

Arguing that the origin of a finite linewidth in the regular SSR phase is phase diffusion, we can

calculate the linewidth using

I = lim <A¢t(t)2>.

t—o00

(8.63)

To show that our description of Eq. (8.63) is valid we have integrated numerically Eqgs. (8.5)—

(8.8)), calculated the real part of the normalized g; function

Re ((J*(t + t0)J (to)))
(|7 (t0)]?) ’

g1(t) = (8.64)

and fitted cos(wt + ¢0)€_Ft/ 2 where w, T, and ¢q are fitting parameters. In this fit w is the emission

frequency reported in Fig. and T is the linewidth, visible as circles and stars in Fig. for
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Figure 8.7: The linewidth I' in units 1/(N) as functions of k.v,7 for NT'.7 = 20 (a) and NT'.7 = 30
(b). The circles and stars correspond to numerical simulations, and the solid lines represent the
result of Eq. for N — oo. The vertical gray dashed lines show the transition from reg-
ular SSR to bistable SSR. The values of I" have been calculated by fitting g1 (Eq. ) with
cos(wt + ¢o)67n/ 2 and tg = 107. The simulations are performed with N = 800, 400 trajectories,
and an integration time of g, = 1007.
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NT'.m =20 (a) and NT'.7 = 30 (b). The solid lines in Fig. are the calculated linewidth from
Eq. . These curves are in good agreement with the simulations well inside of the regular SSR
phase, but predict a diverging linewidth at the critical point.

The origin of this divergence in the analytical result is the break-down of the phase diffusion
argument. The diffusive behavior of the phase is a direct result of Eq. where we have assumed
that vy = 0 is a zero of first order of D (). However, it breaks down if Cy = 0, which indicates
that 19 = 0 is a zero of D (v) of higher order than first. This can be used to identify the threshold
between the regular SSR and bistable SSR phases. We can solve the integrals in Eq. and

find

* kC z
CoJjst :/ dt/dxn(x +VE) 8| = COS < ; T) R, (8.65)
0

with

. vT|1—u LeJj| st sin hovgTu
. sin (kc 2[1 })j1< I, kcv(z 3 ))
R=2N d 8.66
| - , (8.66)

where J,, denotes the Bessel function of order n. For this expression we have used the analytical
result of K given by Eq. (8.42). For kcv.7 = 7, we obtain cos(r/2) = 0, hence Cp = 0, and
the phase diffusion argument breaks down. Therefore k.v,7 = 7 is the threshold between regular
SSR and bistable SSR. This phase boundary is shown in Fig. and as the vertical
dashed lines. At this critical point, we expect that also the numerical result of the linewidth when
expressed in units of 1/(N7) diverges in the large N limit.

In order to support this claim, we plot I' in units of 1/7 for different values of N in a log-log
plot to illustrate the scaling of I' with the number of atoms, I't o« N¢ (Fig. [8.8). We show the
scaling well inside the regular SSR phase for k.v,7 = 7/2 (green crosses), well inside the bistable
SSR phase for k.v,7 = 37/2 (red stars), and at the theoretically predicted threshold k.v,7 = 7
(blue circles). The values of the exponent a governing the scaling relation I't o« N% in the three
regimes are extracted using a linear fit and are reported in the caption of Fig. [8.8] For parameters

well inside of the regular SSR or bistable SSR phases we obtain an exponent o &~ —1. This implies
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Figure 8.8: The linewidth I' in units of 1/7 as a function of the intracavity atom number N for
NT'.m = 30. The blue circles, green crosses, and red stars correspond to different values of k.v,7
(see legend) at the threshold, in the SSR phase, and in the bistable SSR phase. The blue dashed,
green dashed-dotted, and red dotted lines are linear fits according to I't o« N% with a = —0.30,
a = —1.03, and a = —1.06, respectively. For every N we average over 4.8 x 10° /N trajectories with
a simulation time tg, = 1007. Every point is calculated using the fit as described in the caption

of Fig.
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that for given values of k.v,7 and NT.7, I" in units of 1/(N7) is a constant o< I'.. This claim is
consistent with our theoretical description and also shows that the collective dipole remains stable
on timescales that exceed the transit time 7 by orders of magnitude.

At the critical point k.v,7 = 7 the phase diffusion argument anticipates a diverging linewidth.
Our numerical simulations here show that there exists a critical scaling with an exponent o ~ —0.3.
Therefore even at the critical point, I" beats the Fourier limit set by 1/7. In units of 1/(NT)
the linewidth scales as N7 ~ NY7 — oo, supporting our theoretical prediction of a diverging
linewidth using the phase diffusion model. This divergence is reminiscent of the quantum critical
region [I30] that occurs at finite temperature in an equilibrium quantum phase transition where
scaling laws provide the potential for extreme sensitivity to model parameters.

Our analytical theory can also give some insight to the relaxation dynamics at the threshold,

where we find that v = 0 is a zero of order two of D, (v). Using this we can approximate

LlJw, ]+ £L[S1]

L[JL] ~

Civ? ’
where
D
¢y = tim 22 (8.67)
v—0 14
This can be used to establish
t t
/ dt’ / dt” [Ay(t") + Aa(t")]
J| ~20 0 , (8.68)
Cq

where we have used Egs. (8.59)-(8.60). Dividing this equation by J) leads to the following

equation for the phase

/ t dt’ / ' dt” [Ay(t") + Aa(t")]
Ap(t) = 20 0 Ciia : (8.69)
With this we find that
(Aot x (5.70)
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in comparison to t/N inside of the SSR phase. The superdiffusive behavior at the threshold would
result in a relaxation timescale ~ N1/3. This result is comparable with the timescale ~ N°3 that

is given by the inverse of the linewidth at the threshold.

