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The photoabsorptiorspectraof Rydbeg atomsin static, external electric and magneticfields
provide an excellentopportunityto studythe propertiesof a noninteggrablephysicalsystem.This thesis
developsa generaltheoryfor predictingandinterpretingthe photoabsorptiospectraof thesesystems.
Using ideasfrom both quantum-defectheory and semiclassicabpproximationssuchas closed-orbit
theory | introducescatteringmatricesto describethe final stateof an electronin a photoabsorption
experiment. The scatteringmatricesencapsulatall of the importantphysicsof the system,and are
relatedto importantobsenablesof thesystem suchastheboundstatespectrumandthe photoabsorption
crosssection.

Initially, theframework for calculatingthe photoabsorptiorrosssectionis presentedn complete
generality An exactexpressionfor the enegy smoothedphotoabsorptiorcrosssectionis derived and
is shavn to provide a usefullink betweenquantum-defectheory and semiclassicahpproximations.
Althoughtheformulais anexactresult,it alreadycontainsmary of thephysicalinsightsof semiclassical
approximationsaboutthe time (or action) domainphysicsof the electron. Both the complicationsof
multielectronatomsand arbitrary configurationsof static, electromagnetidields are includedin the
theory

After the basicframenork hasbeendeveloped,semiclassicahpproximationsareintroducedfor
thespecificcaseof analkali-metalatomin anexternalmagnetidield. | derive asemiclassicab-matrixto
describehescatteringpf theelectronoff the combinedCoulombanddiamagnetidong-rangepotentials.
Therelationshipof the semiclassicaapproximatiorto accurateguantumcalculationss thenexplored.

Finally, the semiclassicaB-matrixis usedto constructa semiclassicalormulafor the photoab-
sorptioncrosssection. Here,the focusis on the Fourier transformedcrosssection,or recurrencespec-
trum, which shavs sharppeaksthat correspondo certainquantummechanicapathsof the electronas

it scattersoff thelong-rangepotentials. The semiclassicahpproximatiorof the crosssectioninterprets



thesequantumpathsby correlatingthemwith classicalclosedorbits of the electron. By taking a sur
prising cancellatiorbetweerghostandcore-scatteredrbitsinto accountaresumedsemiclassicatross
sectionis derived. This formula givesa corvergent,semiclassicatheoryfor the recurrencespectraof

nonhydrogeni@atoms.Resultsarepresentedor diamagnetidithium andrubidium.
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Chapter 1

Intr oduction

This thesisis concernedvith a classof nonintggrablesystemsrom atomic physics: atomsin
static,externalelectromagnetiields. Thesesystemgpresent challengenot foundin their integrablé
or nearintegrablecounterpartssuchasthehydrogeratomor thelow lying statesof atomsandmolecules.
To illustratethe difficulty with nonintegrablesystemd wish to imaginea dialoguebetweena diligent
graduatestudentandheradvisor The graduatestudenthasbeenhardat work in thelab taking photoab-
sorptionspectraof an atomhaving a nonintegrableHamiltonian. After monthsof building electronics
andtweakinglasersthe graduatestudenthasscansof a region of the spectrumwith anexcellentsignal
to noiseratio. Theadvisorentershelabto seethenew results.

“Yes,| recevedyour emailandl wantedto seesomeof the spectrayou have taken”

“Of coursé, repliesthe graduatestudentasshepulls out thelab notebookcontainingthe newly
obtainedscans.Here is theregion from 109,700to 109,900wavenumbersAt first | thoughtthe spec-
trum wasall noise,but | have repeatedhe experimentover the samerangethreetimesandall of the
featuresarereproducibl€.

Slightly skeptical,theadvisorputson his eyeglassedo take a closerlook atthedifferentscans.

“Wow, they do look identical. | guessafterall of the work you have donethesemight be real
absorptiorpeaks.

Pleasedy heradvisors confidencethe studentreplies,”l think they are”

It now becomeglearthatthe advisoris thinking aboutthe physicsof the spectrum.“Y ou have

1 A quantunsystemwith N degreesof freedomis integrableif thereexist N independenbperatorsa; thatcommutewith the
Hamiltonianandwith eachother This setof operatorss sometimeseferredto asa“completesetof commutingobserables.



beendoingaliteraturesearctonthis systemyight? Whatdo we know aboutthislargeabsorptiorpeak?”

“Which one?"asksthe student.

“This oneright herethatstandsout sostrongly You would think this peakwould shav upin the
lower resolutionexperimentghathave beenperformedpreviously”

“Oh, yes,| did find this article thatmentionsa large peakat thatenegy ... atabout109793.5
wavenumbers.

Encouragedthe advisorinquiresfurther, “well thenwhatdo we know aboutit?”

With apuzzlediook thestudenthesitateswell ... uhh... it is atthatenegy there,andit’ s that
high?”

“Well obviously, I canseethat,but whatelsedo we know?”

The studentknows that sheshouldsay something,so shestretches;um ... it is right next to
thosetwo peaks?”

Justasthe studenis beginningto doubtthereliability of bothherliteraturesearchandthe exper
imentaldata,theadvisorgetsalight in his eye andproclaims,

“Oh, of courseyou areright, that's all thereis to know aboutthat peak. This systemis noninte-
grable!”

The point of this dialogueis to emphasizehat the only good quantumnumberof a strongly
nonintgrable autonomousystenis its enegy. Thisis in contrasto anintegrableor partiallyintegrable
systemwhich hasoneor moregoodquantumnumberstherthanthe enegy. It is well known [1] that
every goodquantumnumbercorresponds$o a symmetryof the Hamiltonian. Eachtime a symmetryof
a systemis stronglybroken, the quantumnumberassociatedvith the symmetryis no longerusefulfor
describingthe eigenstate®f the system. What is often not appreciateds that the quantumnumbers
of an eigenstategive us an intuitive picture of the physicsof the state. Given the quantumnumbers,
we immediatelyhave accesdo information aboutthe nodal structureof the wavefunctionand other
issuessuchasdegeneraciesThus,quantumnumbersare oneof the mainwaysthatwe “see” quantum
mechanicaktates.The maindifficulty in nonintegrablesystemss thenin our ability to gainanintuitive

pictureof the quantummechanics.



Perhapshebiggestadwanceowardsunderstandin¢ghequantummechanic®f multi-dimensional,
nonintegrablesystemsasbeenthe developmenof semiclassicahpproximationgor the solutionsof the
Schrdédingeequation.Thisis demonstrateéh thefollowing brief history of the studyof atomsin strong

magnetidields,or diamagneti@atoms.

1.1  Historical background

At the beginning of the 20th century the newly discoveredquantummechanicgdivergedfrom
classicaimechanicsAs Einstein[2] andothersrealized quantizatiorusingclassicakrajectorieguickly
raninto difficultiesin multidimensionalnponintegrablesystemsTheinvarianttori usedto quantizeinte-
grablesystemdegin to breakdown asintegrability is lost. While the WKB [3] quantizationprocedure
for onedimensionakystemsandthemultidimensionakxtensiorfor integrablesystemgEBK) [2, 4, 5, 6]
hadlimited successno suchsemiclassicafjuantizatiomprocedurecouldbefoundfor nonintegrablesys-
tems.

To someextent,the statusof nonintegrablesystemsn quantummechanicat this pointin history
is not surprising. A similar impasseexisted for noninteggrable classicalsystems. The difficulties for
the classicalcasewere elucidatedby the work of Henry Poincaré[7]. The issueat the time wasthe
predictionof the long time behaior of the solarsystem.Poincaréshaved, to the dismayof mary, that
all classicalperturbatve expansionsof the motion of the solarsystemcontainirremovablesingularities
dueto resonancesWithout the benefitsof moderncomputationapower, Poincares theoremshattered
the only availablemethodof solution. At thelevel of bothquantummechanicandclassicaimechanics,
progresontheunderstandingf nonintegrablesystemssloweddrasticallyfor aboutfifty years.

In the 1950sand 1960s,work by Kolmogoror [8], Arnol'd [9, 10] and Moser [11] beganto
illuminatethenatureof classicahonintegrability. Theresultsof theirwork, known asthe KAM theorem
[12], givesadetailedaccounif exactly how theinvarianttori in phasespacebreakup assymmetriesare
broken. Also, beginningwith thework of Edward Lorenz[13], computersbeganto give dramaticnew
insightsinto the natureof stronglynoninteyrableclassicakystemsEssentiallyclassicachaoshasbeen

discovered.Thebreakupof invarianttori into finer andfiner phasespacestructuresouldnow bestudied



in detall. It wasseerthattheinvariantstructuresn the phasespaceof chaoticsystems periodicorbits-
occupiedinfinitesimally smallvolumesof phasespace.This seemedncompatiblewith oneof the main
ideasof quantummechanicsthatphasespacevolumesarelimited by thefundamentatonstant: through
the Heisenbeg uncertaintyprinciple. However, asclassicalchaoswas studiedmorethoroughlyin the
1960sand1970s,it wasrealizedthatsemiclassicatjuantizatiorof classicallychaoticsystemanight be
possibleafterall. The majorbreakthrougtcamewith the work of Balian, Bloch andGutzwiller. Balian
andBloch[14, 15, 16, 17] shavedthatoscillationsn thedensityof statesf electromagneticavitiesand
guantumbilliards could be understoodn termsof classicalperiodicorbits. Gutzwiller [18, 19, 20, 21]
elaboratecn this ideathroughhis derivation of a “trace formula” for the quantumdensityof statesof
a smoothnonintggrable Hamiltonian. With Gutzwiller's derivation, classicalmechanicgeenteredhe
realmof quantummechanicgor good.

Gutzwiller’'s semiclassicairaceformulafor the quantumdensityof statesntroduceda newv way
of looking at the spectrumof Hamiltonianshaving chaoticclassicaldynamics.Excellentdiscussion®f
thetraceformulacanbefoundin [22, 23, 24]. In his approachthe densityof statess brokenupinto a

smooth,averagepartj(F), andanoscillatingpartdg(F):

g(E) =Y 8(E — E,) = §(E) + dg(E). (1.2)
Thefamoudraceformula,
dg(E) = = Z I cos <%SPO(E) - Upog> , (1.2)

hm po W/de'(]\;[po — 1)

givesarelationshipbetweerthe oscillating partof the densityof statesig(E) andthe classicalperiodic
orbits of the systemin thelimit .S, > h. Theseperiodic orbits aresolutionsof the classicakequations
of motionthatreturnto aninitial pointin phasespaceafteraperiod;,,. Ontherightsideof Eq.(1.2),the
propertiegaction S,,, Maslov index o,,, andstability matrix Mpo) of thesepurely classicalorbits are
seento provide all of theinformationaboutthequantummechanicatiensityof states.Theonly signature
of thequantunmworld ontheright sideof Eq.(1.2)is theappearancef theconstant.. Althoughasimilar
traceformulafor integrablesystemshasbeenderivedby Berry [25, 26], theresultof Gutzwiller applies

to chaoticsystemsavherethe periodicorbitsarewell isolatedin phasespace.



The physicsin the traceformula (1.2) is manifestedvhenthe deltafunctionsé(E — E,,) in the
exactdensityof stateq1.1)aresmoothedverusingsomecorvolutionfunctionof width A E. Theresult-
ing smootheddensityof statesshavs dramaticoscillationswith enegy. The greatadvanceof thetrace
formula(1.2) is to allow the interpretationof theseoscillationsin termsof the classicalperiodicorbits
having Tp,, < ZAL;’. Thus, entire sequencesf enegy smoothedeigenstatesf nonintegrableHamilto-
nianscanbe interpretedwith only a few classicalperiodicorbits of the correspondinglassicalsystem.
This represents hugeimprovementover interpretingthe densityof statesy saying“this eigenstatdas
anenepy of ... andit is next to this one,this oneandthis one’

Atoms in external magneticfields represenbne of the mostimportantexamplesof this type
of analysis. The experimentsof Gartonand Tomkins[27, 28, 29] were the first to show interesting
new physicsin the spectraof diamagneticatoms. Their major discovery was that the nearthreshold
photoabsorptiospectraof atomsin strong(0-6 Tesla)magneticfields shov dramaticoscillationswith
enegy, which areindependenbf the atom being studied. The large spacingof these“quasi-Landau”
resonance% hB (B is the magneticfields in a.u.),as Edmonds[30] and Starace[31] elucidated,is
relatedto a classicalbrbit of the Rydbeqg electronhaving period% (,f—g) . This classicabrbit, thequasi-
Landauorbit, begins at the nucleus travels out perpendicularlyto the magneticfield andreturnsto the
nucleusafterdeflectingoff themagnetidield. It is ironic thatthe obsenationof theseglobal oscillations
dependedritically onthepoorresolutionof theexperimentakpectrumhigh resolutionspectraecorded
later (see[32] for example),whenexperimentamethodsmproved,shav densesequencesf seemingly
randomabsorptioriines.

Soonthereafter experimentandtheory shoved that the quasi-Landawscillationswere merely
the tip of the icebeg. Higher resolutionexperimentson hydrogenin a 5.96 Teslafield [33, 34, 35]
revealedthe contributions of additional,longer period classicalorbits of the highly excited electron.
This experimentalwork by Welge's groupin Bielefeld, Germaly demonstratethatthe contribution of
eachsuchorbitto thephotoabsorptionrosssectioncouldbeextractedoy takingthe Fouriertransformof
the experimentakpectrum.Theresultingrecurrencespectrum shows strongpeaksin the time domain

attheperiodsof thesenewly uncoveredclassicabrbits. A quantitatve theoryof therecurrencespectrum



wasfirst providedby Du andDelog’ [37, 38]. Thistheoryandits extensionsareknown asclosed-orbit
theory.

Closed-orbitheoryechoesnary of theideasof Gutzwiller’s traceformula(1.2). Like thetrace
formulafor the densityof statesthe photoabsorptiorosssections(E) in closed-orbitheory[38] is

written in termsof anaverageparts (E) andanoscillatingpartdo (E):
o(E) = 6(E) + 60(E). (1.3)

Using semiclassicalvavefunctionsaway from the nucleus,Du and Delos shaved that the oscillating
partof the photoabsorptiorrosssectiorf canbewritten asa sumover the closedclassicalbrbits of the

atomicelectronin anexternalfield:

§o(F) = 8raw %; Aeo COS <SCO — Ucog + %{) . (aw) (1.4)
As in thetraceformula(1.2),the phaseof eachoscillatingtermis determinedy theclassicakctionS,,
andMaslov index o, of eachclosedorbit. TheamplitudeA., involvesboth propertiesof the classical
orbit of the electron(its classicalstability andinitial andfinal polar angles)alongwith propertiesof
the initial quantumstateof the atom (dipole matrix elements). The closedorbits that determinethe
physicsof éc(E) in a semiclassicabpproximationare classicaltrajectoriesof the Rydbeg electron
thatarelaunchedradially outward from the nucleus scatteroff the long rangeCoulomband magnetic
field andthenreturnradially to the nucleus. Closedorbits, ratherthan periodic orbits, arerelevantin
photoabsorptiomxperimentsbecauseheinitial atomicstateis stronglylocalizednearthe nucleus.

For light atomsin externalmagneticand electricfields, closed-orbittheory hasprovento be a
guantitatve and elegantmethodof calculatingand interpretingrecurrencespectra. Over the pasttwo
decadesmultiple generation®of experimentshave measuredhe recurrencespectraof hydrogen[39],
lithium [40] andhelium[41, 42, 43, 44, 45] in strongmagnetidields. AlImostuniversally theagreement

of theseexperimentswith the predictionsof closed-orbitheoryhasbeenspectacularboththelocation

andamplitudeof recurrencepeaksare predictedto within a few percent.In addition,the closedorbits

2 A similar treatmentwas developedsimultaneouslyby Bogomolry [36] althoughhis approachhas not receved as much
attention.

3 Practitionersof closed-orbittheory often usean oscillatorstrengthdensity D f (E) insteadof the atomic absorptioncross
section.Thetwo arerelatedby theformulac(E) = 272aD f(E).



underlyingeachrecurrencepeakprovide a simpleinterpretationof the time domainphysics. Similar

agreemenis shavn in the Starkrecurrencespectraof thesdight atomssubjectedo a staticelectricfield

[46, 47, 48, 49]. To achieve this level of agreementvith experiment,two extensionsof closed-orbit
theoryhave beennecessary

First, the effectsof a nonhydrogenidonic core have beenincluded. Following quantum-defect
theory[50], the electron-coreinteractionsare characterizedy a setof enegy independentjuantum
defects.Whencombinedwith semiclassicalvavefunctionsaway from the core[51, 38], thesequantum
defectspermit an extensionof closed-orbittheoryto single-channeatoms. Suchresults,obtainedby
Dandoetal. [52, 53] andby Shav andRobicheaux52, 53, 54], predicttheemegenceof new recurrence
peaks calledcore-scatteredecurrenceswhenthe quantumdefectsareturnedon (seealso[55]). These
appearas a result of one primitive closedorbit of period 7T} scatteringinto anotherof period 7, to
producea new peakat thecombinedperiodT; + 75. For helium[56, 45] andlithium [40], experiments
have confirmedthe existenceof thesenonclassicatore-scattereteatures.

Secondartificial divergencesassociateavith bifurcationsof closedorbits have beenregularized
to give a uniform semiclassicahpproximation57, 58, 59]. As the externalfield strengthor the enegy
of the Rydbeq electronis increasedpifurcationsof the closedorbits occur[39]. Thesebifurcations
causewell known divergencesn the semiclassicahmplitude A, in Eq. (1.4) at the pointswherenewn
orbitscomeinto existence. This effectis unphysicalasthe exactquantumrecurrencespectrurnis finite
everywhere Delosandcoworkers[60, 61] have usednormalform theoryto investigatehebasictypesof
bifurcationspresenin diamagneti@atoms.Becauseachtype of bifurcationhasa differenttopologyin
phasespacea generaluniform semiclassicatheoryhasprovendifficult. In spiteof this, someprogress
hasbeenmade.GaoandDelos[62] have givena uniform approximatiorfor the bifurcationsof certain
classesof orbits in an external electricfield; thoseparallelto the field, the “uphill” and “downhill”
orbits. Usingtheseresults,Shav andRobicheaux54] have giventhe mostpromisinggeneralizatiorof
closed-orbitheoryto date whichincorporatedothbifurcationsandcore-scatterindor Starkrecurrence
spectraThevalidity of theirformulationhasbeenverifiedby accurateguantumcalculationsandarecent

experiment[49]. For the caseof atomsin magneticfields, the only work on a uniform semiclassical



treatmenthasbeenby Main and Wunner[63]. While suggestie, their approachcontainsadditional
unphysicaldivergenceselown the bifurcation pointsthat mustbe dealtwith (i.e. canceledoy handor
ignored). Additionally, their theory hasnot yet beentestedcritically. Thus, while there have been
somespectaculasuccessem regularizingbifurcationsin closed-orbitheory muchwork remainsto be
performedn this area.For the mostpart, hawever, theinclusionof core-scatteringndbifurcationsinto
closed-orbitheoryenableghe predictionof recurrencespectraof light atoms.

Heavier atoms, however, have proven difficult for closed-orbittheory Thusfar, the success
of closed-orbittheory hasbeenlimited to atomswith at mosttwo nonzeroquantumdefects. Recent
experimentson barium([64, 65, 66] andargon[67] in electricfields shov dramaticdifferencedfrom the
predictionsof closed-orbittheory Evenwhenthe core-scatteringffectsdescribedabove areincluded
for theseatoms,agreementemainsdismal. Furthermorejt appearghatthe presencef threenonzero
guantumdefects(asin rubidium) causeshe expansion®f Dandoetal. [53] andShav andRobicheaux
[54], which work beautifully for helium and lithium, to diverge. Thus,the presenceof multichannel
ionic coresandmultiple ionizationthresholdseemto present fundamentadifficulty for semiclassical
approaches.

Thedifficulty thenis theshortrangeinteractionbetweerthe Rydbeg electronandamultichannel
positive ion. This is somavhatironic giventhe succes®f multichannelquantum-defectheory[68] in
treatingthis physics. Sinceits introductionby Seator[50] in the 1950s,multichannelquantum-defect
theory (MQDT) hasbecomeone of the mainstaysof modernatomictheory In MQDT, the quantum
defectsaregeneralizednto ashort-rangescatteringnatrix S°°', which fully characterizethescattering
of theRydbeqg electronfrom theionic core. Themultipleionizationthresholdsndinelasticelectron-ion
scatteringcharacteristiof comple< atomsareall handledaccuratelyandelegantlyin this fully quantum-
mechanicahpproachHowever, becauséMQDT requiresa simplelong rangepotential,a new approach
mustbe foundwhenexternalfieldsdestrqg the simplicity of the electrons motionfar from the nucleus.

Thus, there exists a dilemmain the theory of atomsin static, external magneticand electric
fields. While semiclassicamethodssuchasclosed-orbitheory provide anefficientandelegantway of

treatingthemotionof aRydbeg electronfarfrom thenucleusthey fail whentheelectronis within afew



Bohr radii of theionic coreof a multichannelatom. On the otherhand,quantum-defedtheoryhandles
this shortrangephysicswithout difficulty - but only whenthe long rangephysicsis integrable. An
understandin@f multichannelatomsin nonintegrableconfigurationsof externalelectricand magnetic
fields requiresthat both the shortrangeand long rangephysicsof the Rydbeg electronare treated
accurately

Oneway out of the difficulties (core-scatteringhifurcations)involvedin semiclassicahpproxi-
mationsis to solve the Schrédingerequationexactly. This approacthasbeentaken by a numberof re-
searcher§s9, 70, 71, 72, 73, 74] andis importantto mention. Thesemethodswhichinvolve largescale
guantum-mechanicahlculationshave progressedhrougha combinationof increasedcomputempower
andefficient algorithmsfor solvingthe Schrédingeequation.Typically, a variationalapproactsuchas
R-matrixtheory alongwith anexpansionof thewavefunctionin abasisset(B-splines,Sturmiansfinite
elements)js usedto corvertthe multidimensionalSchrédingerequationto a matrix diagonalizatioror
elseto the solutionof aninhomogeneouBnear systemof equations.Accuraterecurrencespectrahave
beencalculatedfor atomsin strongmagneticfields (1-10000Tesla)usingthesetechniquesand shav
excellentagreementvith experimentg32, 43, 44]. Successfuapplicationgo dateincludea numberof
singlechannelatomsin magneticfields, suchasthe alkali-metalatoms[71, 74, 72, 75], andBa and Sr
[71, 76, 77] attheirlowestthresholds Similar calculationshave beenperformedor multichannelatoms
moleculesn electricfields[78, 79, 80, 81, 82] usingthe methodsof Harmin [83] andFano[84]. Here,
thelong rangephysicsis simplerthanthe magnetidield casebecausenotionof the Rydbeg electronin
thecombinedCoulombandelectricfieldsis separablén paraboliccoordinates.

While thesefully quantummechanicabpproachesccuratelypredictthe recurrencespectraof
mary atomsin externalmagnetiandelectricfields, theirusefulnessemaindimited. Unlike closed-orbit
theory exactquantuncalculationsstruggleto yield physicalinsightinto thespectrahey provide. We can
predict thespectrabut thedevelopmenbf qualitative understandingg difficult or seeminglyimpossible
using fully quantumapproaches.For integrable systems this difficulty is overcomeby labeling the
guantumstateswith quantumnumbers.However, as| have emphasizedn this Introduction,quantum

numberotherthan“eneigy” are uselessn strongly nonintegrablesystemssuchas atomsin magnetic
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fields. Thus,asexperimentshegin to probemultichannelatomsin externalfields, interpretationof the
photoabsorptiorspectraremainsthe most difficult issue. Examplesof this difficulty are provided by
recentexperimentson Ba [65, 66] andAr [67] in electricfields,wheresimplefeaturesn therecurrence

spectraemainuninterpretedo alargedegree.

1.2 Outline of the results

In thisthesisl developaunifiedtheoryof complex atomsin externalelectricandmagnetidields.
Using the ideasand methodsfrom both multichannelquantum-defectheoryandclosed-orbittheory |
describea completepicture of the photoabsorptiorprocess.In sucha processthe atomicelectronis
movedfrom aninitial state|i,) atenegy E, to afinal state|y)s) having enegy E = Ey + hw, after
absorbingaphotonof frequeng w. Determiningthefinal statewavefunction|y ¢ ), is themaintaskin ary
calculationof the photoabsorptiorcrosssection. In this thesis,| obtainthis final statein a roundabout
manner As quantum-defedheoryshows, all of theinformationcontainedn thequanturrstate|¢) can
berepackageihto oneor morescatteringmatrices.This reformulationof theelectrons final stateleads
to asimplephysicalpictureof the electrons motion. Becausevery derivationandformulacontainedn
this thesisrelieson this physicalpicture,it is usefulto presenthe picturehere:

Thesstatereachedy anatomicelectronin a photoabsorptiomexperimentis acombinationof two
time-independenscatteringprocessesin the first, the electronis launchedoutward from the nucleus,
scattersoff the long rangefields, and thenreturnsto the nucleus. In the second the electrontravels
inwardto scatteroff theresidualionic core.

Chapter® and3 presenthis physicalpictureanda mathematicatlescriptionthatappliesto ary
atomin arny configurationof staticexternalelectricandmagneticfields. After reviewing the important
elementsof quantum-defectheory | introducetwo scattering(or .S) matrices: onefor the scattering
of the electronoff the long rangefields S'R, and anotherfor the shortrangeelectron-corescattering
S, Thesetwo scatteringmatricescompletelydeterminethe Rydbeg electrons boundstateenegy
eigervalues.| derive botha quantizatiorconditionanda normalizationconditionfor the boundstatesn

termsof the S-matrices.Theresultis a completelygeneralmethodfor quantizingmultichannelatoms
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in externalfields. Connectionsvith previoustreatmentsuchasHarmin's theoryof the Starkeffect,and
Bogomolry’s semiclassicatjuantizatiorschemeareelucidated.

In Ch. 3 arelationshipbetweenthe S-matricesand the total photoabsorptiorcrosssectionis
derived. Ratherthanfocusingon the infinite resolutionspectra)l smoothover the detailsof individual
absorptionlines and explore the enegy-smoothedspectruminstead. This approachs inspiredby the
resultsof closed-orbittheory and shows that an exact quantummechanicalgeneralizatiorof closed-
orbit theory canbe derived in termsof S-matrices. In addition, the resultalso connectswith familiar
formulasof quantum-defectheory Thefinal formulafor the photoabsorptiorrosssection,while still
anexactquantum-mechanicatsult,containamuchof thephysicalinsightof semiclassicainethoddik e
closed-orbitheory Again,| emphasiz¢hattheresultsof Chs.2 and3 arecompletelygeneralapplying
to ary atomin ary configurationof external electromagnetidields. Beginningwith Ch. 4, however, |
specializeo the caseof singlechannebtomsin externalmagnetidields. While multichanneltomscan,
in principle,beincludedinto my formulationof the photoabsorptioprocessa numberof subtlefeatures
aboutsinglechannelatomsmustbe understoodirst.

Chapterst and5 give the detailsof how the long-rangescatteringmatrix S'R canbe calculated
in a eithera fully quantummechanicalor semiclassicaframework. First, In Ch. 4, the methodsof
variational R-matrixtheoryareextendedo calculateanaccurateguantums'R. While thesecalculations
are basedon familiar techniquesn atomictheory a few extensionsare needed.The mostsignificant
of theseis the analyticcontinuationof the long-rangeS-matrix to complex enegies. This is neededo
producethe enegy smoothecdcrosssectionof Ch. 3 andcanbe accomplishedvithin the frameawork of
R-matrixtheorywithoutdifficulty. | endCh. 4 by presentingalculationdor anatomin astaticmagnetic
field thatimplementthe methodsof the chapter Thesecalculationsshav thatthe long-rangeS-matrix
canbeanalyzedn thespirit of closed-orbitheoryby takingthe Fouriertransformor recurrencestrength,
of its matrix elementsThis allows the detectionof nonclassicapaths,or ghostorbits, of theelectronas
it scatteroff thelong-rangefields.

In Ch. 5, | introducesemiclassicahpproximationsnto my S-matrix theoryof photoabsorption.

More specifically | usea semiclassicaGreens functionto derive a semiclassicalong-rangeS-matrix
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for the motion of an atomic electronin a staticmagneticfield. By writing S'R asmatrix elementsof
an enegy domainGreens function, a versatileapproachfor deriving semiclassicahpproximationgo
the S-matrix is achieved. This treatmentallows a detailedstudy of how the closed-orbitsare selected
to contribute to the recurrencespectra. The generalityof my methodis demonstratedsit is usedto
treata numberof specialcasesvherethe primitive semiclassicahpproximationfails, suchasnearthe
bifurcationsof closedorbits. My resultsboth reproduceand extendthe usualtreatmenif closed-orbit
theory

Chaptei6 usesghesemiclassicab-matricesof Ch.5 andthe precomwolvedphotoabsorptiocross
sectionof Ch.3to developasemiclassicaheoryfor thephotoabsorptionate. After thefailureof anave
approacho the semiclassicaapproximations outlined,| useaccuratequantumsS-matricesto uncover
animportantrelationshipbetweercore-scatteredrbits,andothernonclassicabrbits calledghostorbits.
When this relationshipis put into mathematicaterms, an improved, resummedsemiclassicatheory
canbe developed.In contrastto previous semiclassicatheoriesfor nonhydrogeni@atoms,my resultis
generallycorvergentwhenmore thanone quantumdefectis large. After deriving thefinal result, it is
appliedto anumberof testcasesincludinglithium andrubidiumin anexternalmagneticfield.

Atomic units(e = m = h = 1, ¢ = 137) will be usedthroughoutthis dissertationunless

otherwisestated.Oneatomicunit of magnetidield is equalto 2.35 x 10° Tesla.

1.3  Scaledvariable recurrencespectroscopy

One of the mostsignificanttechniquedn the study of atomsin external electricand magnetic
fieldsis the useof so-calledscaledvariables.Becausd will usethesescaledvariablesthroughouthis
thesis their mainfeaturesaresummarizedere.A detaileddescriptionfor the caseof hydrogenin static
magnetidield canbefoundin AppendixA.

In standardspectroscop crosssectionsaremeasurear calculatecasafunctionof theenegy E.
Whenanexternalelectromagnetifield is appliedto the systemunderconsiderationthefield strengthis
typically held constantvhile the enegy is varied. In this Introduction,l have describechow the global

featuresin the enegy domaincrosssections(E) canbe extractedby Fourier transformingthe cross
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sectionto the time domain. The resultingrecurrencespectras(7') shavs peaksat the periodsT}, of

certainclassicalorbits of the system.The maindifficulty with this approachis thatthe classicalperiods
dependntheenegy T, = Tx(E). Thus,eventhoughthe Fouriertransformedspectrunshows peaksat
theperiodsTy, the peaksaresomeavhatwashecbut by the enegy varyingtimescale®of the system.

A beautifulalternatve to this approachwasfirst introducedby Welge's groupandhasbecome
known asscaledvariable recurrencespectroscopy Here,insteadof varyingonly theenegy £ while
recordingthe spectrumboth the enegy £ and magneticfield B are varied, while holding the scaled
enegy e = FB~%/3 fixed. Theresultingphotoabsorptiomrosssections (w) becomes functionof the
scaledmagnetidield w = 2r B~1/3. Theadwantageof this approachs thatthe classicaperiodsT}, are
replacedby the scaledactionsS), of theclassicalrajectorieswhich depencbnly onthescaledeneny e.
This canbeseenin thethoroughexplorationof the scalingpropertiesof the classicaHamiltonianfound
in AppendixA.

It is alsoseenthatthe Fourier domainof the variablew is the scaledactionS. Thus,whenthe
scaledcrosssections (w) is Fourier transformedthe resultingscaledrecurrencespectrumo (S) shavs
sharppeaksatthescaledactionsS), of the classicabrbits. Becausehescaledactionsthemselesdo not
dependon w, a cleanFourier transformationcan be obtainedand detailedstudiesof the scaledaction
domainphysicscanbe performed.In addition,only a singlesetof classicalorbits (a singlevalueof ¢)
needso be consideredvheninterpretingor calculatingthe recurrencespectrums (S).

Otherthanin the first few experimentson atomsin magneticfields thesescaledvariableshave
beenusedalmostexclusively ratherthanthephysicalenegy andmagnetidield strength( £, B). | follow
this usageof scaledvariablesin this thesis.For the reademunfamiliar with scaledvariables offer afew
rulesof thumb for thinking aboutthe “scaled” physicsof an atomic electronin an external magnetic
field. First, the scaledenepy e is completelyresponsiblefor determiningthe qualitative featuresof
theelectrons motion. As e increase$rom —oo to zero,boththe classicalndquantumHamiltoniansgo
from beingfully integrable(only aCoulombpotential)to beingstronglynonintegrablein two dimensions

(Coulomb+ magnetidield). Secondthe scaledmagnetidield w functionsasthe “energy”-lik e variable

whenthe photoabsorptiortrosssectionis measured.The readeris encouragedo ignorethe factthat
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w is calledthe “scaledmagneticfield” whenattemptingto gaininsight aboutthe qualitatve meaning
of the scaledvariables. Third, the scaledaction S becomeshe “time™-lik e variableusedto analyze
the recurrencespectrum. Thesegeneralideasshouldeasethe transitionto thinking in termsof scaled

variables AppendixA canbeconsultedor amoretechnicaldiscussiorof scaledvariables.



Chapter 2

Time independentscattering matrices and quantization

Much of atomicphysicsinvolvesscatteringprocessesTraditionally, scatteringnvolvesthe con-
tinuumstatesf particlesthatcollide atarelatve enegy £ > 0. However, thetoolsof scatteringheory
arealsousefulin treatingboundstatephysics.This chapterdescribeow scatteringheory andscatter
ing matricesin particular canbe extendedto treatthe bound(F < 0) andcontinuum(E > 0) statesof
anatomicelectronin externalelectromagnetifields.

Theuseof scatteringnethoddo unify boundandcontinuumphysicsis notnew. Quantum-defect
theorywasdeveloped,beginningin the 1950s,by Seaton85, 86, 87, 88] to describethe interactionof
anelectronwith apositiveion. Whentheinteractionof theelectronwith the positive ion is encapsulated
in a scattering(or .S) matrix, diversephenomenauchas photoabsorptionautoionization electron-ion
scatteringand dielectronicrecombinationof atomscan be treatedwithin the sameframewnork. The
S-matricesintroducedin this chapterand usedthroughoutthe following chaptersrely heavily on the
conceptandmethodsf quantum-defedheory Becausef this, | begin by reviewing therelevantparts
of quantum-defectheory A morethoroughintroductionto quantum-defectheorycanbe foundin a
numberof review articles[50, 68].

After therelevanttoolsof quantum-defedheoryhave beenintroduced,S-matricesfor thetreat-
mentof atomsin externalfields emege with a few simple extensions.The emphasisn this chapteris
on the basicdefinitionsandpropertiesof theseS-matricesandthe physicalpictureuponwhich they are
built. The detailsof haw the S-matricescanbe calculatedare delayeduntil later chapters.Oneof the

centralresultsof this thesisis the derivation of semiclassicahpproximationgor the S-matriceg(Ch. 5).
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However, unlessotherwisenoted,all of theformulasandderivationsin this chaptemwill be exactresults.
It is importantto shov how exact, quantummechanicakxpressiongor obsenablessuchasthe bound
stateenegiesandthephotoabsorptiogrosssectionof atomsin externalfieldscanbederivedin termsof
the S-matrices.Evenbeforesemiclassicahpproximationsareintroduced,muchphysicalinsight about
thesenonintegrablesystemscan be gainedby phrasingeverythingin termsof the S-matricesof this
chapter

Sectionl reviews the neededools of quantum-defectheory Section2 extendsthe resultsof
guantum-defectheoryto includethe effectsof externalfields appliedto the atom. Section3 concludes

with ashortdiscussiorof theresultsof Sec.2.

2.1  Quantum defecttheory

Quantum-defeaheory(QDT) reliesonmary of thesameconceptastraditionaltime-independent
scatteringheory[89]. Themostimportantof theses theasymptotiaregion. Whentwo particlescollide,
mostof thecomplicatecphysicsoccurswhentheparticlesarevery closeto eachother Typically, outside
this complicated‘interaction” region, the physicsbetweerthe particlessimplifiesgreatly For instance,
when an electroncollides with a positive ion, the complicatedmary body dynamicsbetweenthe ap-
proachingelectronand the particlescomprisingthe ion can be neglectedwhenthe electronis farther
thanabout10-20Bohrradii away. Beyondthis distancehelong-rangeslectron-ioninteractionis simply
a sphericallysymmetricCoulombpotential. The word “asymptotic” reflectsthe usualcaseof particles
colliding in the continuumwherethe physicssimplifiesasthe interparticleseparation- (alsocalledthe
fragmentatiorcoordinateYendsoff to infinity.

However, it is notnecessarjor thefragmentatiorcoordinatego approachnfinity to usethetools
of scatteringheory Rather scatteringheoryis usefulaslong asthe physicssimplifiesin someregion
of spacelt is this perspectie thatundegirdsthe succes®f QDT. Thatis, QDT useshefactthatwhen
an atomicelectronis in a highly excited boundstate,it spendsmostof its time far from the residual
ion in a pure Coulombpotential. Thus,in QDT two regions of spaceare identified. First, at small

distancegr < 10 a.u.)theelectroninteractsstronglywith the constituent®f theionic core.In thiscore
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regionthe complicatednteractionsetweerthe electronandtheionic core,including electron-electron
repulsionandthe Pauli exclusionprinciple,areimportant. Secondat largedistancegr > 10 a.u.)these
complicatedinteractionsare unimportantand the electronmovesin a pure Coulombpotential. This
constituteghe long-rangeor matching region Herethe full solutionsof the Schrédingerequationin
the coreregion are matchedo a simple form involving Coulombfunctions,channelfunctionsandthe

coreregion S-matrix S°°'.

2.1.1  Energy normalized Coulomb functions

Beforethe S-matrix canbedefined thepropertieof the Coulombfunctionsmustbeoutlined. As
Seatomointsout[50], “the wholeof quantum-defedheoryhingesonaknowledgeof theirmathematical

properties. TherelevantSchrodingeequationfor thesesolutions,

2 dr? 2r2

( 1d> ll+1) %) u(r) = Bu(r), (2.1)

is that of anelectronin anattractve Coulombpotential,wherethe first derivative with respecto r has
beeneliminatedby the substitutiony(r) = wu(r)/r. This second-ordelinear equationfor the Coulomb
function u(r) hastwo linearly independensolutions,which canbe chosenin a numberof ways. The
choiceusedin this paper(f,, f5,;) follows thatof [68] andleadsto an S-matrix formulationof QDT.
For brevity, the explicit enegy and! dependencef thesefunctionswill often be omitted. Theseand
alternatepairsof linearly independenCoulombfunctionshave beenstudiedin depthby Seator{50] and
by Greeneetal. [90, 91].

More detailsof theseCoulombfunctionscanbefoundin theabove referenceshut afew of their
moreimportantpropertiesarementionechere. The pair (f+, f~) areenegy normalized andobey the
traveling-wave boundaryconditions(f*(r) = +ik(r) f*(r) in aWKB [24] approximation)ypical of
scatteringheory However, it shouldberealizedthatfor negative enegies,thetraveling wave boundary

conditionshold only in the classicallyallowed regions; thesefunctionsdiverge exponentiallyat both

1 Two solutionsareenegy normalizedif <fgl|f;5,l> =6(E — E).
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r — oo andr — 0 whenE < 0. TheWronskiansof thesefunctions,
— o+ — o4/ —/ o+ 2i
W[fl 2 [y ] = [ =100 = (2.2)
W 5] = WAL AT =0, (2.3)

will be usedthroughouthis work. Thewidely usedregularandirregular Coulombfunctiong of QDT
(f, ) arerelatedto the pair (f*, f~) by therelation f* = (—g + if)/+/2. Becausehis thesisdeals

primarily with highly excited Rydbeg statestheir zero-enegy form [92],
fE@) — £irHGE (VB (B —0), (2.4)

will be useful. Furthermorewhen! is “small” andr is “large” the asymptoticforms of the Hankel

functionsin Eq. (2.4) canbeused[93]:

HQ(llfl)(\/g) — eFIVESQHD-T) (larger). (2.5)

T 8r

The semiclassicabpproximationglevelopedin later chapterswill usetheseapproximateforms of the

Coulombfunctions.Next the otherdegreesof freedomareaddressed.

2.1.2 Channelfunctions

In guantum-defectheory all of the informationaboutthe ionic core andthe spin andangular
degreesof freedomof the Rydbeg electronis containedin channelfunctions. Thesedegreesof free-
domaretypically quantizedrom the startby expandingthe full wavefunctionin a discretesetof these
channefunctionsg;(€2). Then,in ary region,the N linearly independensolutions(labeledby «) of the
Schrddingeequationcanbewrittenin termsof thesechannefunctions[68] andthe multichannefadial

wavefunctionF;, (r):

Va(r, Q) = % 3 61 Fiar). 2.6)

The discreteindex i labelsthe states(or channelspf the ionic coreaswell asthe spin of the Rydbeg

electron. The continuouscoordinate? denoteghe angulardegreesof freedomof the electron. As an

2 This pair of Coulombfunctions( f, g) leadsto an alternatve form of QDT thatinvolves a real symmetric K -matrix rather
thana comple unitary S-matrix.
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example,in the alkali-metalatomsthe channelfunctionsare mostoften just the sphericalharmonics
Yim (0, ¢). Typically, the channefunctionsform a completeandorthonormalset. Whenthe expansion
of the wavefunction(2.6) is usedin the Schrédingerequationandthe resultingequationis projected
ontothe channefunctions,theradialwavefunctionF(r) (now written asa matrix) is foundto obey the

multichanneradial Schrédingeequation:

SE'(r) + (B~ V) E(r) =0, (2.7)

<1>j> : (2.8)

At atotal enegy E therearetwo qualitatively differenttypesof channels:openchannelsand

wherethe effective potentialmatrix is definedas:

-,

2

2—72 + V(T, Q)

Vij(r) = <‘I’z‘

closedchannelsTheith channeis openwhena Rydbeg electronin thatchannelkcanescapédo infinity
(F > E; where E; is the ionizationthresholdenegy for the ith channel). The ith channelis closed
whenthe electronin thatchannelis bound(£ < E;). In multichannelcontexts, the enegy in the ith
channelwill alwaysbe measuredvith respecto theionizationthresholdenegy F; in thatchannelso

thatquantitiessuchastheCoulombfunctions,]"ijE will befunctionsof £ — E;.