8.5 Discussion and conclusion

A bifurcation in the emission spectrum and a critical scaling of the linewidth has also been
reported for a synchronization transition of two atomic ensembles coupled to a lossy cavity [166),
161]. Although the observed features may appear to be remarkably similar, we want to emphasize
that the dynamical phase transition discussed here is quite different. In our model, the emission in
the regular SSR and bistable SSR. phases always appear with a monochromatic but possibly bistable
frequency. On the other hand, the unsynchronized phase in Refs. [166] [161] shows a beating of two
frequencies that results from simultaneous output. Moreover, the synchronization transition in
Refs. [166, [161] appears if the collective linewidth becomes comparable to the frequency splitting of
the two ensembles. Here, however, the transition between regular SSR and bistable SSR occurs if
the atoms travel exactly half a wavelength during 7, i.e. k.v,7 = 7, independent of NI'.. Therefore
the transition from regular SSR to bistable SSR results from the dipole accumulating a phase when
it travels through the cavity mode function.

We emphasize that the regular SSR and bistable SSR phases rely on the continuous driving
and dissipation of quantum matter, here realized by a beam of preexcited atoms. We provide the
tools to analyze such systems and believe that this work will be useful as one of the first stepping
stones towards future investigations of collective effects in atomic beams. For the experimental
realization of such systems one requires a continuous and dense beam of atoms with a narrow
transition that couples to a single cavity mode. The transition between the superradiant phases
occurs when NT'.7 > 20 that is achievable by state-of-the-art cavity setups [115] 116, 87, 50, 136]
combined with high phase-space density atomic beams [24].

Future work could investigate the regular SSR and bistable SSR phases in presence of more

than just a single velocity. This includes more sophisticated models where for instance the velocity
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distribution is broadened. Moreover, we expect that the system is very sensitive to perturbations at
the boundary between the regular SSR and bistable SSR phases. Therefore it will be interesting to
investigate the potential of this system, in particular in vicinity of the critical region, for metrological

applications.



Chapter 9

Summary and Outlook

In this thesis we have developed the theory of a CW superradiant atomic beam laser in
the “bad caity” regime. Our model is intended to be a simple and clear treatment that correctly
reproduces the system’s essential features. For various configurations of the model, our framework
allows for an analytically tractable mean-field theory, which has been used to study the stable and
unstable superradiant phase transitions. A c-number based semiclassical Langevin theory has been
used to numerically simulate the time evolution of the system.

To realize a superradiant beam laser, one must choose the beam flux, effusive atom source,
and cavity parameters to ensure ®72I'. > 8 and dp7 < 7. For very narrow linewidths, it may be
necessary to reduce dp by transverse laser cooling the atomic beam. Furthermore, to realize a given
linewidth, cavity pulling must be kept small enough to prevent excessive broadening from environ-
mental noise. If cavity pulling remains minuscule, the linewidth can be narrowed by decreasing the
cavity finesse and increasing ®; however, the trade-off is that in the limit of extremely small cavity
finesse, the laser power vanishes as atoms radiate appreciably into other modes.

Potential future research work includes solving for the output linewidth using exact quantum
simulations, investigating optomechanical effects when the collective linewidth is comparable to the
recoil frequency [16] [15] 14, 145] 66], 67], and further understanding the dynamical superradiant
phases as an analogy to the dissipative time crystals [49] 62}, 156, [75]. Our theoretical work in this
thesis has provided a comprehensive analysis of the first milestone to realizing a CW superradiant

laser with an atomic beam. This system promises to be employed as a potential candidate for
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future frequency standards with active optical clocks [25].
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Appendix A

Fourier Series and Fourier Transform

Al Fourier series

L L
Consider a function f : [—2, 2] — C. We define its Fourier series and find its Fourier

coefficients fi by
fla) = fre, (A.1a)
k
fo= [ das@e, (A.1b)

2
fork::%n,nEZ.

Theorem A.1.1 (Parseval’s theorem):

L
1 2
t/

Remark A.1.1: Periodic boundary conditions. Consider a function f; : R — C with periodic

7@ dr = |7 (A2)

k

ol

L L
boundary conditions fi(x + mL) = f(x) for x € [—2, } and m € Z. Then f and f; have the

2

same Fourier series and coefficients.
Remark A.1.2: Hermitian functions. If f(z) is real, then fi is Hermitian, i.e., f_j = f,;“

Remark A.1.3: Rescaling of fi. The Fourier coefficients fi defined in Eq. (A.1) can be rescaled by
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introducing h € C such that

fl@)=nY_ fre*, (A.3a)
k
fe= % /2L dx f(z)e ™. (A.3b)

Notice that this will change the prefactors in Parseval’s theorem such that

MG Uiz

We stick to our definitions of Fourier series as in Eq. (A.1) throughout the thesis unless further

2
] (A.4)

specified.

Remark A.1.4: Distributions. Tempered distributions defined on Schwartz space can have Fourier

series. The Dirac delta function is an example.

A2 Fourier transform

Consider a function f : R — C. We define its Fourier transform and inverse Fourier transform

as

_L > 3 eika: a
f@) = <= [ dk e, (A52)

_L OO T xe—ikm
k) = <= / e fa)e . (A.5b)

Fourier transform is the limit of Fourier series for L — oco. Here we have chosen the symmetric

prefactors for simplification.