2.1.3  S-matricesin quantum-defecttheory

As earlypractitionerd85, 94] of QDT realized the mostimportantfeatureof theenegy normal-
izedCoulombfunctionsis thatthey allow theresultsof scatteringheoryto becontinuedbelow threshold
to negative enegies. Thework of QDT beginsafterthemultichanneradialwavefunctionF22"(r) in the
complicatedcoreregion hasbeendeterminechumerically In the matchingregion (» > 10 a.u.),this

functionis expresseas,

1
F_corer —
) = —

[f;r(T)Pia - f; (T)Qza} > (2.9)

wherethematricesP” and( encapsulatany non-Coulombighysicsof thecoreregion. Themultichan-

nel S-matrix state(now written asamatrix) M “°'(r) is simply alinearcombinatiorof thesenumerically
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determinedsolutions,

Lcore(T) :Ecore(T)Q 1 _ 1\/_ [f+( )ﬁcore_if(T)} , (2_10)

sothatthe S-matrixis just S = PQ ™~ ! This specificlinearcombinationof solutionsthen,senesto
definethe core-rgyion S-matrix. As long asthe S-matrix state(2.10)is usedin the Coulombregion no
approximationsaremade.For the caseof hydrogen(S®°" = 1) the S-matrix state(2.10)reducedo the
regular Coulombfunction f;(r). It isimportantto mentionthatat this point, only the physicalboundary
conditionsatr = 0 have beenimposedwhile theboundaryconditionatr = oo remainunspecifiedThe
key pointof QDT is thatbecaus¢heboundaryconditionsatr = oo arenotimposedthe S-matrixin Eq.
(2.10)variesslowly with enegy. In mostcasest canbe regardedasindependendf enegy overranges
of aboutl eV. All of therapid enegy dependencef physicalobsenablescomesfrom the propertiesof
the enegy normalizedCoulombfunctions. To illustrate how the boundaryconditionsatr = oc canbe

imposed) now sketchthederivationof thewell known modifiedRydbeg formula[95, 96],

1

By = ———
nl 2(”*/1/1)’

(2.11)

for theboundlevelsof analkali-metalatom. The u; arethe quantumdefectswhich vanishfor the “non-
defective” caseof hydrogen Thecore-raionscatteringmatrix S for analkali-metalatomis diagonal

in asphericakepresentatioandcanbewritten in termsof thesequantundefects:
SEore = gy i, (2.12)

Theboundaryconditionappropriatdor boundstateds imposedy equatingalinearcombination
of the wavefunctionof Eqg. (2.10)to alinear combinationof wavefunctionsthat decayexponentiallyas
r — oo. Thesingle-channellecayingsolutionis known asthe Whittaker Coulombfunction[68] Wg; (r)
andis written in termsof the pair (f*, f~) andthe Coulombphase3 = n(v — 1), wherev = 1//—2F

is the effective quanturmumber:

1

WEI(T‘) = m

[fai(r)e 26 — fm()]e -, (2.13)
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ThematchingequatiorbetweerEq. (2.10)andEg. (2.13),
Lcore(r)ﬁcore _ E(T)?LR, (2.14)

involvesundeterminectoeficients B and BER. In solving for the vectorsof coeficients Beore and
TR it is foundthattheall of the boundaryconditions(atbothr = 0 andr = oo) canbe satisfiedonly

whenthe condition,
det(1 — S°"2B(E)) — ), (2.15)

is true. When S = ¢27'# asfor analkali-metalatom,the Rydbeg formulaof Eq. (2.11)emegesas
thezerosof thisequation.For thepurpose®f thisthesis,| regardEq. (2.15)asthefundamentaéquation
giving the boundstatespectrumof the Rydbeq statesof anatom. In the following sectionthis equation
is generalizedo includethe effectsof a staticexternalelectromagnetidield appliedto the atom. This
analysisof theboundstatephysicsapplieswhenall of thechannelsreclosed.For channelgthatbecome
openasthe enepgy is increasedputgoing-wave boundaryconditionsat » = oc mustbe applied. The
formulasappropriateo this casecanbefoundin the standardDT literature but arenot providedin this
review.

To usethemethodsf QDT to treatatomsin externalelectromagnetifields,a difficulty mustbe
faced.Whena staticfield (magneticelectric,or a combinationof them)is appliedto anatom,thelong
rangesphericakymmetryis broken. Thelong rangepotentialof the electronthenbecomes,

1 2 p2
1,08
T 8

where B is the magneticfield in atomicunits (B(Teslg/2.35 x 10°) and F is the electricfield in the
sameunits (F'(V/m)/5.1423 x 10'1). It is clearthatthe externalfields destry the simplelong-range
Coulombphysicsthatallowedscatteringheoryto be usedbelow threshold . Thefollowing sectionshavs

how this difficulty canbe overcome.
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2.2 S-matricesfor atomsin extemal fields

As discusse@bove, the main physicalrequiremenfor usingscatteringheoryto treata problem
is thatthe motion simplifiesin someregion of space.The key pointis thatsucha region exists for an
atomicelectronin externalelectromagneti€ields. While externalfieldsdo destrg thelong-rangespher
ical symmetryof the Rydbeg electrons motion, the electronicphysicsremainssimple at intermediate
distanceg10 < r < 100 a.u.),evenin thepresencef strongexternalfields. In thisintermediateangeof
radii, boththe effectsof theionic coreandof the externalfieldscanbe neglected andagainthe Rydbeg
electronevolvesin a pure Coulombpotential. For example,in a 6 Telsamagneticfield at a distanceof
r = 100 a.u.,theratio of the diamagneticenegy to the Coulombenegy is approximatelyl0—%. This
featureof an atomicelectronin externalfields wasfirst recognizecby Clark and Taylor [70] and has
sincebeenusedin mosttheoreticaltreatmentsboth quantumandsemiclassicalof thesesystems.This
allows the methodsof QDT and scatteringtheoryto be extendedto the caseof a Hamiltonianthatis
nonintegrable.

With this in mind, this thesisis foundedon the following physicalpicture. The quantumstateof
a highly excitedatomicelectronin the presencef externalfields canbe picturedasatime-independent
scatteringprocessln this processtheelectronscattersmultiple timesoff of theionic coreandthelong-
rangefields (Coulomband external), eachtime returningto the simple Coulombicregion. All of the
informationaboutthesescatteringeventsis containedn two scatteringnatrices:a coreregion scattering
matrix S°°"® anda nontrivial long-rangescatteringmatrix S'R. It is importantto remembethateachS-
matrix elementis a quantummechanicabmplitudeto scatteroff the coreor long-rangeregion a single
time. The remainderof this chapterandthe next shavs how thesetwo S-matricescontrol the most
interestingphysicsof atomsin externalelectromagnetifields.

At this pointit is usefulto summarizehe propertiesof thethreebasicregionsin whichanatomic
electronin externalfields moves. Figure 2.1 providesa graphicalrepresentatiomf this partitioning of

configurationspace.

(1) Coreregion (r < 10 a.u.): Here, complicatedinteractionssuch asthe electron-electrome-
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Long-Range Region

Core Region

i

Matching sphere (r=10-100 a.u.)

r=infinity

Figure 2.1: The variousregions of configurationspacein which a Rydbeg electronin external elec-
tromagnetidields travelsareshavn. The coreregion (r < 10 a.u.),matchingregion (10 < r < 100

a.u.),andthelong-rangeregion (» > 100) areshavn asconcentricsphericakhells.Usingthe matching
region as“home base”the electronscattersitherinward off theionic core (shavn asafilled circle at

thecenter) or outwardoff thelong rangeCoulombandexternalfield potentials. Eachof thesescattering
processess encapsulateth a scatteringnatrix.
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pulsionandthe Pauli exclusion principle dominatethe physicsof the Rydbeg electron. The
externalfields canbeignoredin this region. As in standardQDT, the physicsin this region is

encapsulateth anenegy independenscatteringmatrix S°'°.

(2) Matchingregion (10 < r < 100 a.u.): Here, the Rydbeg electronseesonly a spherically
symmetricCoulombpotential.l call it thematchingregion becauseolutionsfrom the coreand
long-rangeregionsarematchedn this regionto “ S-matrix states. Thus,this region functions

muchlike anasymptoticregionin traditionalscatteringheory

(3) Long-rangeregion (100 < r < 10* a.u.): Here,the sphericallysymmetricCoulombpotential

~

andtheexternalelectromagnetitieldscompeteon anequalfooting. Dependingon whatconfig-
urationof externalfields areapplied,the physicscanbe integrable(electricand Coulombfield
only) or noninteggrable(Coulombfield plus magneticfield or magneticandelectricfields). In
eithercase the Hamiltonianis not separablén the samecoordinatesystemasthe coreregion,

if atall. Thephysicsin this regionis encapsulateth a long-rangescatteringmatrix S'R.

The exact boundarieshetweentheseregions are somevhat flexible and dependon factorssuchasthe
total enegy, externalfield strengthsanddetailsof theionic core. Theimportantpointis thatthe physics

is qualitatively differentin eachregion.

Althoughthisthesisfocuseson boundstatephysicsonefurthercomplicationthatemegesabove
thresholddeseresmentionhere.Abovetheionizationthreshold afourthregionis identifiedbeyondr =
10*. Here,the Coulombfield hashecomearlessimportant,andtheexternalfieldsdominatethe physics.
Again, the detailsof the physicshere are determinedby the configurationof external fields that are
applied.For the caseof anexternalmagnetidield, the electronmovesoutin decoupled_andauchannels
alongthe directionof the magneticfield. For an appliedelectricfield, the electronapproachefinity
asanoutgoingwave in paraboliccoordinatesFor the casef parallelor crossecelectricandmagnetic

fields,the physicsis morecomplicatedatinfinity, but nonethelesss still approximatelyintegrable.
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2.2.1 S-matrix states

Now, usingthis matchingregion (10 < r < 100 a.u.) like anasymptoticregion in traditional
scatteringheory scatteringnatricesfor anatomicelectronin externalfieldsareintroduced.As before,
all but theradialdegreeof freedomwill beexpandedn asetof channefunctions®; (). LikebothQDT
andtraditionalscatteringheory the S-matricesaredefinedby writing down particularlinearcombina-
tions of solutionsof the Schrddingelequation the “.S-matrix states, in the matchingregion. However,
now therearetwo S-matrix states.Thefirst, M “'(r), is relatedto the numericallydeterminedsolution
F°°"(r) regularat » = 0 anddetermineshe core-rgjion S-matrix 5. The second MR (r), is re-
latedto the numericalIydeterminedsolutionE'-R(r) having physicalboundaryconditionsatr = oo and

determineghe long-rangeS-matrix S'R. In termsof the Coulombfunctionsandthe S-matricesthese

solutionsare:
MCOFE(T) % [i+ (r)ﬁcore o if (T)} , (217)
MR = LQ [f~ (S - f+(r)] . (2.18)
1

Theseforms of the solutionsare only valid in the Coulombmatchingregion (10 < » < 100 a.u.).
While it may seemthattheseS-matrix statesare “just anothersetof linearly independensolutionsof
the Schrédingeequatior, their usefulneswill be demonstratethroughouthis thesisasthey areused
to derive anumberof importantresults.

A numberof propertiesof theseS-matricesareworth mentioning.By comparingthelong-range
S-matrix stateM R (r) (2.18)with the Whittaker Coulombfunction (2.13)it is seerthatthelong-range
S-matrix with no externalfields is simply the diagonalmatrix S'}(E) = ¢?8(E) - Thus, unlike the
coreregion S-matrix, the long-rangeS-matrix dependsstrongly on the enegy. When externalfields
are appliedthis strongenegy dependenceemains,but §"R(E) becomesion-diagonabecausef the
broken sphericalsymmetryin the long-rangeregion. As in standardscatteringheory both of theseS-
matricesareunitaryandhave finite dimensioratagivenenegy F ontherealaxis. Thedimensiornof the
S-matricesis determinedoy the numberof locally openchannelsn the matchingregion. For analkali-

metalatom,this numbercanbe estimatedy the maximumclassicallyallowedangularmomentuni ata
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radiusrg someavherein the matchingregion

1 1
lmax = 27”8 (E + _> - 5- (2'19)

To
As statedabove, thetwo S-matricesS®® and SR determinethe mostinterestingpropertiesof
atomic Rydbeg statesin externalfields. The first suchpropertythat | investigateis the boundstate

enegiesof the Rydbeg electron.

2.2.2  Quantization using S-matrices

The highly excited eigenstatesf a nonintegrableHamiltonianarecharacterizetby globalchaos
in the classicaldomainanda lack of good quantumnumbersin the quantumdomain. Becausemuch
of our intuition aboutquantumeigenstateselies on the existenceof good quantumnumbers physical
insightaboutthe eigenstatess moredifficult to gainin a nonintegrablesystem.Someof the traditional
methodsof quantization(separatiorof variables perturbatiortheory)fail completelyfor nonintegrable
systemsOthers suchasvariationalmethodsstruggleto give ary insightaboutthe highly excited states
they provide. Becausef this, it is desirableo have amethodof quantizatiorthatis ableto give physical
insightaswell asaccuratesigervalues.

Herel presentanalternatve to thetraditionalmethodsof quantizationpnethatinvolvesthetwo

scatteringnatricesS®"® andS'?(E). Theresultderivedbelaw,
det[1 — S°°S*(E)] =0, (2.20)

wasfirst suggestetby Aymaretal [68], but nothingwasknown atthetime aboutthe detailsof thelong-
rangeS-matrix whenexternalfieldsareappliedto the atom. Thesedetailsturn out to bevery significant
as ary physicalinsight containedin Eq. (2.20) must be provided by the S-matricesthemseles. A
detaileddiscussiorof the physicscontainedin S'® is delayeduntil Chs.4 and5 wherel shov how
to calculatethis S-matrix using accuratequantumcalculationsand semiclassicahpproximations.As
expected this condition (2.20)is identicalto that of QDT (2.15)with the matrix 22 replacedby the
long rangescatteringmatrix S-R. Although the derivation of Eq. (2.20)is not difficult, | recordthe

detailshereassomeof theintermediataesultswill be usefullateron.
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To derive the quantizationcondition (2.20),1 constructthe linear combinationof solutionsthat
satisfiesthe physicalboundaryconditionsat both» = 0 andr = oo. Becauseéhe S-matrix states
M°®°"®(r) and MR (r) in Egs.(2.17) and (2.18) satisfy the neededboundaryconditionsat » = 0 and
r = oo respectrely, the physicalsolutionin the matchingregion mustbe a linear combinationof either
of thesesolutions. The physicallinear combinations(ﬂ>core and E’LR) arewritten in termsof the S-

matrix statesEqs.(2.17)and(2.18),andyet undetermineaxpansioncoeficients B¢ and BLR:

E’core(r) _ Mcore(r)ﬁcore: % [_+ (T)ﬁcoreiif (r)] g core (2.21)
E’LR(T) _ MLR(T)ﬁLR _ % M_(T)S'R —f’(r)] ?LR' (2_22)

Thesetwo physicalsolutionsmustbe identical. Thus,equatingEq. (2.21)to Eq. (2.22) somavherein

thematchingregion (7 ©¢(ro) = 7 "R(r()) yieldsanequatiorfor the coeficients BR,
[l . ﬁcoreﬁLR (E)] ?LR =0, (2.23)
alongwith atwo equationgelating B ®' and BR:

FLR — 7§COI‘G§COFE (224)

?core _ _§LR(E)§LR_ (2.25)

A nontrivial solutionof theseequationg2.23andeither2.24or 2.25)existsata givenenegy E only if

thefollowing conditionis satisfied:
det[1 — SR (E)] = 0. (2.26)

Thezerosof thisequatiorgivetheboundenegy levels E,, of theatomicelectrorboundto amultichannel
positiveion in the presencef externalfields. In theseformulasl have explicitly written outthe enegy
dependencef the long-rangeS-matrix §"R(E) to emphasizehat it variesrapidly asthe enepy is
changed Theenegy dependencesf the otherquantities suchas S°°', aremuchwealer andcanoften
beneglected.Additionally, it shouldbekeptin mindthatﬁLR(E) is astrongfunctionof theexternalfield
strengthsB and F', whereasS°" doesnot dependn theseparameterfor thecomparatiely weakfields

(B < 100 Tesla)underconsideratiorhere. As long asexactquantummechanicalS-matricesareused,
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the quantizationcondition (2.26) is exact. More importantly whena semiclassicahpproximationfor
SR is used Eq. (2.26) becomesa semiclassicatjuantizatiorconditionfor nonintegrable, multichannel
atoms.

A numberof researcher$77, 97, 98, 99, 1000 have given quantizationconditionssimilar to
Eq. (2.26). This body of researchshows that the quantizationformula (2.26) representa completely
generalmethodfor quantizingmultidimensional nonintggrablesystems. The only assumptiorl have
madein its derivationis thatat someradius(in the matchingregion), the effectsof both theionic core
andthe externalfields on the electroncanbe neglected. Works by Prosen99] andalsoRouvinezand
Smilansky [100] show thatthis assumptioris not strictly necessarandl outlinetheir approacthere.To
guantizea nonintegrableHamiltonianof d spatialdimensionsconfigurationspaceis divided into two
volumesV, andV},, whichareseparatedy ad — 1 dimensionaburface.This surface,calledthe surface
of section,is equivalentto a configurationspaceversionof the classicakurfaceof sectionintroducedby
Poincaréto reducethe dynamicsof an autonomouddamiltoniansystem(2d-dimensionaphasespace)
to thatof adiscretemapof the surfaceontoitself. This surfaceof sectionis thenusedto defineS-matrix
statessimilar to Egs. (2.17) and (2.18), alongwith S-matricesS® and S® for the two volumes. Their

[99, 100 quantizatiorcondition,
det[1 — SY(B)S"(E)] =0, (2.27)

is identicalto theonel have dervedhereandshons the generahatureof this approach.
However, the first formulationto usea Poincarésurfaceof sectionto quantizea nonintggrable
Hamiltonianis Bogomolry’s T-matrix method[97]. In this breakthroughwork, Bogomolry deriveda

semiclassicafjuantizatiorcondition,
det[L -~ T(E)] = 0, (2.28)

for nonintegrablesystemsn termsof the “transfermatrix” T'( F), which iteratesa quantizedversionof
thePoincarémap.In hiswork, thematrix T'(E) is definedonly semiclassicallyandis showvn to befinite
andunitaryin thelimit # — 0. Rouvinezand Smilansky [100] have showvn thatT'(F) is equalto the

productS3(E)SP(E) in the samelimit.



29

Theseworks elucidatesomeinsightful propertiesof quantizationconditionswritten asa secular
determinantnvolving finite, unitary S-matrices. A few of thesepropertiesare presentecherefor the
casestudiedin this thesis,namely an atomicelectronin externalfields. As Bogomolry demonstrates,
becausehe S-matricesarefinite andunitary, the seculardeterminantgg. (2.26),canbeidentifiedasa

dynamical(or Selbeg) zetafunction[101, 102 {,(E):
(s(E) = det[1 — S*SR(E)] . (2.29)

It is calleda zetafunction becauseét shareamary interestingpropertieswith the well known Riemann
zetafunction [103] ((s) alongtheline s = 1/2 + it. An excellentdiscussionof theseremarkable
connectioncanbefoundin the text of BrackandBhaduri[24]. Two suchpropertieshat(,(FE) shares

with the Riemanrezetafunctionarethe existenceof afunctionalequation,
G(B) = NP (B), (2.30)
andthe socalledRiemann-Sigelrelation,
C(E) = G(E) + "N E)G*(E). (2.31)
Thequantity N (E) is themeannumberof stateswith enegy lessthan £, whichis simply

~ dy g
N(E) = [ GEsre - 1) (2.32)

for d degreesof freedom.In generalthe G(E) in Eq. (2.31)canbewritten asafinite sumover tracesof
powersof thematrix S°°"¢$'R | $35P or 7" . By nomeanss this discussiorof thedynamicalkzetafunction
complete;rathermy goal hasbeento sketchthe relationshipbetweermy work andthat of others. The
one new aspectof my work thathasnot beennotedin the literaturethusfar is that functionssuchas
det[1 — S°"®S'R(E)] have the properties,Eqgs. (2.30) and (2.31), of a dynamicalzetafunction even
whenexactquantummechanicalS-matricesareused.Previously, the dynamicalzetafunction hasonly
beenusedin the contet of semiclassicahpproximations.Thus,| proposethatwhenexact S-matrices

areused Eq. (2.29)represents quantum-mechanicaketafunction.
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Onefinal relationshig100] expresseshedensityof states,
9(B) =) §(E—-E,), (2.33)
in termsof the zetafunction, Eq. (2.29),andthe meandensityof statesj(E) = %

g(E) =g(E) — Lim % Indet [1 — S°°S"R(E)]. (2.34)

™

This relationshipshaws that the matrix [1 — §°°’e§LR(E)] controlsthe oscillating part of the

densityof statesNow | show thatthis matrix alsocontrolsthe normalizationof the boundstates.

2.2.3  Normalization

At a boundstateenegy F, the physicalwavefunction E’E(r) takesthe form of the S-matrix
statesEq. (2.21) or (2.22),in the matchingregion. A studyof the normalizationof thesestatesgives
furtherinsightinto the physicsof the boundstatesof the Rydbeg electron.The normalizationcondition
derivedhereis similar to thatof Aymar etal. [68], andusesthe methodgivenin Greeng90]. As with
the quantizationcondition(2.26),animportantfeatureof the normalizationconditionis thatit depends
only on the matrix [1 — §°°’6§LR] . The beginning point of the derivationis the familiar normalization

condition,writtenin termsof the muItichanneradiaIwavefunctionE)E (r) (eitherEq.2.210r 2.22):

/dr
0

Integrals (or sums)over the angularand spin degreesof freedomare not presentoecausehe channel

E’E(r)f = 1. (2.35)

functionsareassumedo beorthonormal At first glanceit appearshatthisintegralrequireshe physical
wavefunctionat all radii. A well known trick of QDT usesGreens theoremto corvert the volume
integral to a surfaceintegral in the matchingregion [90]. This is advantageoudecauseghe S-matrix

forms,Eqs.(2.21)or (2.22),0f ﬁE(r) canthenbeused.Thetransformatiorto a surfaceintegral,

b .
Jim /a dr 4 (r) ¢ g(r) (2.36)

. 1 —, — b
= gy WWWM 7r),

b
| arTLn T e
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involvesthe Wronskian,

¥ g, (2.37)

evaluatedat the endpoints|a, b] of theintegrationrange. This formulais derived by first writing down

the Schrédingeequationdor ?E andﬂ)g,:

%E’};JF(E—VWE = 0 (2.38)
%E)g’, + 0L (E-V) = 0 (2.39)

Left multiplying Eq. (2.38) by E’E andright multiplying Eq. (2.39) by E)E subtractingthe two and
usingGreens theoremon the resultgivesEq. (2.36). To useEq. (2.36)to normalizethe wave function

(2.35)therangeof integrationis brokenup into two integrals,

[Tar[Feof = [Ca [pEeof + [ o [wEe) (2.40)

‘2
ro

wheretheintermediateaadiusrg is chosernto be somavherein the matchingregion. WhenEqg. (2.36)is

usedfor eachtermontheright sideof Eq. (2.40),thenormalizationconditionfor aboundstateatenegy

E,, becomes:
1 1 77 corex —7’core . T7LRx LR
1= lm YN (W { (1), V&, (7“0)} w { z (ro): ¥, (To)]) : (2.41)

To obtainthisresultonemustusethefactthewavefunctionsﬁ%’y’be and@"ﬁi vanishatr = 0 andr = oo
respectiely. Becauser is in the matchingregion, the S-matrix forms of E’c‘”e (2.21)and@’LR (2.22)

canbeusedin Eq. (2.41)alongwith Eq. (2.24), BR = — S F'core 10 give:

1= E,IEI}E ﬁ?corer (Wl _ ﬁcorefw2§core> ﬁcore, (2.42)
1 _ _

W, = =W [f 8 rh st s g ] (2.43)
1 . o

Wy, = —sW|fL 8™ () = fp.fp SFE) 11 ] (2.44)

The matricesW, andW, canthenbe simplified usingthe definition of the Wronskian(2.37) andthe

Wronskiansof ii givenin Egs.(2.2) and(2.3). Finally, thelimit £’ — E,, is takenusingl’Hospital’s



32

rule. After somealgebraandusingEqg. (2.23),thefinal form of the normalizationconditionreads:
1= i?LRTii (1 . ScoreSLR) E’LR (2.45)
2w de >~ — = ' '

As in the quantizationcondition, the matrix (1 — §°°’6§LR) controlsthe normalizationof the bound
states. As Harmin’s work [83] on the Stark effect demonstratespjormalizationconstantsuchasthis
matrix arecloselyrelatedto thedensityof stateof thephysicalsystem.Thisis consistentvith Eq.(2.34)
that relatesthe quantumdensity of statesto this matrix. In addition, in the next chapterthe matrix
(1 S°°regtR) - appearssa “density of stategmatrix” in the atomicphotoabsorptiogrosssection.
Alternatively, asAymar et al. [68] pointout, the normalizationcondition(2.45)canbe expressed

in termsof the Hermitiantime delaymatriceq104] for the coreandlong-rangeregions:

Qcore(LR) _ iScore(LR) dﬁcore(LR)T .

Q e (2.46)

Theresult,

1= %?'—RT (waef _ QLR) BIR,

shaws that the normalizationof the boundstatesinvolvesa sort of balancebetweerthe physicaltime

scalegencapsulateth QLR andQ“*") in the coreandlong-rangeregions.

2.3 Discussion

In the previoussection jdeasfrom scatteringheoryandQDT wereusedto studyRydbeg states
of atomsin staticexternalelectromagneti€ields. The following pictureof the electrons motionunder
girdsthisapproachthe stateof the Rydbeg electronis picturedasatime-independergcatteringorocess
wherethe electronscattersepeatediyoff thecoreandlong-rangeegionseachtime returningto aradius
in the “matchingregion” whereit seesa pure Coulombpotential. The S-matrix statesEqs.(2.17)and
(2.18), formalizethis ideaby introducingtwo unitary S-matricesS®"® and S'R. UsingtheseS-matrix
stated have deriveda quantizationcondition(2.20)anda normalizationcondition(2.45)for thebound
statesof the Rydbeg electron.Thesetwo equationswhich arethe mainresultsof this chapterbegin to

shaw thatthe mostimportantphysicsof the electronis containedn thematrix (1 — S°°%S'F) .
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This approactof dividing configurationspacento two regionsanddefiningan S-matrix for each
region is advantageou$or a numberof reasonsFirst, S-matricesareideally suitedto semiclassicahp-
proximations.In Ch.5 | derive suchanapproximatiorfor thelong-rangeS-matrix usinga semiclassical
Greens function. Semiclassicall,yﬁ"R is written asa sumover classicalorbits, closed-orbitsthat are
launchedoutwardfrom a spheran the matchingregion, scatternoff thelong-rangefieldsandthenreturn
to the sphereaftertime T'. | shav thatthe classicalaction S, (notto be confusedwith the matrix S'%)

of eachsuchorbit contributesto the phaseof the S-matrixin theform (seeEq. (5.39)):
SR(E Z Ay eorE (2.47)

The matrix A; of eachorbit dependson the stability, Maslov index, andinitial andfinal anglesof the
orbit. While the resultsof this chaptercan be written in termsof either K-matricesor R-matrices,
the semiclassicahpproximationgor thesematricesareneedlesshcumbersomeomparedo thatof the
S-matrix (2.47).

Second,S-matricesgive importantphysicalinsight not availablein otherapproachesThis can
be seenby looking at the traceof the time delay matrix for the long-rangeregion in a semiclassical
approximation A substitutiorof thesemiclassicalorm of SR, Eq. (2.47),into thedefinitionof thetime

delaymatrix, Eq. (2.46),gives,

LR}
T (Q"(E)) = (SLRdS ) ZTk o, (2.48)

whereT,(E) = dsk denotesthe period of the kth classicalorbit anda, = Tr(AkA ) is a number
indicatingthe relative importanceof the orbit. This shaws thatthe S-matrix S'R givesdirectaccesgo
thetime domainphysicsof the Rydbeg electron.Chs.4 and5 shav thatthe quantitatve detailsof this
time domainphysicsin S'R canbe extractedby FouriertransformingS“?(F) into thetime domain.
Third, andfinally, dividing configurationspaceinto two regionsleadsto an efficient approach.
Oncethe long-rangeS-matrix hasbeencalculatedfor a given configurationof externalfields, the ob-
senablesof mary differentatomsin that configurationof fields canbe calculatedby simply usingthe

S°°"® appropriateto eachatom.
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Of coursethebestargumentor formulatingthetheoryin termsof S-matriceds theirusefulness.
This chapterhasbegunto build a casefor this viewpoint by shaving thatthe S-matricesS™? and 5"
determingheboundstatephysicsof anatomicelectronin thepresencef anexternalelectricor magnetic
field. In thenext chapteyl continuealongtheselines,exploring therelationshipbetweerthe S-matrices

andthe atomicphotoabsorptiolgrosssection.



Chapter s

Coarsegrained photoabsomption spectra

Thephysicalobsenablefocusedonin thisthesisis thephotoabsorptiorrosssectionof atomsin
externalelectromagnetifields. This obsenablehasprovided both theoristsandexperimentalistsa rich
way of probinga classicallychaoticHamiltonian. The goal of this chapteris to forgealink betweerthe
importantenegy obsenableandthis scatteringmatricesS'R and.S°°™ of the previous chapter

The nearthresholdphotoabsorptiorrosssectionof atomsin externalfields presentsa difficulty
for the traditionalapproachof spectroscop Typically, the low lying spectraof atomsareinterpreted
by assigninga setof quantumnumbergo eachabsorptioriine. While at timesthesequantumnumbers
areonly approximatethis programgivesa completedescriptionof the atomicstatesvhenthe densityof
stateds sufficiently low. However, neartheionizationthresholdof atomsin externalfields,thisapproach
fails asthe densityof statebecomesnormous.Evenfor hydrogen the simple Rydbeg seriespresent
with no externalfields becomesan unrecognizabldéangle of closedspacedabsorptionlines whenan
externalmagneticfield is applied. Evenwhenapproximatequantumnumberscanbe found, suchasin
the Starkeffect, the prospecbf labelingthousandef quantumstatess daunting.

An alternatve to interpretingeachboundstateindividually is to directly focuson the enegy-
smoothedcrosssection. In the earliestdiamagnetidRydbeg stateexperimentq30], this approachwas
necessarpecauseheexperimentaresolutionwasinsufficientto resole individual linesnearthreshold.
However, astheoreticalmethodssuchas closed-orbittheory [37, 38, 36] progressedit wasrealized
that this approachof studyingthe large-scaleenepgy structuresin the crosssectionwas actually the

preferredway to studythesesystemsgven whenexperimentalresolutionallowed the identificationof
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individual lines. In the spirit of Gutzwiller's semiclassicatheory for the enegy-smoothedlensity of
states[19, 18, 20, 21], Delos and cowvorkers shaved that the global oscillationsof the crosssection
with enegy could be relatedto certainclassicalorbits in the system. Theseclassicalorbits, closed-
orbits, begin at the nucleus,scatteroff the long-rangefields andreturnto the nucleusa time 1}, later.
As discussedn the introduction,the mainresultof closed-orbittheory[38] is a formulafor the near
threshold ,enegy-smoothectrosssectionthatinvolvesan oscillatingterm Ay, cos(ET},) for eachsuch
orbit. This givesa simpleinterpretatiorof the global oscillationsin the enegy domaincrosssection.

Theapproachn thischapterfollowsthatof closed-orbitheory Thegoalwill notbeto predictthe
infinite resolutionphotoabsorptiorrosssection;ratherthe focusis on obtainingthe enegy-smoothed,
or “precorvolved” crosssectiondirectly. Thiswork is meantto extendandgeneralizeclosed-orbitheory
to amoregeneraklassof systemsWhereaslosed-orbitheoryandits extensionshave beenlimited to
singlechannelatomswith a singleionizationthreshold the approachyivenherelaysthe foundationfor
the treatmentof multichannelatomswith multiple escapehresholdsin any configurationof external
fields.

As with thepreviouschapterthefocushereis onthe exactquantunmechanic®f anatomicelec-
tronin externalelectromagnetifields. The subtletiesof introducingsemiclassicahpproximationsnto
thecrosssectionareaddresseih Ch. 6. It is importantto seehow the physicalinsightsof semiclassical
methodsare, to a greatextent, alreadypresentin the exact quantum-mechanicalrosssection. Sec-
tion 3.1,usingRobicheauxs precowolvedquantum-defedheory[105] for guidancedevelopsanexact
expressionfor the precomwvolved photoabsorptiortrosssectionof an atomin external electromagnetic

fields. In Sec.3.2,this crosssectionis interpretedandits generabpropertiesarediscussed.

3.1  Precorvolved quantum-defecttheory

To obtainan enegy-smootheghotoabsorptiortrosssection,one canproceedn two different
ways. The first is to calculatethe infinite resolutioncrosssectionos(E) on a fine enegy meshand
thenperforma numericalcorvolution with somesmoothingfunction of width I" to obtainthe smoothed

crosssectiono! (F). An alternatve approachs to convolve the crosssectionanalytically beforeary
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guantitiesare calculated.This methodof “precorvolution” avoids the costly calculationof the infinite
resolutioncrosssectionaltogethermndgiveso® (E) directly in termsof simpleparametersf QDT.

The first suchexample of a precowolved photoabsorptiorcrosssectionwas derived by Ro-
bicheaux{105]. His resultfor the corvolvedcrosssectiono® (E) shavs thatprecowolutionis handled
elggantlyin the context of multichannelQDT. Robicheauwbeginsby writing the convolvedcrosssection
in termsof a generalizedGreens function. After that, the tools of QDT are usedto find the relevant

Greensfunctionin termsof familiar elementsof QDT. Thefinal formula,
0T (B) = 4nawRed [1 — S°"%¥E] 7 [1+ 52 d, (3.1)

depend®nly onthecore-reion S-matrix S, thelong-rangeCoulombphase-2'% () in eachchannel,
anda vectorof dipole matrix elementsd betweenthe initial atomicstateand enegy-normalizedfinal

states By analyzingthe propertiesof the Coulombfunctionsin the comple plane,Robicheauxshoved
that corvolving the exact crosssectionwith a Lorentzianof width T" was equivalentto evaluatingthe
QDT parameteps;(E) atacomple enegy E + iI'/2. More specifically in Eq. (3.1), 3;(E) takesthe

values,

™
Bi(E) = BT E=E) E < Ej, 3.2)

= 100 E>Ej,

above andbelow the thresholdenegy E;. Becausehe dipole vectord andthe S-matrix S°°® canbe
calculatedon a coarsemeshof real enegies, Eq. (3.1) yields an extremely efficient methodfor the
calculationo™ (E).

Although efficient andelegant,the resultof Eq. (3.1) is only valid whenthelong-rangefield of
the electronis a pureCoulombpotential. The methodsusedto derive it rely critically onthe properties
of Coulombfunctionsat large distancesBecausexternalelectromagnetifields destry thelong-range
sphericalsymmetry a new approachfor the precorvolved crosssectionmustbe found for this case.
On the otherhand,the quantizatiorformula, Eq. (2.26), of the previous chaptersuggestshata simple

replacemenof thematrix ¢>"2 by thelong-rangeS-matrix SR in Eq. (3.1) couldgive thedesiredgener
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alization. In the next section,| derive anexpressiorfor the precomwvolvedphotoabsorptiorrosssection

for anatomin externalfieldsandshaw thatthis naive guesss indeedcorrect.

3.1.1 Energy smoothingof the crosssection

The first stepin deriving a convolved crosssectionis to relatethe convolved crosssectionto
a Greens function evaluatedat complex enegies. Following Robicheaux105], the corvolved cross
sectiono® (F) is definedasthe integral of the exactcrosssectiono ( E) with a Lorentzianof full width

at half maximum(FWHM) T" :

_ T / o(E')
ol'(E) = > /dE CEIEES Iy (3.3)

While othercornvolution functionscanbe used the Lorentzianleadsto anelementaryesult,
oV (E) = o(E +il'/2), (3.4)

which is obtainedby performingthe integrationin Eq. (3.3) by the methodof contourintegration. Be-
causethe exact crosssectionhasonly simple poleson the real enegy axis, only the residueof the
integrandat the pole of the Lorentzian,E’ = E + iI'/2, is neededvhenthe contouris closedin the
upperhalf of the complec plane. The standardexpressiorfor the atomicphotoabsorptiomrosssection

in aperturbatve laserfield [1],

2
, (3.5)

o(B) = 4w*a(B ~ Ey) Y [(vo|D| vz, )

senesasthe startingpointin finding o (E + iI"/2). Theatomis takento bein theinitial quantumstate

|to) with enegy Ey beforeit makesa transitionto the enegy-normalizedfinal states

"/’E,z‘> having
outgoing-wavesin the ith channelonly. Thedipole operatorD is givenin termsof the photonpolariza-

tion vectoré andthe positionoperatorr

D=¢-7. (3.6)

As usual,therule of averagingover indistinguishablenitial statesandsummingover indistinguishable
final stateds impliedin Eq.(3.5). In addition,w = E — Ej is thefrequeng of thelaserusedto excite

thetransition.
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Next, thephotoabsorptiosrosssectionis writtenin termsof theoutgoing-wave Greensfunction.
Oncethis stepis accomplishedthe methodsof QDT canbe usedto calculatethe final result. As an

operatof106], the outgoing-wave Greensfunctionis definedas:

GH(E) = lim (E +ie— H)™. (3.7)

e—0t

Therelationshipbetweerthis operator(3.7) andthe crosssection(3.5),
o7 (E) = —4mawim ( Dyq )Cﬁ(E + iF/Q)‘ Do) (3.8)

is well known andis derivedin a numberof articles[38, 106. An importantfeatureof this form of the
crosssectionis thatit is valid both above andbelow theionizationthreshold.With this equation(3.8),
thecalculationof the corvolvedphotoabsorptiorrosssectionhasbeenreducedo the calculationof the
Greens function G‘*(E) at comple enegies. In the next subsection(3.1.2)1 give the detailsof how
this Greens function canbe computedvhenan externalfield is appliedto theatom. The casualreader

is encouragedo skip aheado thefinal result,whichis presentedn subsectior8.1.3.

3.1.2 Finding the Green’sfunction

Thegoalthen,is to derive anexpressiorfor the outgoing-wave Greens function
G (Z,7'; F) (3.7)atcomplex enegies. Thederivationpresentedhereis thefirst to includethenontrivial
effectsof externalfieldsin thelong-rangeegion. While it lacksrigor at certainpoints,themainideasare
presentaandprovide a frameawork for futurework. A discussiorof the remainingopenquestiondollows
thederivation.

As statedin the previous chapter the resultis expectedto involve the all important matrix
[1- §°°’e§LR] . Thisis achieved by usingthe S-matrix statesEqgs.(2.17)and(2.18),to constructthe
requiredGreens function. This follows the standardnethodin thetheoryof Greens functions[107] of

usingsolutionsof the homogeneousquationto build the Greens function, which satisfiegsheinhomo-
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geneougquatiort ,
(%vi +E— V(:E’)) G(#,7;E) = 6(& — 7). (3.9)

In this approachthe boundaryconditionson G(Z, Z’; E') areimposedby constructingt out of solutions
Y (Z) of the homogeneougquation(Eq. (3.9) with §(Z — #') — 0) that satisfy the samedesired
boundaryconditions. Again, the desiredGreens function derived hereis regularat » = 0 and has
outgoing-wave boundaryconditionsat » = oo. | mentionthis becausen future chaptersthis same
approachwill be useto find Greens functionsobeying differentboundaryconditions. It is important
to rememberthatwhile all of the theseGreens functionssatisfythe sameequationEq. (3.9), they are
not identical. The detailsof the derivation are more straightforward when channelexpansionsof the

wavefunction,

1
a(r Q) == " ®,(Q) Mo (r), 3.10
w(r)T;U (r). (3.10)
andthe Greens function,
. 1 5 .
G(Z, 7, E) = — z]: D;(Q)Gy; (2,75 E) 3 (), (3.11)
Gij(r,r'; E) = rr’ (9 |G(Z, 71 E)| ®;), (3.12)

areused.The multichannelGreens function, Eq. (3.12) (now written asa matrix G), is a solutionof the
equation,

~I

5 ) + (B = V() = 164 — "), (3.13)

with the multichannelwavefunction M (r) obeying a similar, but homogeneougquation(2.7). The
matrix V (r) is themultichanneleffective potentialof Eq. (2.8).
Thesolutionsof thehomogeneousquatiorsatisfyingthe desiredooundaryconditionsarethe S-

matrix statesEqgs.(2.17)and(2.18),of the previouschapter The core-ragion state M “°'(r), is regular

1 Someauthorsdefinethe Greens functionwith anadditionalminussignin front of the deltafunctionin Eq. (3.9). | usethis
corventionasit is consistentvith whatis typically usedin semiclassicahpproximationg24].
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attheorigin andtakestheform,

M) = —= [fT ()8~ f~(1)], (3.14)

2\/— =
in the matchingregion. The Iong-rang%tate,MLR(r), is an outgoingwave at infinity (althoughnot

necessarilyn sphericachannelspndtakesthe form,

MRy =—=[f (nSF -], (3.15)

2\/_
in the matchingregion. Outsidethe matchingregion, the numericalforms of thesesolutionsmustbe
used;this is implied whenthey arewritten as M°"%(r') and MR (r). Now an ansatzfor the Greens

function,

Q(r,r’) = MLR(T)A(T’) r >, (3.16)

— ]\/_COFE(T)E(T/) r< 7‘/7

is givenin termsof undeterminedtoeficients A(r") and B(r’). Thesecoeficientsare determinedoy
requiringthatthe Greens functionis continuousatr = r’ andhasa discontinuityin the first derivative

givenby,

r=r'4e

d
FILI(I]lJr %G(r ) L =2. (3.17)

Thesearequirementsipontheansatz3.16)areenforcedn thematchingregionwherethe S-matrix states,

Eq.(3.14)and(3.15),canbeused.This leadsto a setof linearequations,

(J=SR—fYA—(f78%—f)B = o, (3.18)

(i_lﬁLR _i+I)A_ (i+/§core_ f_/)ﬁ — 22.\/5’ (3.19)

for thecoeficientmatricesA(r’) andB(r’). A long but straightforvardalgebragivesthe solutions:

A(T/) = 271 [ ScoreSLR] SCOFGMCOI'GT (7,/) ’ (320)

E(T') _ 27”ﬁLR [l_ﬁcoreﬁLR]—l MLRT(T/). (3.21)

Thesecoeficients, Eqgs.(3.20) and (3.21), along with the ansatZfor the Greens function, Eq. (3.16),
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determinghe Greens function:

G(r,r';E) = 2miMR(r) [1- §core§LR] - SCOTNCOTE () > ) (3.22)

_ QWiMcore(T)ﬁLR [l - ﬁcoreﬁLR] -1 MLRT (7“/) r>rl.

It is desirabldgo simplify thisform of the Greensfunction. Until now, all of thestepshathavebeentaken
have beenwell justified; the resultis thusfar exact. To usethis Greens functionto calculatethe cross
section,it is usefulto write the long-rangesolution A°°"*(r) in Eq. (3.22)in termsof the core-rgjion
solution MR (r). At a boundstateenegy, two suchrelationshipscan be derived using Egs. (2.21),

(2.22),(2.24),and(2.25)of the previouschapter(Ch. 2):

MLR (7“) — _Mcore(r)§corei-’ (3.23)

MLR (’I“) — —Mcore(’l“)ﬁLR. (324)

| now assumehattheserelationshipsEgs.(3.23)and(3.24),hold betweerthe boundstateenegiesas
well. Thisis areasonablassumptiorif the S-matrix solutions(3.14)and(3.15)vary slowly with enegy.
UsingtheserelationshipsEqs.(3.23)and(3.24),in the expressiorfor the Greens function, Eq. (3.22),

givesthe simpleresult,
Q(n 7‘/; E) — _27”~/Mcore(7a)§coref [l _ ﬁcoreﬁLR]*l ﬁcoreMcorer (7“/). (3.25)

Becausel/ "¢

(r) appearsymmetricallyfor bothr ands’ in this expressiontherestrictionsr > +’or
r < r’ canbedropped. A subtlepoint aboutthis Greens function (3.25)is thatit is only part of the
outgoing-wave Greens function. As Robicheauxdocumentsan additional“smooth” Greens function
mustbe addecto Eq. (3.25)to form the outgoing-wave Greens function. The smoothGreens function

canbeobtainedby aphysicalargument(see[105]) abouttheabove thresholdcrosssectionandreads:
G’ (r,r'; B) = imM " (r) M (+), (3.26)

Adding G° (r,7’; E) (3.26)to Eqg. (3.25), the final form of the outgoing-wave Greens function is ob-

tained:

Q+ (’I“, T/; E) — 7j7TMcore(r)§coref [l o ﬁcoreﬁLR] -1 [l+§core§LR} ﬁcoreMcorer (7‘/). (3.27)
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As expectedthis Greens functiondepend®n the ubiquitousmatrix [1 — S°°°S"R| andthecore-region
S-matrix statesM “°"*(r) thatwill beusedto definedipolevectors.