Theorem A.2.1 (Plancherel’s theorem):

[e.e] oo . 2
/ de | f(2)]? = / ak|F)| (A.6)
Theorem A.2.2 (Convolution theorem): The convolution of f(x) and g(z) is the inverse Fourier
transform of the product of f(k) and §(k), i.e.,

/ ! (gl — o) = / "k F(k)a(k)e, (A7)

—0o0 — 00
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or equivalently,

- 1 00 ) 0
Fog(e) = o [ dwe [ aat faigla — o). (A3)
T J—c0 —00
Theorem A.2.3 (Wiener-Khinchin theorem): The autocorrelation function of f(z) is the inverse
_2
Fourier transform of its corresponding power spectrum ’ f(k)| , ie.,
(o) [e.e] ~ 2 .
/ do' f*(2') f(x + ) = / k| F)[ e, (A.9)
or equivalently,
.2 1 [ e
‘f(k)’ = 2/ dre™’ x/ dr’ f*(2') f(x + ). (A.10)
T J- —00

Notice the similarity between the convolution theorem and the Wiener-Khinchin theorem.
Remark A.2.1: Hermitian functions. If f(z) is real, then f(k) is Hermitian, i.e., f(—k) = f*(k).

Remark A.2.2: Rescaling of f(k). The Fourier transform f(k) defined in Eq. (A.5) can be rescaled

by introducing h € C such that

_L > ry eika: a
f@)= = / dk: f(k)e', (A11a)

3 —zkac
f(k) h\/ﬁ/ dx f(z . (A.11b)

Notice that this will change the prefactors for Plancherel’s theorem, the convolution theorem, and
the Wiener-Khinchin theorem. We stick to our definitions of Fourier transform as in Eq. (A.5]

throughout the thesis unless further specified.

A3 Kronecker and Dirac delta functions

L L 2
(1) Let x € [—2, 2] and k = %, n € Z. Then we have

5k‘k’ = i/ dz e:ti(k—k/)m’ (A12)

(x — ) Z Fik(z—a') (A.13)
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(2) Let z,k € R. Then we have

Sk —K) = % / dz e k)T (A.14)
§(z—1') = % / dk eFik@=a") (A.15)

Properties (1) and (2) can be used to prove the theorems introduced in this section.

(3) The Fourier transform of a Heaviside step function ©(x) is the distribution *

~ o . 1
(k) — / dr e **0(x) = PV + (k). (A.16)
Thus we obtain
/ dz e = Q(k) = PV% + mé(k), (A.17)
0 7

which is commonly used in physics.

!This equation is exact. To match our choice of the Fourier transform in Eq. (A.5) with symmetric prefactors,

1
one needs to multiply —— to both sides.

V2r



Appendix B

Separation of Center-of-Mass Motion with External Fields

We consider the separation of the center-of-mass motion of an atom with an external field in

non-relativistic quantum mechanics.

B.1 Two-body system

Consider a classical system composed of two charged particles. For convenience, we label
them by {mi,ri,p1} and {mg,rs, p2}, where m;j, r;, and p; represent the mass, position, and
momentum of particle j, respectively. Moreover, we let particle 1 carry charge +e¢, and let particle 2
carry charge —e (one can imagine this system as a classical model of a neutral Hydrogen atom).

For a Hamiltonian that has the form

2 2
P71 | 85} P1 P2
H=PL ¢ P2y ) —e BL - P2) A B.1
PL o Ph ey ) <m m) , (B.1)

where A is a constant field variable, our task it to separate the center-of-mass motion from H as
an external kinetic energy term.

From classical kinetic theory [102], one can check that with the following definitions

( + T
=m m H1 =
miry + mer
Rl s —1 1 272 5 %1 = I‘l — I'2 I (Bz)

My

m —m
2, 2P1 1P2

P =pi +p2 = M
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where {u1, %1, P} refers to the first “relative” particle, the properties below hold

2 2 2 2

P 4
pl p2 1 1 , (B 3)
2my  2mo  2My  2my

V([r1 —raf) = V(|21])- (B4)

Here p is called the reduced mass, and £ and £?; are the position and momentum vectors of the

relative particle. Moreover, we also observe

P1_pPL_P2 (B.5)
H1 mp M2

Therefore, the two-body Hamiltonian can be rewritten as

H_

_ P? N P2 2,
2M,

2m+V(|3?1)} _GI'A’ (B.6)

where we have separated the Hamiltonian into three parts—the external center-of-mass motion,
the internal energy of an particle of mass u; moving in potential V', and the atom-field interaction.

If we now canonically quantize the theory above with the commutation relations

[(fj)aa (ﬁk)g} = 1hdk0ap, (B.7)

for j,k € {1,2} and o, € {x,y,z}, we can check that the new dynamical variables defined in

Eq. (B.2) satisfy

(&), (R),] = (), (#1),| = inds, (B3

for a, B € {x,y, z}. Notice that no approximation needs to be made for the separation of variables

for the two-body system considered above.

B.2 Three-body system

We now consider a classical system composed of three charged particles. We let particle 1
carry charge +2e, and particles 2 and 3 carry charge —e (one can imagine this system as a classical

model of a neutral Helium atom).
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The Hamiltonian is now
3 2 3 p
SIS LRI e ot 9
j=1 I>j5 j=1 j=2

We first apply the exactly same approach used for the two-body system in last section on particles
{mi,r1,p1} and {mg, ro, pa}. This replaces them by particles {M;,R;,P1} and {u1,#1,2?1}. We
then apply the two-body approach once more on particles {M;,R1,P1} and {ms,r3, ps}. The new

particles are labeled as { M2, Ro, P2} and {2, %2, £2}. By definition we have

M = M =
2 1+ ms3 ka iy Myms _ (m1 + ma)ms
My + mg m1 + mg +ms
>
m;rj mi(ry —r3) + ma(ro —r
R _M1R1+m3r3_j=1 7 ) %2:R1—I'3: 1(1 nj)+m2(2 3)
2 = M = 1 2
Py — m3Py — Mips _ m3(p1+ P2) — (1 + ma)ps
P2:P1+p3:zpj M + m3 mi + mg + ms
(B.10)
One can easily check that the properties
3 2 2 2 2
P; P 2
— = —= —r B.11
jzl Qmj 2M2 + Z 2,uk’ ( )
3 3 2
S SVl —nl) =Y V(i) (B.12)
I>j j=1 k=1

hold. Eq. (B.12) just means that since from Eq. (B.10]) the positions %) can be written as a linear
combination of the relative positions rj —r; and vice versa (not linearly independent since the sum
of relative positions is 0), we can rewrite the potential energy in terms of %y.