There are two unresohed questionsin this derivation. First, | have usedthe relationships,
Egs.(3.23)and (3.24), away from boundstateenegieswherethey areknown to be valid. Although
| expectthis to be anexcellentapproximationthis needgo bejustifiedin amorerigorousmanner Sec-
ond, thefull natureof thesmoothGreensfunctionG” (r,7’; E) andits relationshipto theoutgoing-vave
Greens functionneedgo be exploredfurther In spiteof theseremainingquestionsthereis little doubt
thatthe Greens function, Eq. (3.27),derivedhereis the outgoingwave Greens functionneededor the
crosssection.Thisis becauseéhe matrix [1 — §°°re§LR] , whichvanishesatthe boundstateenegiesE,,,
ensureshattheGreensfunctionof Eq. (3.27)hasthesamepolestructuren thecomplex enegy planeas
the outgoingwave Greens function,Eq. (3.7). Usingtheideasof Labastieetal. [106] it is alsopossible
to shav that the normalizationcondition, Eq. (2.45), ensureghat the residuesof thesepolescoincide
with thoseof Eq.(3.7). Thus,basedntheanalyticpropertiesof Eq.(3.27)in thecomplex enegy plane,
the Greensfunctionl have constructedherecandiffer from thetrue outgoing-wave Greens function by

atmostananalyticfunctionof the enegy (the smoothGreensfunction).

3.1.3  Puitting it all together

With an expressionfor the outgoing-wave Greens function, Eq. (3.27), the final form of the
convolved crosssectioncanbe given. A substitutionof the Greens function (3.27) into the expression

for thecrosssection(3.8) givesthe generalizatiorof Robicheauxs formula,
o7 (E) = 4r%awRed [1 — S¥°SR(E +i/2)] " [L+ SR (E +il'/2)] d', (3.28)

which includesthe effects of external electric and magneticfields. As promised,this resultis the
precowvolved crosssectionof Eq. (3.1) with the replacement?2 — SR In addition, the matrix
[1— §°es'R] - [1+ 5°"S"R]| appearsasa generalizediensityof statesmatrix in the languageof
Harmin[83] andothers[106], which determinesll of the nontrivial aspect®f thecrosssection.

At a more primitive level, the crosssection,Eq. (3.28), dependn threebasicquantities: the
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dipolevectord andthe S-matricesfor thelong-rangeandcoreregions S-R and,S°°'¢. Thedipolevector

consistof matrix elementf the dipole operatorD,
di = (o | D] v5), (3.29)
betweertheinitial state|y,) andthetheenegy-normalizedS-matrix staté , Eq. (3.14):
V(1 Q) Z@ Q) M) ST (3.30)

This dipolevectord, alongwith S°°"® determinethe short-rangehysicsof the Rydbeg electron.In both
casesit is agoodapproximatiorto calculatetheseontherealenepgy axis neglectingthe externalfields.

As in the crosssectionwithout externalfields applied, Eq. (3.1), the enegy smoothingis ac-
complishedby evaluatingthe long-rangeS-matrix SR (E + iT'/2) at complex enegies. This enegy-
smoothedS-matrix containsall of the effectsof the externalfields appliedto the atomand,in general,
must be determinedby solving the long-rangeSchrddingerequationat complex enegies. In a fully
guantummechanicatalculation thisis a particularlydifficult taskbecauséhe nonseparableng-range
Schrédingeequatiormustbe solvedanev ateveryenegy E + iI" /2. Thereforethis methodis not par
ticularly efficient whenthe exactquantumcrosssectionis desiredat high resolution. In fact, for single
channelatoms,a numberof othermethodq70, 71, 73, 76] outperformmy approachwhencalculating
theinfinite resolutioncrosssection.

In spiteof this difficulty, Eq. (3.28)is advantageousor a numberof reasonsFirstit represents
a completelygeneralformula for treatingatomsin externalfields. It includesboth the complications
of a multichannelionic core and the nonperturbatie effect of an arbitrary configurationof external
fields. As examples,Eq. (3.28) could be usedto calculatearnything from the Stark effect in argon to
diamagnetismin the alkaline-earthatomsor crossedelectric and magneticfield effectsin the alkali-
metalatoms. Second Eq. (3.28)is amenablgo semiclassicahpproximations Although semiclassical
approximationgo Eq. (3.28)involve a numberof unexpectedsubtletieqseeCh. 6), in theend,a simple

resultcanbe obtained.Third, Eq. (3.28) providesa clearpicture of the physicsinvolvedwhenanatom

2 An additionalS°°'¢" appearsn Eq.(3.30)for thestate| %) usedto definethedipolevectorto be consistentvith thedipole
vectorsusedby otherresearcherf68, 105. Alternatiely, this S-matrix canbe absorbednto the densityof statesmatrix. When
thisis done the orderingof S'R and.S°in the crosssection Eq. (3.28),is reversed.
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absorbs photonin the presencef externalfields. This physicalinsightis the subjectof the next section.
Thevalidity of theprecorvolvedphotoabsorptioerosssectionderivedin this chapterEg. (3.28),
canbeverifiedby comparingts predictionswith previous calculationsandexperiment.Sucha compar
isonis givenin Figs. 3.1 and 3.2 for hydrogen(deuterium)atomsin a 5.96 Teslamagneticfield. The
precowolved crosssectionshovn in Fig. 3.2 hasbeencalculatedby usingan accuratdong-ranges-
matrix S'R in Eq. (3.28). The requiredS-matrix wascalculatedat complex enegies(I' = 1.5 x 10~7
a.u.) with the variational R-matrix techniqueof Ch. 4 to give the corvolved crosssectiondirectly. The
agreemenbetweenmy calculationgFig. 3.2) andthe previous, infinite resolutioncalculationsof Wun-
neretal. [108] shovn in Fig. 3.1is excellent. Also, the somavhatcoarserresolutionexperimentaldata

agreeswith the predictionsof bothmy own andthe previouscalculationg108].

3.2  Interpretation and discussion

Thepreviouschaptelintroducedaphysicalpictureof themotionof anatomicelectronin external
electromagnetidields. After absorbinga photon,the atomicelectronis placedin a quantumstatethat
canbe visualizedasa combinationof two time-independergcatteringorocessesThefirst involvesthe
electrorbeinglaunchednwardto scatteioff themultichannelonic coreto whichit is bound.Thesecond
involvesthe electronbeinglaunchedoutward to scatteroff the long-rangeCoulomband externalfield
potentials.The scatteringmatricesof the previous chapterencapsulatéhe quantumamplitudesfor both
of thesescatteringevents.My formula,Eq (3.28),for thesmoothedhotoabsorptiogrosssectionshavs

exactly how this physicalpictureis manifestedn the photoabsorptiolrosssection.

3.2.1 Expansionof the crosssection

The physicalinsight containedin the corvolved crosssection,Eq. (3.28), can be extractedby
expandingthematrix [1 — §°°’6§LR] “in thecrosssectionasageometricseries After right multiplying

theresultingseriesby thematrix [1 + S°°"%S"R], the crosssection(3.28)becomes:

UF(E) — 47r2aw Re(i[l + 2§core§LR +92 (ﬁcoreﬁLR)2 +9 (ﬁcoreﬁLR):s 4. } (ﬁ (3.31)
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Figure3.1: Thetheoreticalandexperimentaphotoabsorptiospectraareshovn for deuteriumRydbeg
atomsin anexternalmagnetidield of 5.96 Tesla.Boththeexperimentandtheoryshovn herearefor m =
0, even parity final statesof the electron. The large scalequantumcalculationgperformedby Wunner
et al. [108] are shavn above the experimentalspectraof Welge and coworkers[33]. The agreement
betweertheoryandexperimentis goodgiventhe coarseresolutionof the experiment. Theseresultsare
shavn for comparisorwith the methoddescribedn this chapterfor calculatingthephotoaborptiortross
section(seeFig. 3.2). Thisfigureis takenfrom [108].
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Figure 3.2: The corvolved photoabsorptiorcrosssectionis plottedfor m = 0, even parity statesof
hydrogerin a5.96 Teslafield. ThesecalculationsvereperformedusingtheaccurateuantumsS-matrices
of Ch. 4 in the formula derivedin this chapter Eq. (3.28), for the crosssection. The good agreement
betweenthesecalculationsandthe theoryand experimentsshavn in Fig. 3.1 shavs that my S-matrix
formulationof the photoabsorptioprocesgivesquantitatvely accuratespectra.The highestenegy in
the spectrum(—40 cm™!) correspondso a scaledenegy of ¢ = —0.4 whereapproximatelyd0% of the
classicabhasespacds chaotic.
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This power seriesexpansionof the crosssectionis the startingpoint in ary interpretation both semi-
classicabndquantunmechanicalpf the photoabsorptioprocessAs statedn the previouschapterthe
S-matricesaresimply quantum-mechanicaimplitudego scattethrougharegion of spaceasingletime.
Thus,the crosssectioncanbe viewed asan infinite sumover quantum-mechanicamplitudesassoci-
atedwith Feynmanpathswherethe Rydbeg electronscattersa singletime (S°°"S'®) or elsemultiple
times (S°"¢S™R - - . §°°"%SR) off the coreandlong-rangeregions. This recognitionis the first stepin
understandinghe electrons final statein a photoabsorptiomxperiment.

It is importantat this point to establishthe corvergenceof the power seriesexpansionof the
crosssectionof Eq.(3.31). This canbestudiedby definingthenormof amatrix. Thenormof acomplec
matrix A is definedby how it actson the setof complec vectorsz thathave Euclideannorm lessthan

unity [109]:
Al = max |AZ|. (3.32)

Using this definition (3.32), the standarddefinitionsof corvergentseriescanbe extendedto seriesof

matrices.It canbeshown (see[109], exercise3 of Sec.1.3)thatthe geometricseriesof matrices,

Z(ﬁcoreﬁLR)n — (l _ ﬁcoreﬁLR)fl7 (3.33)

n=0

corvergesabsolutelyif thefollowing conditionon the S-matricess met:
| S%eSHR|| < 1. (3.34)

Numericalevidencesuggestshatwhenthe long-rangeS-matrix S'® is calculatedat complex enegies
with a small, positive imaginarypartiI'/2, the conditionfor corvergence Eq. (3.34), is satisfied. A
generalproof of this obsenationis still lacking andwould be a desiredresult. This implies that the
seriesexpansionof the crosssection(3.31) will always cornverge whenaccurateS-matricesare calcu-
lated as prescribedoy the precomwolution theory Any divergenceof the seriesexpansionof the cross
section(3.31)shouldthusberelatedto inaccurateS-matrices. However, whentherearequestionsabout
corvergenceEq. (3.34)canbechecledoncethe S-matriceshave beencalculated.

Thecornvergenceof theexpansiorof thecrosssectiongivenby Eq. (3.31)is significantin light of
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other semiclassicatxpansionf the crosssection. Two extensionsof closed-orbitheoryby Dandoet
al. [53] andby Shav andRobicheau)54] have givenseriesexpansion®f the photoabsorptiogrosssec-
tion for oneelectronatomsotherthanhydrogen Fromthe start,thesemethodsdevelopthe crosssection
througha semiclassicahpproximationto a multiple scatteringexpansion. Thatis, their crosssections
arederivedterm-by-termby iteratinga semiclassicaBorn approximation-lile scatteringseries.While
thesesemiclassicaéxpansionshave beenextremely successfufor single channelatomshaving oneor
two nonzeragquantumdefectsthey areknown to divergerapidly for heavier atomssuchasrubidiumand
barium[65]. It is unknovn whetherthe divergencesn their crosssectionsaredueto the semiclassical
approximationor the formulationof the seriesitself. Additionally, it is not obviousif their expressions
have anexact(andhopefullycorvergent)quantum-mechanicgleneralizationMy form of thecrosssec-
tion givesthis generalizatiormndshowvs thattheexactcrosssectionis naturallyexpressedsacornvergent
power seriesin the S-matricesS™® and S Furthermorethefirst form of the crosssection Eq. (3.28),
shavsthatthe power seriescanbe summedo includeall ordersof scatteringautomatically

In somerespectsthe corvergenceof the seriesin Eq. (3.31)is a purely mathematicaproperty
of the crosssection. On the otherhand,having a corvergentseriesexpansionof the photoabsorption
crosssectionis physicallyrelevant. Becauseahe expansiongivenin Eq. (3.31) corverges,a reasonable
approximatiorfor thefull seriescanbe found by includingthefirst few termsof the series.Theneach
suchtermcanbeinterpretedndividually. Thistypeof analysids inspiredby semiclassicainethodssuch
asclosed-orbitheorywhereonly afew shorttime closedorbit areneededo describaglobaloscillations
of theenegy domaincrosssection.As such,it is usefulto shav how my expansionof the crosssection

relatesto standard:losed-orbitheory

3.2.2  Semiclassicahpproximations

A brief descriptionof semiclassicahpproximationgo the photoabsorptiorrosssectionshavs
how the seriesexpansionin Eq. (3.31)canbeinterpretedn aterm-by-termmanner A morethorough
treatmenbf semiclassicahpproximationgo the photoabsorptiogrosssectionis givenin Chs.5 and6.

Thediscussiorhereis only meanto introducesomeof thegeneraldeasof asemiclassicaapproximation
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to the photoabsorptiolerosssection.

A recurringthemein this thesisis that S-matricesareideally suitedto semiclassicahpproxima-
tions. Becausef this, semiclassicaapproximationgor the crosssectionwill be derived (seeCh. 6) by
introducinga semiclassicahpproximatiorfor thelong rangescatteringnatrix,§"R(E). All of theshort
rangeparameter$S°"®, d) requiredfor the crosssectionwill typically be calculatedn afully quantum-
mechanicaframeavork assemiclassicahpproximationsarenot appropriatefor thesequantitieg[38]. In

Ch.6, | show thatthe generakemiclassicaéxpressiorfor thelong-rangeS-matrix,
SR(E) =) Ap(B)e'+ P, (3.35)
k:

involvesa sumover all classicaltrajectoriesthat leave the matchingregion traveling radially outward,
scatterclassicallyof thelong-rangdields,andeventuallyreturnto the matchingregion afteraccumulat-
ing anactionSy;,. Thematrix A, (E) (seeCh.5, Eq. (5.42))is complex andcontainsinformationabout
theclassicaktability, the Maslov index, andalsotheinitial andfinal polaranglesof eachof thesetrajec-
tories. The numberof trajectoriessummedoverin Eq. (3.35)rangesrom onewith no externalfieldsto
infinitely mary whenan externalmagneticfield is appliedto theatom. Also, it shouldbe remembered
thatall of thequantitiesin Eq. (3.35)(4,., Si.) dependnthe externalfieldsappliedto theatom.
Using the semiclassicaéxpressionfor SR (3.35)in the expansionof the crosssection(3.31)

givesthe primiti ve semiclassicabpproximation for the photoabsorptiogrosssection:

o'(B) = dnawRed [ 1+2) " S%CAe™ 42 " S%°4, 54 !5t ... | dl. (3.36)

i ij

Whenthis crosssectionis plottedin a smallinterval nearanenegy £’ andFouriertransformedo the
time domain,theresultingrecurrencespectrum shows strongpeaksat the periodsT;(E’) of primitive
closed-orbitsandat the combinedperiods(suchas7;(E’) + T;(E") andT;(E") + T;(E") + T (E'")) of
thoseprimitive orbits. This is madepossiblebecausehe amplitudes4, vary slowly with enegy. Thus
my form of the crosssection(3.31), whencombinedwith semiclassicaapproximationgor S'® (3.35)
reproduceshe physicalcontentof closed-orbittheory A small enegy interval about E’ is required

becausehe periodsT;(F) dependon the enegy. This allows the actionsin Eg. (3.36)to be expanded
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aboutthe point £,

ds;
dE |

Si(E) ~ S;(E")+ (E - E") = S,(E")+ (E - E"T;(E"),

sothatthe Fourier transformoperaten termssuchase—E7: to give the strongpeaksin thetime
domain.

A betteralternatve to Fourier transformingthe spectrawith respecto enengy is to performthe
analysisusingscaledvariables.This approachwasfirst usedby Holle et al. [35] to studytherecurrence
spectrumof diamagnetidiydrogen.in AppendixA, | give the detailsof this scalingtransformatiorfor
anelectronin anexternalmagnetidield. Theonly importantpoint hereis thatthe scalingtransformation
replaceshe enegy F, magneticfield strengthB, and classicalaction S; by a scaledfield w, scaled

enegy ¢, andscaledactionS; :

w = 2xB7Y3, (3.37)
e = EB %3, (3.38)
S; = Sijw. (3.39)

In scaledvariablerecurrencespectroscop [35, 39|, the photoabsorptiortrosssectionis measuredr
calculatedatafixedscaledenepy e asafunctionof thescaledfield variablew. Thisamountdo varying
boththeenegy E andthefield B alonglinesof fixede. Theresultingcrosssections (w),

ol (w) = 4nawRed |1 +23" 4,85 23" 4,604, sereiw(Si+5) ... ) @ (3.40)

i i,j

is thenFouriertransformedvith respecthethevariablew to obtainthescaledrecurrencespectrumBe-
causethescaledactionsS; donotdependnthevariablew (seeAppendixA), acleanFouriertransform
over alargerangeof w canbe obtained.Lik e thetime domainFouriertransformationthe scaledrecur
rencespectrumshaws peaksat the scaledactionsS; of the primitive closed-orbitspf their repetitions
(Si+S;+---) andof theircombinationgS; +S; + - - -). Again,| emphasizéhatmy primitive semiclas-
sicalapproximatiorto the crosssection,Eq. (3.36) or (3.40),echosthe physicalcontentof closed-orbit

theory; eachclosedorbit in the long-rangeregion contributesan oscillatingtermto the total crosssec-
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tion. However, asCh. 6 elucidatesthis primitive semiclassicadpproximatioris flawed andneedgo be

repairedto obtaina quantitatively accuratesemiclassicatheoryfor the photoabsorptoorosssection.

3.2.3 Conclusion

Thisfinal sectionhasexploredsomeof the propertief themainresultof the chapterEg. (3.28),
whichgivesanexpressiorfor thecornvolvedphotoabsorptioarosssectionfor anatomin externalelectric
andmagneticfields. Specifically | have introduceda seriesexpansionfor the crosssection(3.31)and
exploredits convergencepropertiesandrelationshipto previous semiclassicahpproachesThe beauty
of semiclassicahpproachess thatthey give a simpleinterpretatiorof thetime (or scaledaction)domain
crosssection. However, my formula for the convolved crosssectionis an exact quantum-mechanical
result.

Taking hints from semiclassicahpproacheso interpretingthe crosssection,a nev methodof
interpretingthe exact quantumcrosssectioncanbe deduced.By using accuratequantum-mechanical
S-matricesand Fourier transformingindividual termsin the series(3.31) (like di S"RS°"®4) one can
investigatethe separateontributionsmadeby eachto the total quantumrecurrencespectrum.While it
is expectedthatthis quantumanalysiswill shov mary featuresn commonwith the semiclassicatecur
rencespectraptherfeatures nonclassicaln nature- canbe detectedandstudiedusingthis approach.
An exampleof this approachwill begivenin Ch.6, wherel explorethe semiclassicahpproximatiorto
thecrosssectionfurther. Beforethis analysiscanbegiven,however, | shov how thelongrangeS-matrix

SR canbecalculatedor anatomicelectronin a externalmagnetidfield.



Chapter 4

Quantum scattering matrices

Chapters2 and3 have focusedon the basicpropertiesof the scatteringmatricesS*R and 5",
andtheir relationshipto the obsenablesof an atomin externalelectricand/ormagneticfields. Simple
formulasfor both the bound statespectrum,Eq. (2.26), and the total photoabsorptiorcrosssection,
Eq. (3.28), have beengivenin termsof theseS-matrices. Clearly, for theseresultsto be usefulthe S-
matricesmustbe calculated.This chapterandthe next give the detailsof how the long-rangeS-matrix
S'R canbecalculatedusingeitherafully quantummechanicabpproachthis chapter)or asemiclassical
approximatiorsimilar to closed-orbitheory(Ch.5).

At this point, it is worth reiteratingan importantpoint aboutthe total photoabsorptiorcross
section(3.28)derivedin Ch. 3: it is anexactresultthat appliesto any multichannelatomin ary con-
figuration of externalelectricand magneticfields. This generalityof my approachis one of its main
strengths.However, to explore the physicscontainedn the photoabsorptiorcrosssection,it is useful
to specializeto a narraver classof experiments.Consequentlythe remainderof the thesisconcentrates
onthe propertieof asinglechannelatomin a static,externalmagnetidield. Oncethe S-matriceshave
beencalculatedor this systemthe physicsof the photoabsorptioprocessanbe studied.

For singlechannebtoms suchasthealkali-metalatoms thecore-rgjion S-matrixis parametrized

in termsof the quantumdefectsy; [50]:
Slclcljre — 6”/627”/” .

This is a standardresult from quantum-defectheory and the quantumdefectsfor simple atomsare
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availablein mary articlesand books[96, 11(. While my formulation of the photoabsorptiorcross
sectionappliesto multichannelatoms the physicsof core-scatteregeaksn recurrencespectramustbe
understoodeforethesedifficult casesanbe treated.Singlechannelatomsprovide anideal settingto
explore core scatteringbecausall of the effectsof the ionic core are parameterizedy a few enegy
independentjuantumdefects.At this point, | only mentionthatfor multichannelatomsthe core-rejion
S-matrix canbe determinedusingwell understoodnethodsof quantum-defectheory R-matrix theory
andframetransformation$68]. Thesetechniquesareapplicableimmediatelyasthe externalfields are
canbe neglectedin the core-rgion. Also note that quantummechanicakffects suchas spin andthe
Pauli exclusionprinciple make semiclassicaapproximationsnoredifficult for the core-rejion physics
encapsulatedh S°°'.

The long-rangephysicspresentamore of a challengethan the shortrangephysics. The main

difficulty is thatin this region, the electronicHamiltonian,

1 1 . 1
H= —§v2 - -+ §BLZ + g32 2, (4.1)

is nonseparablén two dimensions(p, z). When an electronis highly excited, the two dimensional
Schrddingeequationof Eq. (4.1) mustbe solvedoveravastregion of configurationspace More specif-
ically, belaw the ionizationthreshold,S'R canbe determinedafter the Schrodingerequationis solved
in a sphericalshellboundedby theradii rg < r < rpqe,. Typically rg is somevherein the matching
regionry ~ 10 — 100 a.u.(Ch. 2) andr,,,.. is somavherewell beyondthe classicakurning point of the
electronwherethe wavefunctionhasdecayedo zero. A goodestimatefor the size of 7,4, iS givenby

theformula,
Tmaz ~ 3V27 (42)

wherev = 1/4/—2F is the effective quantumnumberof the electron. As anexample,for av = 200
electron,the outerradiusr,, .. is anextraordinary120,000a.u. or ~ 6 um. Besidesthe large region
of spacerequiredand the two-dimensional,nonseparablé&chrédingerequationthat must be solved,
thereare two other difficulties in calculatingS'R. First, becauseS'® is a strongly varying function

of the enegy, the Schrédingerequationmust be solved at every enegy at which the crosssectionis
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desired. Secondbecausehe precowvolved crosssectionrequiresS'® at complex enegies E + il'/2,
the solutionsof the Schrddingerequationwill be complex valued. This necessitatethe costly useof
comple arithmeticin the numericalimplementatiorof the method.

While thesedifficulties slow computationakfforts, no significantconceptuadlifficultiesexist in
carryingoutthecalculationof S-} atcomplex enegies. In fact,anumberof researchersave performed
similar calculationg71, 76] for diamagnetiatomsusingthe time testedapproachof R-matrix theory
[111, 112 113 68]. My approachto calculatingS-? follows this previous work with two differences.
First, to obtainthe precomvolved crosssectiondirectly from Eg. (3.28) variational R-matrix theory is
extendedto complex enegies. Usually, theinfinite resolutioncrosssectionis calculatedwith R-matrix
calculationson the real enegy axis, afterwhich the corvolved crosssectionis obtainedby a numerical
convolution. Becausamy precorvolved S-matrix approachfor the crosssectionrequirescalculations
at complex enegies, it is generallyslower at calculatingthe infinite resolutioncrosssectionthanother
approachegHowever, thecomplex enegy calculationglescribedn thischaptethaveadistinctadvantage
in obtainingthe corvolved crosssection. Secondmy treatments the first to packagethe solutionsof
the Schrédingelequationfor the long-rangeregion into an S-matrix. Most previouswork hasusedR-
matricesinsteadof S-matricesfor this purpose.The mainadvantageof along-rangeS-matrix s thatall
theinterpretve toolsof semiclassicahpproximationganbe usedto understandhe physicscontainedn
the S-matrix. This givesa simplepicture of the quantummechanicsassociatedvith the nonintegyrable
electronicmotion. Interpretatiorof thelong rangeR-matrix is far lesstransparent.

This chaptedevelopsthenecessargxtensionof variational R-matrixtheoryneededo calculate
SR atcomplex enegiesfor anatomin anexternalmagneticfield. The basicideasof R-matrix theory
canbefoundin anumberof articlessothe morefamiliar partsof thetheorywill only be sketched After
the methodfor finding S*R hasbeendescribedgcalculationsthatimplementthis methodare presented
anddiscussedThe mostimportantresultof thesecalculationds thatthe physicscontainedn the exact
quantummechanicalS'® canbe extractedusing the ideasof recurrencespectroscop Fourier trans-
formationof S'R thenpermitsanidentificationof the mostimportantquantummechanicapathsof the

electronasit scatteroff thelong-rangdields.
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4.1  Variational S-matrix approach

Calculationof the long-rangeS-matrix involvestwo steps.Thefirst is to solve the Schrodinger

equation,
Hi(&) = Ep(T), (4.3)

in the long-rangeregion for the Hamiltonian of Eq. (4.1). After numericallong-rangesolutions of
Eq. (4.3) are obtained,S'® canbe determinedby a simple matchingprocedure. Both of thesesteps
canbe carriedout usingvariational R-matrix theory Thistechniquenasbeendeveloped[114, 115 11§
asanextensionof the R-matrixtheoryof WignerandEisentud[113]. In mostsituationstheSchrodinger
equation(4.3)is solved(for a boundstate)by imposingboundaryconditionsuponthewavefunctionand
thenfinding a discretesetof enegy eigervalues.In variational R-matrix theorythis procedures turned
around: here,the enemy is setbeforehandand the Schrédingerequationis solvedin a volume V' to
determinghe boundary conditions of the wavefunctionon the surfaceS of thevolume. This informa-
tion aboutthe boundaryconditionsof wavefunctionon the surfaceis encodedn the normallogarithmic

derivative —b of thewavefunctionon thesurface:

po 901
Cony’

(4.4)

Here,n denoteghe outward unit vectornormalto the surface. The maintool of variational R-matrix
theoryis avariationalprinciplefor this logarithmicderivative (4.4). This providesanefficientalgorithm
for finding the wavefunctiony andits logarithmicderivative —b on a givensurfaceS. In thefollowing
subsectionthe detailsof this approachare sketchedfor the long-rangemotion of anatomicelectronin
an externalmagneticfield. After that, the long rangeS-matrix S'® is extractedfrom the resultsof the

R-matrix calculation.

4.1.1  Solvingthe Schrdodingerequation

The first stepin R-matrix theoryis to identify the volume V' (and surface S) over which the

Schrédingerequation(4.3) mustbe solved. As mentionedbefore,for a calculationof SR, a spherical
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r=some large
distance

Figure4.1: ThisdiagramdepictsthevolumeV of configurationrspacen whichthe Schrédingeequation
mustbe solvedto find thelong-rangeS-matrix. Thevolumeis boundedby theradii ry andr,,,,.., where
ro is somavherein the matchingregion andr,, . is a large distancebeyondthe classicalturning point
of the electron.The Hamiltonianin this volume, Eq. (4.1), involvesboththe Coulombanddiamagnetic

potentials.
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shellboundedby the radii r¢ (in the matchingregion) andr,,.... (Somelarge distancewvherethe wave-
functionhasdecayedo zero)is appropriate The surfaceS of this volumehastwo parts:a sphereS; at
r = ro havingn = —7 andasphereS, atr = r,,4, having n = #. This volumeusedin the R-matrix
calculationgfor SR is depictedn Fig. 4.1.

Thestandardormulasof variational R-matrix theory[68] applyto this casewithout majormod-
ifications. This techniquebegins with a variationalprinciple, first derived by Kohn[117] andlater by

Greend116], for thelogarithmicderivative —b of thewavefunctiomy) onthesurfaces,

2 [ dVy*(E — H)p — [ dSy+9L
J astul '

b= (4.5)

As statedabove, the enegy £ of the electronis a parametein this equationandhasa comple value
of E + «I"/2 to accomplishthe enegy precorvolution of the crosssection.Hereandelsavhere,| usea
flexible notationwhereattimes E is the full complex valuedenegy (asin Eq. (4.5)) andat othertimes
E is only thereal partof the enegy (implied in E + iI"/2). The context will determinewhich of these
meaningss appropriate.

Asistrueof theRayleigh-Ritzvariationalprinciplefor theboundstateenegiesof aHamiltonian,
the variationalprinciple for b (4.5) canbe corvertedto a generalizecigervalueproblem. Thisis done
by expandingthe gth linearly independentvavefunctionyz(Z) in asetof N basisfunctionsy; (¥) and

undetermineaoeficientsc;g :

P(T) = Zm ©)eip. (4.6)
Theresultingeigensystem,
I'cp = bgAcp, 4.7
is written in termsof the matrices
T.: =2 [ = 3 — * [ = 8y.] (/F)
ij = yi @) (B~ H)y;(@)dV — ¢ y;(7)—5 —dS (4.8)
A% S n

and

M= § i @wy(@as (4.9)
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It is importantnot to confusethe matrix I" with the smoothingwidth I, which is alwaysa scalar As
usual,the factor1/r is usedin the wavefunctionof Eq. (4.6) to eliminatethe first derivativesd/0r in
the HamiltonianoperatorH in Eq. (4.8). This explicit 1/r factorin thewavefunctionhasthreeauxiliary
effectsontheabove expressionsFirst, theinfinitesimalvolumeelementV in Eq.(4.8)nolongerhasthe
usualr? factorfoundin sphericapolarcoordinatessothatdV = drdfde¢ sin 6. Secondthelogarithmic
derivativein Eq.(4.7)is definedwith respecto rg ratherthansimply ¢ 4:

_ O(rg) 1
R (4.10)

Third, the radial part of the kinetic enegy operatorin H hasthe form —(1/2)d?/dr?. Solving the
eigensystenof Eq. (4.7) yieldsthe logarithmicderivative bg (4.10)andthe coeficient matrix c; (4.6)
of the Sth linearly independensolutionof the Schrédingeequationin thevolumeV'.

While the eigervaluesystemfor bg, Eq. (4.7), canbe solved directly, a moreefficient approach
is to partitionthe matricesl” and A into openandclosedsubspacefs8]. The opensubspacegdenoted
by a subscript‘o,” consistsof the few (N, ) basisfunctionsthatarenonzeroon the surfaceat ro. The
remainingN. = N — N, basisfunctions,denotedby the subscript‘c”, arezeroon this boundaryand
male up the closedsubspaceln this partitionednotationthe eigensystentq. (4.7),becomes,

L, I Cop 0 0 Cop

e = by . (4.11)
r, I Cop 0 A Cop

—oc —00 —00

Thisleadsto a smalleigensystenin the opensubspacéor thelogarithmicderivative b,
Q40Cop = bgAooCop; (4.12)

wherethematrixQ,, =T, — L .I..'T,, requiresacalculationof theinversel'. ! in thelargerclosed

subspaceThe computationahdvantageof this partitionednotationis thatthe productX .. = I'.'T",,

canbefoundasthe solutionof thelinearsystem,

£cclco =L

=co"*

(4.13)

All of theseresultsarestandardormulasin variational R-matrix theory Theonly modificationthatmy
calculationgequireis thatthematrix I, definedin Eqg. (4.8) andusedin Eqs.(4.11-4.13)js evaluatedat

complex enegiesE + iI'/2, sothatthefinal eigervectorszs andlogarithmicderivativesbs arecomplex.
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An importanttechnicaldetailin solving the R-matrix equationds the choiceof an appropriate
setof basisfunctionsy; (). To calculatethe long-rangeS-matrix S'R, I use L sphericalharmonics
Y (0, ¢) for theangulardegreesof freedomand P basissplinesB,(r) [118] for the radial degreeof

freedom:

Yi(T) = Y (0, ) By (r),

1={0,2,...,2L —2)} (evenparity),

1={1,3,...,2L — 1} (oddparity),

p={1,...,P},

1={l,m,p} ={1,... ,N=LP}.

Only onevalueof m is presentn the expansionof thewavefunctionbecause¢he Hamiltonian,Eq. (4.1),
is symmetricunderrotationsaboutthe z-axis. And, becausespin-orbitand hyperfineeffects are ne-
glected,the Hamiltonian(4.1) is invariantunderthe parity operationz — —z sothatonly odd or else
only even parity sphericaharmonicsareneeded.The sphericalharmonicsarecorvenientbecausehey
alsosene aschannefunctionsonthe sphereatr = rq, wherethe physicsis purely Coulombic.

The basis(or B) splinesarea corvenientsetof locally definedfunctionsthat canrepresenthe
radial partof thewavefunction.Here,only their propertieghatarerelevantfor solvingthe Schrodinger
equationfor the caseat handare presented.The readeris referredto the text of de Boor [118] for a
formal discussiorof their mary mathematicaproperties Examplesof theirusein atomicphysicscanbe
foundin thearticleof SapirsteirmndJohnsorj119]. For theradialwavefunction,asetof P B-splinesof
orderk is used.Thesesplines,which arepolynomialsof orderk locally, aredefinedon aradialmeshof
N, pointsontheintenal [rg, rma]. Giventhenumberof meshpoints IV, andthe orderof splinek, the
numberof splinesis constrainedo be P = N, + k — 1. Thedetailsof thesplinesaredeterminedy how

the setof meshpointsis chosen.l usea corventionwherethe meshpointsat the limits of theinterval
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arerepeated: times. With this choice,thereis a single splinenonzeroat eachboundary(B; (r¢) = 1
and Bp(rmas) = 1), andall othersarezeroatrq andr,,.,,. The advantageof choosingthe splinesin
this manneiis thatthe boundaryconditionson thewavefunctionat o andr,,,... canbeimposedwithout
difficulty. Below thresholdthewavefunctionmustvanishattheouterradiusr,, ... Thisisaccomplished
by excludingthelastspline Bp from the expansionof the wavefunction.At theinnerboundaryr there
aretwo possibilities.For channelsn theclosedsubspacehewavefunctionis zeroonthesurfacer = rq
sothatthenonzerospline B; is againexcludedfor thesechannels However, in the openchannelsthis
splinemustbekeptto representinite valuesof thelogarithmicderivativesbs onthesurface.

This choiceof basisfunctionsleadsto an efficient methodof solving the large linear system,
Eqg. (4.13),andthe smallereigensystemkq. (4.12), of R-matrix theory This is the casebecauseghe
sphericalharmonicsand B-splineslead to a highly bandedmatrix structurefor the large matrix L',....
Theonly termin the Hamiltonianthatis nondiagonaln the sphericaharmonicbasisis the diamagnetic
term %Bzr2 sin? §, which couplesangularmomentumi to I + 2. The angularmatrix elementsof the

diamagneticermcanbe workedout analyticallyin termsof the 6j coeficients[120]:

9 1 U2 12
(Im |sin® 0] 'm)) = 3 o — (=)™ (2L +1)(2 + 1)
0 0 O -m m 0
Theradialmatrixelementsn I" (4.8)andA (4.9)involveintegralsovertheB-splinesandtheirderivatives.
ThesematrixelementsarecalculatechumericallyusingGaussiamuadratureThevaluesof theB-splines
andtheir derivative neededor theintegralscanbe generatedapidly usingthe Fortranroutineslistedin
thetext of deBoor[118]. Mostimportantly, for kth ordersplines,eachsplineoverlapswith only £ — 1
othersplines.Thesepropertief the sphericaharmonicsandB-splinesleadto amatrix L., with atotal
bandwidthof 4P + 2k — 9. Thus, eventhoughthe matrix L. is of order L x P, the linear system
involving this matrix, Eq. (4.13),canbe solvedefficiently usingthe bandedmatrix routinesfoundin the
LAPACK Fortranlibrary [121].

In numericaltestsl have foundthatfor anelectronatenegy £ = —1/2v? usingv/2 spherical

harmonicsof a given parity (L = v/2) and4r B-splines(P = 4v) givesabout4 digits of accurag

in the long-rangeS-matrix. Almost always, B-splinesof orderk = 5 aresufiicient. Theseguidelines
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for picking the numberof basisfunctions(andthe orderof splines)leadsto a closedsubspac®f order
N, =~ 2v? anda total bandwidthof 161 + 2k — 9 for the matrixL,... As anexample,for v = 50, the
solutionof thelargelinearsystemEqg. (4.13),ateachenegy takes~ 30 second®f CPUtimeand~ 150
Mb of memoryon a 633 Mhz CompagAlpha workstation. Becausehe opensubspacés typically of
orderN, ~ 5 — 10, the smalleigervalueproblem,Eq. (4.12),takesonly afractionof a second.Next |

describehow thelong-rangeS-matrix S® canbefound, oncethe R-matrix equationshave beensolved

to give bg andc;g.

4.1.2  Finding the S-matrix

Solutionof the R-matrix equationsabove constituteghe main computationalvork involvedin
calculatingthe long-rangeS-matrix. Oncethesecalculationshave beenperformed,the multichannel

radialwavefunctionF;z(r) onthesurfacer = r( takesthe simpleform:
Fig(ro) = cip- (4.14)

Furthermorethis form of thewavefunction(4.14),alongwith thedefinitionof thelogarithmicderivative

—bs (4.10)yieldstheradial derivative of the wavefunctionon the boundary:

OF4(ro)
# = cipbg, (4.15)

whereonemusttake into accountthatn = —# onthe surfacer = rg to getthis result. As described

in Ch. 2, S'"R emegeswhen this numerically determinedsolution is matchedto the S-matrix state,

Eq.(2.18):
TWR(p) — 1 —(\SR _ £ (p
MR (r) —MU()E S, (4.16)

In the matchingregion, wherethe electronmovesin a pureCoulombpotential the numericalwavefunc-
tion, Eq. (4.14), can be written in termsof the Coulombfunctions(ffr, f; ) and constantcoeficient

matricesP and( (seeEq. (4.17)):

Fis(ro) = cip = % [ (ro)Pis — £ (r0) Qi) (4.17)
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Taking the Wronskianof this wavefunction(4.17)with f;"(r) and f; (r) givesthe coeficient matrices

P andq@ in termsof the R-matrix solutionmatrix c;s:

P = [fiF CWLO = (fF(ro)big — £ (ro)) cig, (4.18)

ERECE

w
Qs =75 WIfi csl,, == (fi (r0)big — f7'(r0)) cis. (4.19)

Sh

Finally, thelong-rangeS-matrix canbewritten in termsof thesenumericalcoeficients,Eqgs.(4.18)and

(4.19):
SR =rQ " (4.20)

| emphasizehatall of the quantitiesin theabove discussior(bg, c;3, P;g and@;z) arestronglyvarying
functionsof boththemagnetidield B andthecomplex valuedenegy E + iI" /2. Thus,this entireproce-
duremustberepeatedteachenepy. In principle,theCoulombfunctions(ff’, f; ) andtheirderivatives
in Egs.(4.18)and(4.19)mustalsobeevaluatedat complex enegies.However, atthemoderatadistances
in the matchingregion (10 < rg < 100) the Coulombfunctionsat complex enegiescanbe approxi-
matedby their valueson therealenegy axiswithout ary sacrificein theaccurag in thefinal S-matrix,
Eq. (4.20). A justificationof this approximationis givenin Fig. 4.2, which plotsthe regularandirreg-
ular Coulombfunctionsat a complex enegy typical of whatis requiredfor the precomwolution of the
S-matrix andcrosssection. The uppergraphshaws the imaginarypartsof (f, g), which vanishat real
enegies.Becausaheseémaginarypartsareordersof magnitudesmallerthatthereal partsthe Coulomb
functionsf* = (—g +if)/+/2 in thematchingregion canbe calculatedon the real enegy axis. How-
ever, if the complex enegy Coulombfunctionsareneededthey canbe calculatedwith formulasgiven
by Robicheaux105].

Onefinal detail aboutthe numericallycalculatedS'R needsto be addressedA certainamount
of flexibility existsin how the dimensionalityof S is chosen. When S'R is initially calculated,it
mustinclude all of the channelgthat are locally open(classicallyallowed) and weakly closedon the
surfaceatr = r¢. Thisnumberof channelsV, determineshesizeof the opensubspacén the R-matrix

calculationsandis typically a few morethanthe maximumclassicalallowed angularmomentun,,; .
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Figure4.2: Thereal (bottom)andimaginary(top) partsof the regular (solid line) andirregular (dotted
line) Coulombfunctions(f, ) areplottedata complex enegy E = —0.0005 + 0.5 x 10~% andangular
momentum/ = 1. Onthereal enepgy axis, thesetwo Coulombfunctionsarereal-valued. This figure
shaws that whenthe enegy is comple, theseCoulombfunctionsdevelop small imaginary partsthat
increasewith the radiusr. The traveling wave Coulombfunctionsusedin Eqs.(4.18) and (4.19)to
find the long-rangeS-matrix arerelatedto thesefunctionsthroughthe relation f* = (—g +if)/v/2.
Technically the complex enegy Coulombfunctionsshavn in this figure shouldbe used(through £ )
to find the precowvolved S-matrix S'R. However, becausehe imaginarypartsof (f.g) areordersof
magnitudesmallerthanthe real parts,it is a goodapproximationto usethe Coulombfunctionsat real
enepgies. It is importantto note that this approximationis only good at small radii; asr is increased,
theimaginarypartsof f andg eventuallyovertale thereal parts. Thus,by keepingthe matchingradius
small(rg ~ 10 a.u.),thecomplicationf calculatingthe Coulombfunctionsat complex enegiescanbe
avoided.
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onthematchingsurface:

lmax = 4/ 218 (E + %) - % (4.21)
However, all of theseN, = [, channelsarenot neededxplicitly in theformulafor the photoabsorp-
tion crosssection,Eq. (3.28). This is becauséhe shortrangeparametersl and S usedin the cross
sectionaretypically trivial (0 or 1) beyondthefirst few channelsFor example,in Li thequantundefects
areu, = 0.4 andp, = 0.04; all othersaresmallerthan0.01. As Harmin[83] hasshawn, the “extra”
channelsn S'® canbeeliminatedusingthetoolsof quantum-defedheory Thisis desirablebecause¢he
wavefunctionin theseweakly closedchanneldbecomesxponentiallylarge at smalldistancesLabeling

the unwantedchanneldy the subscript'x” (for extra) andthoseto be maintainedby the subscript'p”

(for physical),S"R canbewrittenin a partitionednotation,

LR LR
§PP ﬁpl‘

SR — , (4.22)
SLR SLR
=Ip =TT

wherethe total dimensionof S*} is N, = N,, + N,.. The physicallong-rangeS-matrix S"*:P™ having

dimensionV,, canbefoundin termsof the partitionsof theraw S-matrix, Eq. (4.23):
LR,phys _ @LR LR LRy ~1 oLR

The advantageof usingthis smallerS-matrix S“*P™sis thatit shavs a wealer dependencen
the matchingradiusr, thanthe raw S-matrix SR. It is important,however, to notethatboth S-R-PYs
and S'R give identicalphotoabsorptiormrosssectionsvhenusedin Eq. (3.28). In addition,while both
theseS-matricesdependveaklyonry, thetotal photoabsorptioerosssectionis foundto beindependent
of ro. It is oftenusefulto studythe long-rangeS-matrix directly ratherthanthe total photoabsorption
crosssection.Whenthis type of analysigs performedjt is moresensibleo useS-RPYSwhichis nearly
independenof theradiusrg. In fact, for theremaindeof this thesis,| will alwaysuseS-RP™swhenan

accuratequantumsS-matrix is neededthe superscriptphys” will subsequentlypedropped.
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4.1.3 Scaledvariable S-matrices

This sectionhasdescribeda methodfor calculatingthelong-rangeS-matrix for themotionof an
atomicelectronat enegy E in a staticmagneticfield of strengthB. In mostcaseshowever, it is more
usefulto studythe physicsof suchan electronusingthe scaledvariablesdiscussedn the Introduction
andAppendixA. In thisapproachthe crosssectionand S-matricesarestudiedat a fixed scaledenegy
e = FB~?/3 asafunctionof thescalednagnetidield w = 27 B~1/3. A simplevariabletransformation

of thenumericallycalculateds'? (E, B) givesthe neededscaledvariableS-matrix S™% (e, w):

S5 (e,w) = ST (B (e,w, ), B (e, w)), (4.24)
Vo (2 (Ll |
E(e, w) (52 (1 i2 ww>, (4.25)
Ble,w) = (%) . (4.26)

This rescalinggenerates crosssectiono (e, w) and S-matrix S'R(e, w) in the w domainthat has
beenprecovolvedwith a Lorentzianof width Aw. | emphasizéhatunlike otherquantummechanical
methodg[75] of calculatingthe scaledphotoabsorptiortrosssection,no recastingof the Schrodinger
equationis neededn my approachthe enegy andmagneticfield of Egs.(4.25)and(4.26)aresimply

usedin the R-matrix calculationsdescribedabore.