For the atom-field interaction term, we have

P> _Pi_ps_PitP2_ Ps (B.13)

2 My m3 mp+mg m3
Thus

4 4 +
P, P _PL_ P2 Pi+Pr Py (B.14)
11 142 mip Mo  Mmp+me M3
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Recall that we have assigned +2e charge to particle 1. In an atom this means that we actually
regard particle 1 as the nucleus, which has a mass m; that is far larger than the mass of any other
particles, or more specifically, the electrons. With this in mind, we expand Eq. (B.14)) on the small

parameter £ = mgy/m; and get

pr ope mi o ome mi(1+¢&) ms
P11 P2 P1+p2(1_€)_P3

&+& P1 P2 P1+P2  P3

S me . om ms
P1 P2 P3

NL(2-g) - 2 (1-8) -
mi ma ms

~oPL P2 P3 (B.15)

Therefore for the three-body system, with the condition £ < 1 we have
p2 2 g2 2 2 P,

H=-2%+ ZEANTV(R)| ey AL B.16

st [k v o322 (.16

After canonical quantization, the following commutation relations hold

(), (22),| =it () (22) ] = intoud (B.17)

for j,k € {1,2} and o, B € {z,y, 2}.
B.3 (N + 1)-body system

We now generalize the discussion on three-body systems to an (N + 1)-body system. This
corresponds to an atom of atomic number N. We let particle 1 carry charge +Ne being the nucleus,
and the other N particles carry charge —e being the electrons.

The Hamiltonian is

N+L 2 p; Vo
H = Iy e NEL_NE ) A B.18
; T + e\ Voo ;2 e : (B.18)

where V refers to the potential that depends on the relative positions of the particles. Our task is

to separate the total energy of the (N + 1) particles into an external part that is the center-of-mass
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kinetic energy, and an internal part that describes the kinetic and potential energy of the NV relative

particles. To do this, we define the following sequences of variables

{(My, R, Pr)}, (ks 2, P) } (B.19)

with k € {1,2,---, N}. Here, (M, Ry, Py) represents the center of mass of the first (k+1) particles,
and (ug, 2, P}) represents the kth relative particle. Specifically, we define (M, R,P) to be the
center of mass of the atom. Immediately we have My = M, Ry = R, and Py = P.

We find the expressions of the sequential variables as follows:

(1) Choose the initial conditions as

MO =mai, RO =T, PO = P1- (B20)

(2) For k € {1,---, N}, we have

k1
My = M1 +mpy1 = ij
Jj=1

 Mi_ymg
P ="
k41 k
> My
R My 1Ry 1 +mpirpp1  j=1 2 —R
k — - ’ = _1—7T
Mk k41 k k—1 k+1
> m;
i=1
Mp+1Pr—1 — Mg_1Pr41
P =
k+1 L Mj,

P =Pi1+DPri1= > P
j=1

(B.21)
One can check that the following properties hold
N+1 2 2 N 2
Yo=Y (B.22)
= 277’Lj 2M 1 M
N
V=> V(% (B.23)
k=1

For the atom-field interaction term, we first discuss the small parameter £ as introduced in

the last section. Let £ = m;/m, for j = 2,3,---, N +1. Since all the particles except for particle 1
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are electrons, we actually have §; = £ = m./m, ~ 1/2000 for j > 2. In the following discussion

we start by using {; to label different particles and then use §; = & to simplify the expression
Specifically, we claim that in the limit N¢ <« 1

P NAL
PPEALECP L (B.24)
P e s M
The proof is as follows. From Eq. (B.21)),
N
P _ <Pk—1 B pk+1>
o e o M e
k
N [ 2P
_ Z =1 P4l
k ME+1
R=1 >0 my
j=1
ok
N Z Pj k
VSRR S
1 - mk+1
- N41 N+1
z—z L= (N+1-5)g] = > L1 = (N +1-j)¢] (B.25)
m i j=2
If we now substitute &; = £ for j > 2, we obtain

N+1
Z Ze N [1 - 5] by
1 Mk my

S P (V1) (B.26)
— T
7j=2
Thus for N¢ < 1, we have
N N+1
3 Py _ yPL P,

(B.27)
The condition N¢ <« 1 is always true if Ne is the charge of the atomic nucleus. Therefore to good

approximation, the Hamiltonian can be rewritten as

H= P2 3 ZVL@]—@ZQ% (B.28)
ot k) '
After canonical quantization, the following commutation relations hold
[Ros ] =itas, | () (#2) | = ittt
for j,k € {1,2

(B.29)
' 7N} and aaﬁ € {l’,y,Z}-



We define

Appendix C

Pauli Matrix Relations

0 1 00
ot = , o = , o
0 0 10

Then the following matrix relations can be used for convenience;

+

octoT+o0 ot =1

c'ocT —o 0" =0

0" =207 —1

octo” =(cto )" =
o o = (U—U-i-)n —
00" = —0
b

o of=0

\
oTofc” = —octo™
o ofcT =0 0"
oo 0" =0cto"
o otoF =—0o"
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C.1)

(C.3)

(C.5)

(C.6)



Appendix D

Rotating Frames and Interaction Pictures

D.1 Closed systems

We develop a general theory on rotating frames and interaction pictures for closed quantum

systems.