4.2  Recurrencesn the guantum S-matrix

My choiceof usingscatteringnatricego describehe motionof anatomicelectronin anexternal
magneticfield is basedon two importantpoints. First, the S-matricesS*R and S°°" containall of the
importantphysicsof the electron.Secondafterthey have beencalculatedtheseS-matricescanbeused
to gainphysicalinsightaboutthe electrons motion. In this chapterthe necessargetailsfor calculating
thelong-rangeS-matrix SR (e, w) have beengivenfor anatomin a staticexternalmagnetidield. In this
final section calculationsof QLR(w) arepresentedhatimplementthis approach.

The calculationgpresentedherearegivenin termsof the scaledvariablesof AppendixA. Thus,

thescatteringmatrix S (w) hasbeencalculatecat afixedscaledenegy e asafunctionof the“enemgy’-
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like scaledvariablew. In the spirit of closed-orbittheory theseaccurateguantumS-matricesarethen
Fouriertransformednto the scaledactiondomain. Theinformationcontainedn the Fouriertransform
of the matrix elementShR (w) is bestpresentedn termsof the recurrencestrengthR(S). | definethe
recurrencestrengthR(S) of somew-domainfunction f(w) in the intenval [w;, ws] asthe windowed

Fouriertransform:

/W f(w)e_igwe_(w_w")z/(%)dw , (4.27)

where§ = (w; + wsy)/6 andwg = (w1 + w2)/2. Thewindowing functionexp(—(w — wo)?/(29)) is
usedto eliminateartificial sidepeaksn therecurrencetrength Notethatmy definitionof R(S) involves
the absolutevalue of the Fouriertransformratherthanabsolutevaluesquarecassomeresearchersse.
This choiceaccentuatesmallerfeaturesin the recurrencestrengththat are diminishedwhenthe result
of the Fouriertransformationn Eq. (4.27)is squared.

First, calculationsof the long-rangeS-matrix SR (w) at a scaledenegy of e = —0.7 arepre-
sented At this scaledenengy, the classicadynamicsaremostlyregular(seeFig A.1, AppendixA). This
resultsin relatively few quanturmpathscontributing to thelong-rangeS-matrix. By plotting theelements
of SR in boththe w domain(Fig. 4.3)andin the Fourierdomain(Fig. 4.4) themostimportantquantum
mechanicapathsof the electroncanbe “seen’ First, Fig. 4.3 shavs thereal partof the matrix element
SER(w) asafunctionof thescaledield w. This matrix elemenshaws oscillationswith w, indicatingthat
afew featuredn thescaledactiondomainarecontrollingthelong-rangeS-matrix. Thecalculationgre-
sentedn Fig. 4.4confirmthepresencef theshortactioncontributionsto the S-matrix. Here theFourier
transforms(recurrencestrengths)f the quantitiesie (S5 (w)), Re (S5R(w)) and Re (S5 (w)) over
therangew = 100 — 500 areshawn. All of thesematrix elementshow strongrecurrencesit the same
scaledactions. This shaws that the samequantumamplitudescontritute to eachelementof SR ata
given scaledenegy. Of courseat this point, without borrowing the insightsof closedorbit theory it
would difficult to understandexactly to what the recurrencesn the matrix S'R correspond.The im-
portantpoint of theseaccuratequantumcalculationsis that the physicsof the long-rangeS-matrix is

controlledby a few featuresin the scaledactiondomain. The mostthat canbe said without invoking
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Figure4.3: Thereal partof an elementof S'® is shavn asa function of the scaledfield w. Here,a
low angularmomentunpieceRe (Sg (w)) of thelong rangeS-matrix is plottedat a scaledenegy of

e = —0.7, wherethe classicalmotion is mostly regular This matrix element,andthe othersin S*%,

provide a completedescriptionof the electrons motion asit scattersoff the long-rangeCoulomband
diamagneticpotential. This matrix elementwas calculatedusing the variational R-matrix methodof

this chaptey andhasbeenprecowolvedwith awidth Aw = 0.5 in the w domain. The mostimportant
featureof this figureis thatthe matrix elementoscillateswith w. High frequeng oscillationshave been
smoothedutwith the precomwolutiontechniqueleaving only thelargestscaleoscillationsvisible. As a
Fouriertransformof this matrix elementshows (seeFig. 4.4, panel(c)), theseoscillationsare dueto a
few quantummechanicapathsof the electronhaving shortscaledactions.The S-matrix shavn hereis
for anm = 0, evenparity electron.
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Figure4.4: The Fourier transformsor recurrencestrengths(R(S), Eq. (4.27)) of individual elements
of the long rangeS-matrix areshovn. As in Fig. 4.3, a scaledenegy of ¢ = —0.7 is usedhere. The

recurrencestrengthof the matrix elemeniplottedin Fig. 4.3 (Re (S5f (w))) is shavn in the lower panel
(c). Themiddle panel(b) andupperpanel(a) give therecurrencestrengthfor higherangulaiTmomentum
elements(Re (S5f(w)) and Re (S5%(w)) respectiely) of the samelong range S-matrix. All three
matrix elementsexhibit the samesharppeaksin the scaledaction domain,with only the amplitudes
varyingwith theangulamomentumThe semiclassicamethodsof thefollowing chaptercorrelatemost
of theserecurrencegpeakswith classicalclosedorbits of the electron. For instance the shortestaction

recurrencepeakin this graph,labeled R,, corresponddo the quasi-Landatorbit obsenedin the first

experimentsby Gartonand Tomkins[27]. The next longestaction peak (V1) is correlatedwith the

electrons motion parallelto the magneticfield. The contributionsof harmonicspr repetitions of these
two shortaction pathsare also seen. Becauseheseare recurrencestrengthsof an accuratequantum
S-matrix, someof the recurrencepeaksare nonclassicalMore specifically the peakslabeledwith the

letter“g” - for ghost- have noradially returningclassicaklosedorbitsassociateavith them.Again, the

S-matrix showvnis for anm = 0, evenparity electron.
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the ideasof closed-orbittheoryis this: becausghe S-matrix elementsare quantummechanicabmpli-
tudesfor the electronto scatteroff the long-rangepotential the recurrencgpeaksin the elementof SR
correspondo differentquantummechanicapathsthat the electronhastakenin its scatteringprocess.
The semiclassicahpproximationf the following chapter(Ch. 5) will link thesequantumpathsto the
chaoticclassicaklosedorbits of theelectron.

Itis alsointerestingto seehow the recurrencestructuresn the long-rangeS-matrix evolve with
thescaledenengy e. In theclassicaimotionof theelectron this parametecontrolswhetherthedynamics
areregular (e < —0.9) or chaotic(e — 0). Figure4.5 shaws the recurrencestrengthof the quantity
Re (S5} (w)) atsevenscaledenegiesrangingfrom e = —0.9 —= —0.3. At thelower scaledeneuies,
the recurrencestrengthis dominatedby two shortaction quantumpaths(labeledR; andV; afterthe
closedorbitsthey representandtheir harmonics.As the scaledenepgy increasesadditionalrecurrence
peaksappear This proliferation of recurrencepeaksis one of the manifestationsof the underlying
classicakchaos.

One of the main advantageof having accuratequantumscatteringmatricesto analyzeis that
nonclassicapathscanbe detectedandstudied. A recurrencepeakis nonclassicalf thereis no classi-
cal closedorbit availableto explain the recurrence.ln the literature,thesenonclassicafeaturesin the
recurrencestrengthare often called ghostorbits. The mostcommonplaceto seetheir presences just
below the scaledenegieswherenew closedorbitsbifurcate. Then,theghostorbitscanbeviewedasthe
electrontunnelinginto an almostallowed classicaltrajectory In both Figs.4.4and4.5,1 have marked
thenonclassicaleatureswith theletter“g” - for ghost.Of coursetheonly way to distinguishbetweera
realorbit anda ghostorbit is to performa searchor classicaklosedorbits. Theresultsof suchasearch
is givenin AppendixB for scaledenegiesfrom e = —0.4 — 0.0. After the classicalsearchhasbeen
completedary recurrencepeaksin the quantums-matrix S-R having no correspondinglosedorbit can
belabeledasa ghostorbit.

This chapterhasshown thatit is possibleto calculateandstudyaccuratdong-rangeS-matrices
SR for the motion of an atomicelectronin an externalmagneticfield. While the techniquedor cal-

culatingthis S-matrix arefamiliar tools of atomictheory the useof complex enegiesto accomplisha
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Figure 4.5: Recurrencestrengthsof the matrix elementRe (S5} (w)) are plotted for multiple scaled
enegies. This shavs how the recurrencegpeaks(eachassociatedvith onequantumpath)evolve asthe
classicallynamicsof theelectronmake atransitionfrom beingregular(e = —0.9) to chaotic(e = —0.3).
Althoughtherecurrencestrengthshovn hereis from anaccuratevariational R-matrix quantumcalcula-
tion, the signature®of the underlyingclassicalchaoscanbe seenin the increasechumberof recurrence
peaksat higherscaledenegies. Semiclassicahpproximationscorrelatemostof the recurrencepeaks
in this figure with classicalclosedorbits of the electron. The threeshortestaction peaksare labeled
with the closedorbit to which they correspondAppendixB givesinformationabouttheseclosedorbits.
Nonclassicarecurrencepeaksthat are not relatedto arny closedorbit are marked with the letter“g” -
for ghost. The numberson the vertical axis give the valuesof the scaledenegy for eachscan. The
recurrencestrengthshave beenscaledo allow multiple scaledenegiesto be shovn on the samegraph.
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precorvolutionof the S-matrixis novel. In addition,usingscaledvariablesalongwith ideasfrom closed-
orbittheory therecurrences thelong-rangeS-matrixcanbestudied.Thisanalysisallowsthedetection
of nonclassicalpr ghost,orbits that contritute to the long rangephysics.In Ch. 6, it will be seenthat

theseghostorbitsplay a critical role in the semiclassicabhotoabsorptiogrosssection.| emphasiz¢hat

in previous quantumcalculationspnly the recurrencesf total photoabsorptiomrosssectionhave been
studied. My formulafor the photoabsorptiorrosssectionshows that the crosssectionis complicated
by multiple scattering®f the electronoff the long-rangeandcoreregions. Being ableto directly study
thelong-rangeS-matrix allows recurrence$o be studiedwithout the complicationsof themultiple scat-
teringeventthatmake up thecrosssection.Thefull interpretatiorof therecurrenceshowever, relieson

theintroductionof semiclassicaapproximationgo thelong-rangeS-matrix. The next chapterdevelops

suchapproximationsgain,for anatomicelectronin anexternalmagneticfield.



Chapter s

SemiclassicalS-matrices

Sofar, this thesishasstudiedthe quantummechanicof Rydbeg atomsin a time-independent
externalelectromagnetifield. The precedingchapterdave deriveda fully quantummechanicaframe-
work for calculatingandinterpretingthe photoabsorptiorrosssectionof suchanatom. The maintools
in this framawork arethe scatteringmatricesS"R and $°"® which describethe electrons motionin the
long-rangeandcoreregionsrespectiely. In thepreviouschapteramethodwasdescribedor calculating
thelong-rangeS-matrix for the caseof an externalmagneticfield. Theselarge scalequantumcalcula-
tionsyield anaccurateS-matrix S'R (w) thatcanbe studiedusingideasfrom scaledvariablerecurrence
spectroscop The Fourier transformsof the matrix elementsS}R (w) shav sharppeaksin the scaled
actiondomain suggestinghatcertainquantummechanicapathsdominatethe motionof theelectronas
it scatterff thelongrangepotential.

As closed-orbittheory hasshowvn [38, 37], the full interpretationof thesequantumpathsseen
in the Fourier transformof SR (w) emegeswhensemiclassicahpproximationsire madein the long-
rangeregion. In this chapterl develop suchan approximationfor the long-rangeS-matrix. The main
result, Eq (5.39),is a semiclassicaformulafor S'R thatdescribeghe motion of an atomicelectronin
an externalmagneticfield. My formula shaws that, in the semiclassicalimit, S'R canbe constructed
usingthe propertiesof the closedclassicalorbits of the electron.Theseclosedorbits, which alsoappear
in closed-orbittheory areclassicaltrajectorieshat arelaunchedradially outward from a spherein the
matchingregion, scatteroff thelong rangeCoulombanddiamagnetigotentialsandthenreturnradially

to thesphere.
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Semiclassicakcatteringmatriceshave beenusedin other contexts previously. The ideaof a
semiclassicalS-matrix originatedwith the work of Miller and coworkersin the 19705 [122]. In his
approachthe S-matrix is written in termsof matrix elementof anenegy-dependenGreens function.
This theory hasbeenusedto treata numberof problemsin molecularscatteringtheory[122]. These
semiclassicaldeashave beenextendedo atomicscatteringproblems suchaselectron-hydrogemmpact
ionization[123], by Rost[124]. In a differentfield of physics,the ballistic conductionof electrons
throughquantumbilliards hasbeenstudiedusinga semiclassicascatteringmatrix [125, 126, 127, 128
129 alongsidehe Landaueformula[130] for theconductanceThesediverseworks shareonethingin
common:the semiclassicab-matrixis written in termsof a semiclassicatGreens function.

My derivationof the semiclassicahpproximatiorto S'R® follows this sameroute. First, thelong-
rangeS-matrixis writtenin termsof matrix element®f anenegy dependenGreensfunction(Sec5.1).
Then,afterthesemiclassicaGreensfunctionof Gutzwiller[22] hasbeenintroducedtherequiredmatrix
elementsare calculatedusingthe methodof stationaryphaseg(Sec.5.2). This final stepis boththe most
difficult andinterestingonein the derivation. It is difficult becauseherearea numberof assumptions
neededo usethe stationaryphasetechnique- or at leastthe simpleversionof it - successfully When
theseassumptiondreakdown, the stationaryphaseintegrals must be revisited with additional care.
This is the casefor the classicaltrajectoryparallelto the magneticfield, for high angularmomentum
elementsof SR, andfor bifurcationsof closedorbits. In all of thesecasesthe generalapproachof
usinga semiclassicalGreens functionto extractthe semiclassicab-matrix still applies. However, the
naive stationaryphaseapproximationfor calculatingthe matrix elementsof the Greens function must
be modified. Thesespecialcasesaretreatedin Sec.5.3 andshow the generalityof the semiclassical
approximation whenhandledwith care.

In spiteof beingsubtleanddifficult, the stationaryphasdntegralsprovideinterestingnformation
aboutthe long-rangeS-matrix. Initially, the S-matrix is written asa sumover infinitely mary classical
trajectoriesthat scatteroff the long-rangeCoulombanddiamagnetigotentials. Theseinfinitely mary
trajectoriedothleave andreturnto a spherdan the matchingregion with arbitraryvaluesof theclassical

angulatTmomentunyy. Thestationaryphaseantegrationessentiallyencodesheinformationaboutall of
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theserajectoriednto asmallersubsebf trajectoriesthe closedorbitsthatleave andreturnto thesphere
with zeroclassicalangularmomentum(pg = 0). Thus,the stationaryphaseintegralsplacethe closed
orbitsin aproperperspectie. Theclosedorbitsarenot theonly importanttrajectoriesor thelong range
S-matrix. Rather the closedorbits are the orbits chosento representall others. This represent@an
importantadvance asthe closedorbitsemegerathermysteriouslyin standarctlosed-orbitheory
It shouldbe mentionedthat, while closed-orbittheory containsthe sameclosedorbits that will

appearin the semiclassicalS-matrix, a direct comparisorwith closed-orbittheory is difficult at this
point. This is becauseclosed-orbittheory only givesthe photoabsorptiortrosssection,whereaghis
chapterfocuseson the the long-rangeS-matrix, which is not presenin closed-orbitheory Of course,
the scatteringmatricesof this chaptercanbe used alongwith the formulafor the photoabsorptiocross
sectionto calculatethe photoabsorptiomate. This will bethetopic of Ch. 6. Thus,| delaycomparisons

betweermy methodandclosed-orbitheoryuntil then.

5.1 The S-matrix andthe Green'sfunction: an exactrelationship

The first stepin deriving the semiclassicahpproximationto S'® is to relatethis S-matrix to
the enegy dependentGreens function for the system[122]. In this section,l derive sucha relation-
ship betweenS'R anda Greens function obeying certainboundaryconditionsat a sphere(r = r9) in
the matchingregion. To allow for the subsequentise of semiclassicabpproximationsthe boundary
conditionsonthe spherewill bechoserto coincidewith thoseof the semiclassicaGreens function.

The desiredrelationshipbetweenthe Greens functionand SR canbe derived by constructing
the Greens function out of solutionsof the homogeneouSchrédingeequation.This approactollows
that of Ch. 3, wherethe outgoing-wave Greens function neededor the photoabsorptiorrosssection
wasconstructedBecausehetechnique®f Ch. 3 areusedwith little modification,thecurrentderivation
is presentedn outline form only; moredetailsof the methodcanbefoundin Ch. 3. Theonly difference
in the currentderivationis the boundaryconditionsimposedon the Greens function. For calculating

SR it is appropriateto imposetraveling wave boundaryconditionson the Greens function at a sphere
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in thematchingregion (r = r) thatareconsistentvith thelong-rangeS-matrix stateof Ch. 2:

M'R(r) = % [~ (SR - £+ ()] . (5.1)

ThemultichannelS-matrix state Eq. (5.1),canbeincorporatednto the Greensfunctiononceachannel

expansionof the Greens function hasbheenintroduced:

- 1 - .

G(# 74 E) = — Z@i(sz)aw (#, 7 E)®5 (), (5.2)
1’7.7

Gij(r,r' E) = v’ (®; |G(Z, 7 E)| ®;) . (5.3)

As in Ch. 3, the multichannelGreens functionQ(r, r’; E') obeystheinhomogeneoudifferentialequa-
tion, Eq. (3.13),is continuousatr = 1/, andhasa discontinuityin its first derivative atr = r’ given
by Eqg. (3.17). TheansatZor the multichannelGreens functionwith the desiredboundaryconditionsis

givenin termsof thelong-rangeS-matrix state Eq. (5.1):

G(rr') = [f7 (NS~ [H(r)] AC) r>', (5.4)

= [~/ (NS B() r<rh.

The conditionsonthe Greensfunctionatr = »/ give equationdor thematricesA(r') andB(r'),

([ SF-fA+f 8B = 0 (5.5)
(f'SR—f")A+f'SB = 2, (5.6)

which canbereadilysolved:
A() = imf (), (5.7)
B() = —in[f ()= S®00)]. (5.8)

Becausehe S-matrix SR describelectronflux beinglaunchecbutwardfrom aspherdn thematching
region, thesourceradiusr’ will befixedto the matchingradiusry andthe obsenationradiusr will bein
thelongrangeregionsothatr > . TherelevantGreens functionis obtainedfrom Egs.(5.4) and(5.7)

andreads:

G(r,ro) = im [[~(r)S™R — f7(r)] [ (ro). (5.9)
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Notethatthis form of the Greens function (5.9)is only valid in the matchingregion wherethe S-matrix
state,Eq. (5.1),canbeused.