D.1.1 Rotating frames

Given a certain closed quantum system, suppose there exist Hermitian operators Hy and H, !

such that the time evolution of the system density matrix p and any other operator O can be

expressed by the following equations 2

Then we can define a rotating frame with any unitary operator U such that

Pt =070,

are the density matrix and operator in the new frame, respectively.

1Opera‘cors 1:11 and ﬁg can be time-dependent.

(D.1a)

(D.1b)

(D.2a)

(D.2b)

2Here, as we will see later, the two equations are none other than the von Neumann equation and Heisenberg

equation in an arbitrary rotating frame. For simplicity, we do not consider the cases where Ois explicitly dependent

on time.
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The dynamics of p® and OF can be calculated as

dpt dut,
dt  dt dat m

- Lotmo, ] + Do - p
_ % O LT + mdgjﬁ,ﬁf‘ (D.3)
and
A% _ 40 oy 91900 4 1090
dt dt dt T dt )
Lot 0" + Cpor - vy
otg - i, on| (D.4)
where we have used .
d([;U) _ dZTUJFUTCZ:O. (D.5)
Define
. e a A aut .
HR =UTH\U + ih=—-U, (D.6a)
A = 01t - iy (D.6b)
Then we recover Eqs. f in the rotating frame, i.e.,
dst ih[Hl . (D.7a)
dg:{ T [HQ ’OR} (D-75)

Also notice that

HR + gR =01 (ﬁ1+ﬁ2) U. (D.8)



228
D.1.2 Interaction pictures
In this section, we apply the formalism developed in Sec[D.1.1] to different scenarios.

Scenario D.1.1: From the Schrédinger picture (SP) to the Heisenberg picture (HP).
Suppose we are in the SP with a Hamiltonian HS(t). Then Eqs. (D.1a)(D.1b) are true

if A, = HS(t), Hy = 0, yielding

dp® 1 [ps iy s

o E[H (t),p }, (D.9a)
dO®
— =0 D.9b
7 =0 (D.9b)

Equation is the von Neumann equation, while Eq. means that operators are stationary
in the SP.
Let

- t
U=0U(t, tg) = T exp [; Hs(t’)dt’} (D.10)

to

where tg is some initial time, and 7 is the time-ordering operator. Then by Eqgs. f ,

. 3 e 7t

HR ) = U (t, to)HS (U (8, to) + ihdd%U =0, (D.11a)
R - dUt . ot I

H3\(t) = —ih=——U = U'(t, to) H¥ (1)U (1, to). (D.11b)

Therefore, in this rotating frame,

~R
dst =0, (D.12a)
dOR 17 .
T [Hg(t),oﬂ, (D.12b)

and we call the physical picture defined by this rotating frame the Heisenberg picture (HP). Equa-

tion (D.12b)) is the Heisenberg equation assuming 8 is not explicitly dependent on time.

Scenario D.1.2: From SP to an interaction picture (IP).

Suppose in the SP the Hamiltonian can be written as

HS(t) = HS +V3(1b), (D.13)



229

where ﬁg is time-independent and usually describes some known dynamics, and VS is the interac-

tion Hamiltonian that can be time-dependent. Let

0 = exp {—;Hgt} (D.14)
and thus
dut . g
ih—U = -UTHSU. (D.15)
dt
Then by Eqgs. f,
HR = UTHSU —UTHSU = UTVST, (D.16a)
AR — O EST. (D.16b)

Therefore, from Eq. (D.7al), the dynamics of the density matrix p® is driven by the interaction

Hamiltonian HF, i.e.,

Bl ] = o), o)

while the dynamics of the operators is uninteresting. We call this physical picture the interaction

picture (IP) defined from SP.

Scenario D.1.3: From HP to IP.

In quantum optics, especially for open quantum systems, it is sometimes more convenient to
directly study the dynamics of the operators instead of density matrices. Therefore, it is useful
to define a rotating frame where the operators evolve with the interesting part of the Hamiltonian
(the interaction). We can do this by defining a rotating frame from the HP.

Suppose that we are now in the HP defined in Scenario This is equivalent to saying
that H, = 0, Hy = H"(t) in Egs. (D.1a)-(D.1b), where HY(t) = AX(t) found in Eq. (D.11D).
Suppose the Hamiltonian in HP can be written as

aY(t) = Hy'(t) + V1), (D.18)
where VH(#) is the interaction. Notice here H}l(t) is a function of time. Let

0 = exp {Z Agl(t)t] . (D.19)
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Then by Sneddon’s formula [146, 121]

d 1 s d i
zhdUU—zﬁ/ due“HHt[ dt<hH )] A Hé{tehHHt

H
/due_th[d0+H0

. fTH
eu%HO t
dt

H o
— / du e—u HthHO u%H[I){t _1_19-(1){
. dt

= UTHE @)U + C(t), (D.20)
where
Ct) =t /01 du e‘“zﬁgtcﬁ{ vt (D.21)
Then by Eqgs. 7,
HR = UTHEU + C(1), (D.22a)
Y =UTH"U - UYHU - C(t) = UTVHT — (). (D.22b)

Therefore, from Eq. (D.7b)), the dynamics of the operators is driven by the interaction Hamilto-

nian fIQR, ie.,
oD, O8] — [, o8], (D.23)

while the dynamics of the density matrix is uninteresting. We call this physical picture the inter-
action picture (IP) defined from the HP.

Here we give some special cases for C(t):

dHY 5
(1) If dto =0, then C(t) =
0 dEH] . dHE
H 0| _ — 0
(2) If |Hy, vl 0, then C'(t) = s
4 dHH dft : dft
H 72770 | 0 2 (e~ 220
(3) 1f | Ho', —, hQ—", then Ct) = Q(e —1) T




As an example, consider the following Hamiltonian in the HP

H(t) = hwal (Dalt) + hg [a*(t) + a(t)] ,

231

(D.24)

where G and a' are the bosonic annihilation and creation operators that satisfy [d, dT] = 1. Let

~

Ho(t) = hwal(t)a(t) and V() = hg[al(t) + a(t)]. Then in the HP we have

%&(t) _ —% [(1).a(0)] = ~iwa(t) — ig.
%eﬁ(t) - —% [ﬁ(t), aT(t)} = iwdl(t) + ig.
Thus
%ﬂo(t) - m}% [aT(t)a(t)] = ihwg [d(t) - aT(t)}
Then

1
C(t) — t/ duzhwg e—iuwaTat {CAL - CALT} eiuw&T&t
0
1 . .
= t/ duihwg [ewm& — e_w“’tdq
0
= hg(l — ewt)&(t) + hg(l — e_wt)&T(t).

If we now switch into the IP, then we have

(D.25a)

(D.25b)

(D.26)

(D.27)

(D.28)
(D.29)

(D.30)

(D.31)



232

On the other hand, we can directly get from Egs. (D.25al) and (D.28) that

iwtiA

d . .
I wt a

ia =wea+e 7t

= jweta 4+ e (—iwa — ig)

= —ige™". (D.32)

Therefore our descriptions are consistent.

In the literature, people sometimes refer to Eq. as the definition of a rotating frame or
an interaction picture when working in the HP. Such transformations, when correctly chosen, will
simplify the dynamics of operators as in the case from Eq. to Eq. . However, such
definitions can also be confusing since normally we only talk about an IP when starting from the
SP. Here, we see that the IP defined from a HP is much more complicated than that from the SP
when C # 0, which originates from the fact that ﬁo(t) is a function of time in the HP, although
the construction of rotating frames in Appx. is straightforward and clear. In general, we can
define a rotating frame or IP constructed from any picture by choosing the correct unitary. The

point is to simplify our calculations by absorbing the global rotating phase into the new variables.

D.2 Open systems

We apply our results on the rotating frames and interaction pictures to open quantum sys-

tems.

D.2.1 Master equation

In the derivation of quantum master equation in Sec. we have moved into the IP from
the SP. However, that rotating frame, or IP, is a construction for the closed system combined of the
open system we study and the environment. Here, we consider directly moving into the IP from
the SP give a master equation without worrying about the environment.

Suppose we are in the SP defined for the “bigger” system that consists of our open system

and the environment. After defining the system density matrix p as the total density matrix with
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the environment traced out and making all the approximations in Sec. we have the master

equation (3.24]), which we copy here as
@p= [+ Yore[s (D.33)
where we have dropped the S notation since all operators are system operators. Suppose the

Hamiltonian H can be separated as
H=Hy+V, (D.34)

where Hj is time-independent, and 1% usually describes some coherent coupling that can be time-

dependent. Let

U = exp [—;ffot] (D.35)

and define
pt =00, (D.36a)
o' =U10U, (D.36D)

for any system operator 0. Following similar calculations as Eq. (D.3)), we obtain

a7 _ ‘gw c 019y 4 1,0
— % UTHU + z‘hddUtTU,ﬁI + ;Fkﬁ[ﬁﬂ P
_ ih Ot - U0, ) + g rec[st] ot
_ % :\71, ﬁl} n Zrkc[ﬁﬂ P (D.37)
k

where V1 = UTVU. Compared to Eq. , we see that the frame or picture change is straight-
forward for a master equation. One just needs to include the Lindbladian superoperator term with
operators in the new picture aside from the transformation for closed systems.

As an example, consider the system given in Eq.

hwq

) I
= 505" + hweala + ?g (6%a+afem), (D.38)
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with a master equation for cavity decay

LH — [H ﬁ} + kL[a]p. (D.39)

We can define the IP in three ways:

(1)

A hw o A . ~ ~
Hy = —*6° + hweala. Then we have &' = UtaU = e~elg and (67) = U6~ U =
e~ wal5~  The master equation is
da_ L [f/l ﬁl} +rLlal]p" (D.40)
dt ihl ’
where
o1 hgl i S\ hg (g —int | ata— int
V:7(a)a+(a>(a) :?(aae +a's" e > (D.41)

with A = w, — w,. Thus we see that with this choice of ﬁo, the detuning A is hidden in

the relative phase between atomic pseudospins and the fields.

Hy = 2a&z + hwga'a. In this case, operators a and 6~ are eigenoperators of Hy with
I —iwat A

. SN iwat A
the same frequency —w,. Then we have a' = e a and (67) = e 5=, The master

equation is

d . 1o . R
%pl = [VI,,OI} + kL [aI] o (D.42)

where

V= A (a*)l(&)I + % [(ﬁ) al+ (&T)I(&)I} = hAata + % (6ta+als). (D43)

Thus with this choice of FIO, the detuning A is explicitly shown in the Hamiltonian. People
sometimes refer to the rotating frame with this choice of Hy as the frame of the atomic

frequency wq.

Hy = 2C&z + hwea'a. The results are similar to the previous example. People refer to

this frame as the rotating frame of the cavity frequency we.
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D.2.2 Heisenberg-Langevin equation

Following the similar reasoning as the previous section, one can show that for a Heisenberg-

Langevin equation that has the form

d 11~ = TATa i ATa T A s
2O =——[H.0]+ grkﬁ[sk}o + g m([sm}sk + & [O,Sk]>, (D.44)
with
H(t) = Ho(t) + V(t) o' =UT0U
, , (D.45)
010) = exp | £ o] A
we have
d . 1rop A At A VRS T DN .
Ot = —%[vl,ol] +§k:rk£[sﬂ o%%)/ﬂ{ [(s,i) ,OI} €+ (g,i) [0&5}4} el
(D.46)
where
Vi=UvT, (D.47)
C(t) =t / PPy LIy (D.48)

The formalism above is not always useful, especially when C is non-zero. In reality, if the
change of frame is straightforward, mostly in the form of Eq. (D.28), then we can define the rotating
frame directly without worrying about the C operator.

Consider the same system as in the last section in the HP. The Heisenberg-Langevin

equations for a, 67, and 6% are

d K 19 y
La= —iwei — —a— To - D.4
i e — 5= VKE, (D.49)
p .
S0 = —iwas + %&Z&, (D.50)
d
6t =ig (aT&* - &*a). (D.51)



We now define a rotating frame in the atomic frequency w, by letting

&I _ ew.)at&7

(67) = ewets,

o
€ = el

Then the Heisenberg-Langevin equations become

Notice that the definitions of a' and (&*)I are the same if we choose Hy =
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(D.52)
(D.53)

(D.54)

(D.55)
(D.56)

(D.57)

+ hwgata in

Eq. (D.45). Therefore Egs. (D.55)—(D.57)) should be consistent with the result we get from our

formalism but much easier. Likewise one can define a rotating frame in the cavity frequency w..

Again the point of changing into a rotating frame is to get rid of the fast rotating global phase

eiwat or et and simplify the equations as much as possible.



Appendix E

Derivation of Lindblad Master Equation

The Redfield master equation (3.13|) given in Sec. has the form

Z%@%Z—;%K”%TE{W@%ﬁﬂ@—ﬁm&0®ﬁﬂ} (E.1)

Expanding Eq. (E.1)) yields
d A1 1 > 71 I A1 ~
Doty = =L [ as oo [V VA — )k 1)
dt R /o
—Trg | V(¢ — 5)p5(1) eV (¢)
+Trg | ps(0)peV' (¢ — )V (1)

—Trg -Vl(t)ﬁé(t)ﬁEVI(t - s)_ } (E.2)

From Eq. (3.18), we have the form of interaction Hamiltonian V(t) as

Vi) =0 Qpe ™S, @ By () + Qf e ST @ By (t). (E.3)
k

We now substitute Eq. (E.3|) into Eq. (E.2) and calculate the four terms in Eq. (E.2|) one by one.
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We obtain

1 [ e
1°" term = ~73 / ds'Trg [Vl(t)VI(t — 5)py (t)ﬁE]
0
=3 Trp / ds [Qk et G BN () + ei%thE,ﬁ(w}
0

X [Ql e ilt=9) G (¢t — g) 4 Q et Sl (1 — s)} AL (1) pE

~ = 000 g, gl / ds e~ T | B (1) Ef (¢ — 5)p)
k1l

=D Qe et TG L (1) / ds "> Trg [E,Ic(t)ElI’T(t - s)ﬁE}, (E.4)
k.l 0

where we have ignored EFE and ETE' correlation terms. These correlation terms are usually
assumed to be zero if we consider a heat bath at thermal state. !
At this point, we assume the heat bath is stationary, which means that the correlation of

environment operators is only a function of s, and not a function of ¢ anymore, i.e.,
PLT gy ol A ] ALY NI AL | — /LT F
Te | By (0 E] (¢~ 5)ps] = Tre| B (5) B} (0)m| = (B () (E.5)

ete., where we have used E; = Ej(0) = EZI(O) to represent operators at ¢ = 0. Therefore we can
ignore rapid oscillations when wy # w; and only keep the stationary solutions with k = [. Thus the

first term becomes

15t term = — Z S A5 (1) /0 ds e~iks <E,§»T(S)Ek>

- D slsikoins / ds ¢ { Bl(s)B]) (E.6)
If we define
T | .
1042 / ds e~k E ()E>:§Gk+zek, (E.7a)
. 1
2 Wy S I .
ka/o dse < >—2Fk+z5k, (E.7b)

'They are nonzero if the bath is squeezed. See Ref. [42].
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where the real parts are

Gr = [ / dseme (B () B) (E.8a)

Oo . A A
T, = |Qk|2/ dse_“"ks< ;(S)E,1>, (E.8b)
—0o0

then we have the final form of the first term as

1 PN 1 A
15t term = — E [<2Gk + i6k> SkS,iﬁIS + <2Fk + Z(5k> SZSkpAIS:| . (Eg)
k

From Egs. (E.8a)—(E.8b|) it is obvious that the real parts Gy and I'j, are the power spectra of
the coupling corresponding to the normal ordering and anti-normal ordering of the environment
operators, respectively. The physical meanings of the imaginary parts €, and §; are more subtle.
Below we give an example to help understand them.

Equations. (E.7a)—(E.7b) do not assume any specific form of the heat bath. Suppose we now
consider a heat bath with Hamiltonian Hp composed of harmonic oscillators of multiple frequen-
cies, such as the one considered in Eq. (3.34]). Moreover, assume that the operators E), are all
eigenoperators of Hy such that [fIE, EAk} = —wchk and [fIE, EAZ] = w;CEAZ, 2 Then in the IP, we
have E’}C(s) = e~ i B, Immediately, we obtain from Egs. (E.7a)-(E.7D)

1 s 2 [ —iwgs [/ gLt r
§Gk + e = |Qxl dse E.'(s)Ey
0
o
i (£ [ dsensanei,
0
_ 1
= | >Ny, [ms(wk —uw}) — iPV,] (E.10a)
Wk — Wy,
1 . 2 * iwgs [ ol all
§I‘k + 00 = | dse'“* <Ek(s)Ek>
0
N A~ o . /
= |%)? <EkE£>/ ds e @k mwk)s
0

= |Qk|2(Nk +1) [Wé(wk —wy,) +iPV , (E.10Db)

wk—wé]

2If operators E), are not eigenoperators of ﬁE, all we need to do is decomposing E), into its complete eigenbasis

and then rearranging the summation over k in Eq. (3.18) to include the extra summation.
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and therefore

Gr = |Q|* Ni2m6 (wy, — w}) Ty, = |Q]* (Ny, + 1) 270 (wg — w))
. , L : (E.11)
Q*N, Ql? (N + 1
- _PV,’f‘i’/’f 5 = PVM
W — Wy, W — Wy,

Here we have used Nj, = <EA};E’/€> which is the occupation number of the heat bath with eigenfre-
quency wj.. The symbol PV represents the Cauchy principal value. 3 In vacuum, we would expect
N, — 0, resulting in G, — 0 and ¢, — 0. However, due to the bosonic commutation relation, we
see that I'y # 0, leading to the dissipation due to vacuum fluctuation, and & # 0, leading to the
vacuum Lamb shift. When Nj, # 0, the extra terms proportional to N}, give the Stark shift. Due
to taking the principal values, both ¢ and & terms are small and usually ignored.

Equation (E.9) gives the general form of the first term in Eq. (E.2)). Likewise, we obtain

1 [ - ~
214 term = 7 /0 dsTrg [VI(t - s)pAIS(t)[)EVI(t)}
_ Z TI”E/ ds |:Ql e—iwz(t—s)SlElLT(t — )+ Q;‘ eiwz(t—S)S';fEAlI(t _ 8)} ﬁls(t)ﬁE
0
x| e S B (1) 4+ 05 e SLEL(1)]
SR /0 ds e (BL(s) By ) + 3 S1okSkI0n /0 dse= e (By1(s)E})
k

| et (1 St
= Z |:<2Fk + l(sk) SkpAISS]i + <2Gk + i€k> S]:f;ﬁISSk] : (E.12)
k

1 [ A A
3" term = —33 /O ds Trg [ﬁls(t)ﬁEVI(t — s)VI(t)]

— -3 T / ds pL(1)pw [Ql e it=) g M (¢ — 5) 4 QF 1) §F il (¢ — s)}

k.l 0
X | TS BE (1) + 5 e SLEL(1)]

~— Zﬁggkﬁ,imk?/ ds e (BB (s)) - Zﬁgﬁ,igkmky?/ ds e ( By (s))
k 0 % 0

— 1 _ A1 & ot } —is A1 &t &

= Z QGk 1€L pSSkSk; + 2Fk 10k pSSksk . (E13)
k

3See Appx.
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1 [ ~ ~
4M term = = / ds Trg [Vl(t);alsf)Evl(t — s)}
0
= ZTrE/ ds [Qk e_iwktng,i’T(t) + QF ewktg;;E,Ig(t)}ﬁISﬁE
0
X [Ql e~ =) G B (4 — 5) + Qf e =) ST (4 — s)}
~> Akﬁs&i\@klz/() ds e " <EkE;£’T(3)> + Zgliﬁlsgkmk‘z/o ds ¢!+ <EA11E1£(3)>
k k
=SBy - o ) Skl + (£Gr—ie ) SIALS B.14
_Z §k—zk kPSP T 5 L — V€L LPSOk | - (1)
k
Therefore Eq. (E.2)) becomes

dAI (1 - \a ata
° 5% _§_<2ak+zek) WStk +

= Z C;k (2511/38516 SkSkps — sSkS)
k

T zk: % <2$‘kﬁSST S1Skps — ﬁlsgzigk)

—1 Z [Ekgk:g]: + 6ks’;»§k, ﬁls]
k

Z 'L [Sk] ps + Z Gk[,[ } Py — 1 Z [Ekgkglt + 6kg11§k7 ﬁls} , (E.15)
k k

where we have defined the Lindbladian superoperator
o 1 A A A A
c [o} =3 (20,30* _0'0p - ,30*0) (E.16)

for arbitrary operator O and density matrix p. The €, and & terms give the Stark and Lamb shifts

due to the interaction with the heat bath.



Appendix F

Einstein Relation

N

Consider the Heisenberg-Langevin equations of two operators O, and O, as defined in

Eq. (3.55)),
d . L r o i
20, =—= [H OM} + Dy (t) + Fu(t), (F.1)
90, = [1.0,] + Do) + Fo(1) (F.2)
dt v — Zh b 14 14 14 . .

where we have assumed only one noise source. The diffusion matrix defined in Eq. (3.61)) satisfies

OM,,0(t —t) = <Fu(t)ﬁy(t’)>. (F.3)
By writing @u(t) as )
Ou(t) = O,(t — At) + /t_m dt’ dOCZEt ), (F.4)

we obtain

(0u0E0) = (0, - 0B D) + [ ot <d@““')ﬁy<t>>

t—At

_ /t e (B0 E())

t
= / dt' 2M,,6(t' — 1)
t—At

= / dt' 2M,,,6(t' —t)

— 00

= M (t), (F.5)
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which is a result of causality and the Markov approximation. Similarly,

(Fu(00u(t)) = My (1) (F.6)

Using Egs. (F.5) and (F.6)), from Eqgs. (F.1)) and (F.1)) we obtain

dir ~\\ _ /dO, , . dO,
(s(000)) = ("0} (0,4%)

As a result, we have derived the Einstein relation

d (~ A 1 A A oa A oA Ao
21,0 = (5(0,0.) ) + 5 ([#.0,0)) - (D,0,) - (0,0.).  ®8)
The Einstein relation (F.8|) relates the diffusion matrix to the corresponding drift terms, thus

comprising a quantum fluctuation-dissipation theorem [103].
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