The desiredexpressionfor the long-rangeS-matrix can be obtainedby inverting Eq. (5.9) to
find SR in termsof the multichannelGreens function, Eq. (5.3). Two issuesmustbe addressetiefore
this stepcan be performed. First, the obsenation radiusr mustalso be taken to the matchingradius
ro, Wherethe returningscatteredvave will be obsened (throughthe S-matrix elements).Secondthe
boundaryconditionson the Greens function must be handledcarefully. An inspectionof Eq. (5.9)
shavsthatthe Greens functionsatisfiesbothincomingwave (— £ (r)) andoutgoingwave (f (r)S'F)
boundaryconditionsin the obsenationcoordinater. Theincomingwave termin Eq. (5.9) corresponds
to electronflux traveling aninfinitesimaldistancerom rq to r (recallthatthelimit » — rq is alsobeing
taken) without scatteringoff the long-rangeregion. The outgoingwave termin Eg. (5.9) corresponds
to electronflux that travels outward into the long-rangeregion whereit thenevolvesin the long-range
Coulombanddiamagnetipotentialbeforebeingscatteredackto theobsenationradiusr ~ rq. Clearly,
becaus¢he long-rangeS-matrix describeshis scatteringprocess SR is relatedto the Greens function
having outgoing wave boundaryconditionson the spheren the matchingregion. With thisin mind, the
outgoingwave partof Eg. (5.9) canbe invertedto give an exact expressionfor the S-matrix, which is

manifestlysymmetric:

1

R =28 560 Glroura) [£0) (5.10)

mo— —

It is critical to remembetthat the multichannelGreens-functionmatrix G(ro, ) = G(ro,70)/r2 in
this equationobeys outgoingwave boundaryconditionson thesphereat ry. Equation(5.10)is anexact,
generalrelationshipvalid for any atomandany configurationof externalfields; all of the nontrivial
physicsis now encapsulateéh the multichannelGreens function. In the absenceof externalfields,
analyticalexpressiondor this Greens function exist, andyield the expectediong-rangeS-matrix e22
for themotionof anelectronin a pureCoulombpotential.

Oneof the main advantagesf the S-matrix formulation of the physicsof the photoabsorption

processnow begins to emege. The incoming wave boundaryconditionsof the Greens function in
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Eq.(5.10)arepreciselythoseobeyedby thesemiclassicaGreens functionof vanVleck andGutzwiller.
Thus,thesemiclassicaGreensfunctioncanbeuseddirectlyin Eg. (5.10)without modification,leading
to anelegantmethodof deriving thesemiclassicab'R. Accordingto Eq.5.10thepositionspaceGreens
functiononly needgo beprojectecontothechannefunctionsto find the S-matrix. Thefollowing section
(Sec.5.2) givesthe semiclassicabxpressionfor the Greens function G(#, #’; E) and shaws that this
projectionstepcanbe carriedout usingstationaryphasentegrationto obtainthe multichannelGreens

functionG(ro, r9) neededn Eq.(5.10).

5.2 Surface projections of the Green’s function by the method of stationary

phase

To derive thesemiclassicab'R, theonly remainingtaskis to introducethe semiclassicaGreens
functionandprojectit ontothe channefunctionsata spheren the matchingregion. If therequiredpro-
jectionintegralsaredonenumerically this final stepis fairly mundanealthoughvery difficult. However,
whentheprojectionintegralsaredone asin this section by themethodof stationaryphasethisfinal step
yields significantphysicalinsight. The stationaryphasetreatmentdescribedelonr shavs how certain
classicalorbits areselectedover all othersto encapsulat¢he contributionsto the long-rangeS-matrix.
In most casesthe significantorbits are the closed-orbitswhich are launchedfrom andreturnto the
nucleusradially. | will call theseclassicalbrbitsradial trajectories (alsoclosedorbits). However, other
nonradiallylaunchedorbits alsocontribute to the S-matrix. In somecasessuchasnearbifurcationsor
for high angularmomentaelementof the S-matrix, thesenonradiallylaunchedorbits dominateover the
radialones.

A majoradwantageof the semiclassicab-matrix approachdescribedn this chapteris thatit en-
ablesasystematiexplorationof thenonradiakrajectoriesln standardatlosed-orbitheorytheemegence
of theradialtrajectoriess somavhatobscuredy the complicatedormulasof thetheory Furthermore,
this hasmadeit difficult for researcherso extendclosed-orbittheoryto moreaccuratelytake the non-
radial trajectoriesinto account. The currentsectiondevelopsthe basictools usedin performingthe

stationaryphaseintegrals. The mostelementarycaseis treatedhere: whenthe nonradialorbit do not
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needto beexplicitly includedin thesemiclassicab-matrix. However, theeffectsof thenonradialrajec-
torieswill betakeninto accountapproximatelywhenthe Greens functionis projectedontothe channel
functions. The moredifficult caseswherethe primitive stationaryphasentegrationsfail, arepresented
in thefollowing section.

While Eq. (5.10)is agenerakesult,it is againusefulto specializeto the caseof a singlechannel
atomin anexternalmagnetidield alongthe z-axis. Then,the channefunctionsaresimply the spherical

harmonicssothatthe projectionintegral neededo obtainG(rq, 7o) is:
Gimym (E) = / dfdo’ dpde’ sin 0sin 'Y, (0, 9)G(Z, &5 E)Yy (0, ¢'). (5.11)

Becauséoththe sourceandobsenationradii » andr’ arefixedto the matchingradiusry, the explicit
radialdependencef the Greens functionis omittedin thefollowing pagesA morecorvenientform of

the projectionintegral, Eq. (5.11),is obtainedoy separatingheintegralsoverd and¢’,
Gy (E) = / d0de’ sin 0sin 0'Y,%, (0, )Gy (0,0'; E)Yirr (07, 8'), (5.12)
from theintegralsover ¢ and¢’,
G (0,0 E) = / dode' e ™G0, $,0', ¢'; E)e™ ¢, (5.13)

Now theissueof symmetrymustbe addressedThe generalapproachin this sectionwill beto
performthe integrals of Egs.(5.12) and (5.13) using the methodof stationaryphase. The succesof
this methoddepend<ritically on the existenceof well-isolatedstationaryphasepointsin the angles
0, 9,0, ¢'). If continuousfamiliesof stationaryphasepointsexist, the stationaryphaseapproximation
will fail. This occurswhenthereis a continuoussymmetrythat leaves the long-rangeHamiltonian
invariant. For the caseof anatomicelectronin anexternalmagneticfield, thereis onesuchcontinuous
symmetry:rotationaboutthe z-axis, which is often calledazimuthalsymmetry This symmetryresults
in the Greens functionbeingdiagonalin the correspondingjuantumnumberm. Becausdhe stationary
phasetechniquefor the (¢, ¢’) integrals(5.13)fails for this case theseintegralsmustbe doneexactly.
Note that whenthereare no symmetriesn the Hamiltonian,asin the caseof a Rydbeg electronin

crossecklectricandmagnetidields, this complicationis not presentandall of the projectionintegralsin
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Egs.(5.12)and(5.13)canbe doneusingthe stationaryphaseapproachGiventherecentexperimenton
hydrogenin perpendiculamagneticandelectricfields, this would be an interestingcaseto investigate
but it is not pursuechere.

Whenthe azimuthalsymmetryis presentthe integralsover (¢, ¢') canbe doneanalytically by
using separatiorof variableson the full threedimensionalGreens function G(Z, #’; E). Alternative,
semiclassicadpproachegor handlingcontinuoussymmetriesn the Greens functionandin tracefor-
mulashave beengiven by Magneret al. [131] and by Creaghand Littlejohn [132, 133 respectiely.
Becausdhesesemiclassicaimethodsare needlesslycomplicatedand often subtle,l follow Delosand
coworkers[38] andBogomolry [36] in usingseparatiorof variables.The axial symmetryof a Rydbeg
electronin anexternalmagnetidield is handleceasilywith thefollowing ansatZor the Greensfunction

in cylindrical coordinatesp, z, ¢):

1
2w/ pp’

G(7,7) = Zeim(d’*‘ﬁ,)Gm(p,z,p',z’), (5.14)

Then,theintegralsover (¢, ¢’) in Eq. (5.13)canbe doneanalytically:

27
Gm,m’ 97 0') = 5mm’ —Gm P52, pla ). (515)
(6,07) N ( )

As expectedthesymmetryreducedGreensfunction,Eqgs.(5.13)and(5.15),is diagonaliin theazimuthal
quantumnumberm. Thefactorl/\/pp’ is usedin Eq. (5.14)to eliminatethefirst derivatives(9/9p) in

theinhomogeneousquatiorfor G, (p, z, p’, '), whichreads:

10> 102 m?-1/4
_—— _—_ E —_ / / = —_ / —_ ! . .
Finally, semiclassicahpproximationgor the remainingnonintegrablemotionin the Cartesian-lile coor

dinates(p z) canbe made. The two-dimensionakemiclassicaGreens function of Guztwiller [18, 19,

20, 21] appliesdirectlyto Eq. (5.16):

21 0(p/ap/at)
poz .2 E) ~ det Lo
G20, 2 E) > Y (2mi)3/2 ‘ 0, 2 B)

classtraj.

exp (iS (p,z,p',2") — z%) . (5.17)

Here, the sumincludesall two-dimensionaklassicaltrajectoriesthat propagatdrom (o', z’) to (p, 2)

underthe dynamicsof the Langercorrected83] classicaHamiltonianH = pi/Q +p2/2 +m?/2p% +
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V(p, z). Theclassicalctionassociateavith a particulartrajectoryis givenastheintegral,

(p,2)
S(p,z,p2') = / (ppdp” +pld2"). (5.18)
(p',2")

The Maslov index p [24] is relatedto the topology of eachorbit andis given by the numberof sign
changesn the determinanin Eq. (5.17) alongeachorbit. Furthermorethis determinanin Eq. (5.17)
providesa measureof the stability of eachorbit. More detailsaboutthis determinantanbe foundin
AppendixC.

Whenthe semiclassicaGreens function, Eq. (5.17)is insertedinto Eq. (5.15),a semiclassical

approximatiorto the symmetry-reducereens functionis obtained:

1 1 . pm 3w
G (0,0") = S V2 - V|Aile <1,S 0,0 —i— — z—) , 5.19
0 W% 78 |7 /sin O'sin 0/ [Arloxp {i8(6.67) =i% —i7 555)

wheretheclassicaktability A, is thepartialderivative:

op,
A, = Lo
)

(5.20)

0/
Accordingto Eq.(5.12),projectingthepolarangledependencé, ') of thisGreensfunction,Eq.(5.19),

onto the sphericalharmonics(Y;*

lm

(0,0),Yrm (0',0)) givesthe multichannelGreens function matrix
Gim,rm (E) (5.12)neededor thelong-rangeS-matrix (5.10). In the following subsectionsthesepro-
jection integrals are done using the methodof stationaryphase. For this part of the dervation it is

cornvenientto combineEqgs.(5.19)and(5.12)andwrite theresultin theform:

Gl (B) = / d0d0’ Ay (0, 0)\/| A, (0, 7] (SO0 —n(x/2) (5.21)
traj
V2msin@sin®’ a4y
A (0,0') = i GT/9y* (9,0, Yy (6, 0). (5.22)
0

This shaws that the multichannelGreens function neededor the long-rangeS-matrix (5.10), can be
constructedy consideringall of the classicalrajectorieshatarefired outwardfrom the point (rq, '),

scatteroff thelong-rangeCoulombandmagneticfields,andthenreturnto the point (ro, 6) with a clas-
sicalactionS (6, ¢"). The contritutionsof thesetrajectoriesareintegratedover the surfaceof the sphere

r = 1o with the phase:5(?-¢") andthe angularfactor A,/ (6, 0) to determinethe Greens function. At
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this point, theseclassicaltrajectoriesare not only the radially launchedandreturningclosed-orbits.In
Eq. (5.21),all classicalorbits at enegy F, eventhoselaunchednonradiallyfrom the matchingsphere,
mustbeincludedto calculatethe semiclassicaGreens functionandthusthe S-matrix S-R.
Equationg5.21)and(5.22)for thesemiclassicaGreensfunctionG(rg, ro; E) andEq. (5.10)for
thelong-rangeS-matrix S'R represena halfway pointin the derivationfor the semiclassicaormulafor
SR Itisinterestingo note thatin theircurrentform, thesgformulasshav noartificial divergencesitthe
pointswherenew classicabrbits bifurcate. Thus,they provide a usefulstartingpointin treatingvarious
scenariogound in the physicsof a Rydbeg electronin an external magneticfield. In the remainder
of this section,the elementarycaseof well-isolatedclassicalorbits andlow angularmomenta(l, ') is

studied.

5.2.1 Initial angleprojection

The methodof stationaryphaseintegration is one of the most useful tools in semiclassical
physics. This was first seenin Gutzwiller’s derivation of the traceformula for the density of states
[20Q]. In hiswork, the periodicorbitsemepgeasthe stationaryphasepointsof anintegrandwhenthetrace
of thesemiclassicaGreensfunction,Eq. (5.17),is takenusingthe stationaryphaseechnique A similar
ideawill be seenin the projectionof the semiclassicalGreens function onto the sphericalharmonics
(5.21). Here, asin the traceformula, the dominantclassicalorbits - the closedorbits - appearwhen
integralsof the semiclassicaGreens function (the projectionintegrals) areevaluatedusingthe method
of stationaryphase.

I now assumehatthe classicalorbits contrituting to the Greens function, Eq. (5.21),arewell
isolated.ThentheclassicalactionS (6, 6') canbe expandedn a Taylor seriesaboutthe stationaryphase
pointsin theinitial anglet’ = 6; :

s 1 928
5 T30 - 0,)° — (5.23)

VAN i /_ .
S(0.0') = S(0,6;) + (0 — ;) i

wherethe stationaryphasepointsé; aredefinedby thevanishingof thelineartermin this expansion:

98
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Immediately it is seenthat the stationaryphasepoints correspondto classicaltrajectoriesthat are
launchedradially (ps: = 0) outward from 5. Whena strongexternalmagneticfield is appliedto an
atom,even a one-electroratom, the classicaldynamicsbecomeshaotic,andthereareinfinitely mary
of thesestationaryphasepoints. In the end, eachstationaryphasepoint will contribute a termto the
Greensfunction(5.21)andto thelong-rangeS-matrix (5.10).

This analysisof the stationaryphasepointsis valid whenthe otherangularfactors(A;; (6, 6”)
andA; (6, 0")) in theintegrandof Eq. (5.21)vary slowly comparedo the classicalaction.S(6,6"). This
is true for low angularmomentumelementsf the Greens function Gy, m/(E), wherethe spherical
harmonicsn A/ (0, 6"), Eq.(5.22),0scillateslowly. For highangulamomentathesesphericaharmon-
ics oscillaterapidly andtheir variationmusttaken into account. The requiredmodificationsfor higher
angularmomentumwill be developedin the next section(Sec.5.3). However, for now it is assumed
that the sphericalharmonics and consequentlyhe matrix Ay (6, 6") vary slowly with the polarangles
0,0).

Within theaforementionedpproximationstheangularfactorA; (0, 6) andtheamplitudeA; (6, 6”)
areevaluatedat the stationaryphasepoint ¢’ = 6, andpulled outsidetheintegral over ¢’ in the Greens

function,Eq. (5.21):

Gimrm (B) = / Ao (0,0;)/| AL (0,0;)]e 5@ O)=mT/2) o 1y (5.25)

traj

Theremainingintegral I; overtheinitial angled’ takestheform:

. . ,
I = / d6’ exp (%(9' - ai)2%> . (5.26)

In the stationaryphaseapproachthelimits of thisintegrandareextendedo +oo, sothattheintegral can

be doneusingtheformula[24]:

.00 ) -
/ dx exp (%12(1) = @ (5.27)

S «
As Gutzwiller first shoved, signchangeof amplitudesuchas% alongeachclassicaltrajectorymust
be taken into accountwhenintegralssuchas Eq. (5.26) are performed. Labeling the numberof sign

change®f %alongtheclassicabrbit by theintegerv, andperformingtheintegral I; usingthegeneral
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formula,Eq. (5.27),0neobtains:

-1/2
e~ WT/2, (5.28)

2

det ——

11: V2’/Ti 80’2

Usingthisresultfor I; in Eq. (5.25),the channekpaceGreens functionbecomes,

Gimm (E) = \/QWiZ/ dOA (0, 6;)+ /|A2<9’ei)_|ei(s(9,(9i)7ﬂ77/2)’ (5.29)

traj

wheretheoverallamplitudeA, is thesimpleproduct:

/

Opy
o 00

, 00

2 -1 /
0 S) __ % (5.30)

Az =4 (aT 20

7 .
Thecarefulreademill noticethattheindex v, which countsthe numberof signchangesn theamplitude
gj—g alongthe classicalorbit, hasdisappearedrom the Greens function, Eq. (5.29); only the Maslov
index 1 appearsAs a corvention,| will alwaysabsorbphasesuchasy thataregeneratedn stationary
phaséantegralsinto the Maslov index i for the Greensfunction. With this corvention,theindex p of the
Greens functionis contectual: it alwayscountsthe compositenumberof signchange®f theamplitude
whosesquareroot currentlyappearsn the Greens function. For example ,whenthe classicalamplitude
of the Greens functionis \/m theindex u countsthesignchange®f A;.

In this subsection] have giventhe detailsof how the initial angledependencef the Greens
function canbe projectedout usingthe methodof stationaryphaseintegration. Becausehis approach
will be usedrepeatedlyin this thesis,the discussiorhasbeenlengthy The resultingGreens function,
Eq. (5.29), is written as a sum over classicaltrajectoriesthat are launchedradially (p, = 0) from a
spherer = rq in the matchingregion, but returnto the sphereat a final polar angleé with any value
of the classicalangularmomentump,. However, Eq. (5.29) specifiesthat this final angledependence

shouldalsobe projectedontothe sphericaharmonicYy,, (9, 0) (containedn thefactorAy;/).

5.2.2  Final angleprojection

Thefinal angleprojectionintegral requiredby Eq. (5.29)for the GreensfunctionGim, i7m (E) is

performedusingthe samestationaryphaseapproactdescribedibore. First, the classicabctionS (6, pj)



85

is expandedaboutthe stationaryphasepointin thefinal polarangled = 6;:

oS 1 9%S
AN / _ hiad - _ 2~
SO.2) = SOr04) + 0 =09 5| +50 00" g - (5.31)

It is critical to notethatthe classicalactionis now afunctionof theinitial angularmomentuny), rather
thantheinitial polarangled’ at the stationaryphasepoints. This switch from ¢’ to pj, in the classical
actionis necessanasthe initial angledependenc#’ hasbeenprojectedout of the Greens function,
Eq. (5.29),andthusthe classicalaction,already However, asbefore,the stationaryphasepointsof the

action,Eq. (5.31),arethe classicalrajectorieghattravel radially asthey returnto r = rq:

08

90 o pe(ef) =0. (5.32)

Again,assuminghattheangularfactors(A; (6, 6;)+/| 42(8, 6;)]) in Eq.(5.29)vary slowly with thefinal
angled, they canbe evaluatedat the stationaryphasepointsé of theintegrand.Usingthe expansionof

theclassicalaction,Eq.(5.31),in the Greens function, Eq. (5.29),givestheresult:

G (B) = V210 Y M (05,0:)1/| A2 (0, 0;) ]S Or00=0m/2) s 1 (5.33)
Theintegral I5,

traj
Ig—/dﬁlexp< 0 —0;)° ?)03 )- 2mi

canbedoneusingthe formula, Eq. (5.27),aslong asthe signchangesn the amplitude 2 092 gt arekept

—1/2

0°s
6% |

e /2, (5.34)

trackof in theindex v.
Thefinal form of thesemiclassicapproximatiornto Gi.,, i/ (E) is foundby insertingEq. (5.33)
into Eq. (5.34):

G (B) =211y A (0, 0:)1/ |A(05,0;)] S Cr-00—m/2), (5.35)

traj
Again, theindex v hasbeenabsorbednto the Maslov index . of the Greens functionthatnow tracks

thesignchange®f the overallamplitudeA (ratherthan A; or A,):

-1
928 oo’
A=A, L2 _ Y

( 0 p9i> 09 Pe;

opo |1 _ o
a0 Po 8p9

(5.36)

Dpeo;
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This final amplitude A is a simple one dimensionalderivative that can be calculatednumericallyfor
eachclassicalrajectorywithout difficulty. Finally, the semiclassicahpproximatiorto S-R canbe writ-
ten down, using the semiclassicalGreens function matrix derived in this section,Eq. (5.35), andthe

definitionof theangularfactorAy; (0, 6), Eq. (5.22). Theresult,

0 l’m(ez 0) . s 3T
S,, = 23/271/2 +/|A|sin 6; SmH f’ ~—~exp | iS(0,0;) —ip— —i— |,
i Z Al fl o fl’ (o) (f ) — 9 4 )

(5.37)

is asumovertheclosedorbitsthatarelaunchedadially outwardfrom the point (rq, 6;) in thematching
region, scatterclassicallyoff the long rangeCoulomband magneticfield andthenreturnto the point
(ro, 0y) againtraveling radially.

Onefurtherapproximatiorgivesthe semiclassicab'® thatwill beusedin subsequemumerical
calculations For highly excited electronswith smallmatchingradii o andlow orbital angulaTmomenta
it is appropriateo usethe asymptotic zero-enegy forms of the Coulombfunctionsin Eq. (5.37). The
requiredformulascanbefoundin Ch. 2, Egs.(2.4)and(2.5), andyield:

1

L im( 1) p2eVBTe .
A raf ) Y ' (538

in which casethelong-rangeS-matrix reads:

SR (E,B) = (2m)*?(~ l+l’z./|A|sm0gmalem (07,0)Yim(0:,0)  (5.39)

3
exp <1S+2\/8r0 —w2 _sz) .

X

In this expressionthe classicalamplitudeA = g—g; ‘p; is alsoevaluatedat the stationaryphasepoints
(64, 0;). Thedetailsof calculatingthe closedorbitsandtheir propertieghatarerequiredin this primiti ve
semiclassicalS-matrix aregivenin AppendixB.

Of courseall of theclosedorbitsthatareusedto constructs'R (5.39)dependbothontheenegy
E of theelectron,andexternalmagnetidield B appliedto theatom. In mostcasesit is moreusefulto
transformthis S-matrix to the scaledvariables(e, w) of AppendixA. Beforegiving theresultingscaled
variable S-matrix, the issueof precomwolution mustbe addressedWhenthe semiclassicalong-range

S-matrixis usedin theformulafor theprecomwvolvedcrosssection Eg. (3.28),it is necessarjo calculate
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the S-matrix at complex enegiesE + iI'/2. As discussedn Ch. 4 (seeEgs.(4.24-4.26)whenscaled
variablesareusedthistranslatesnto evaluatingthelong-rangeS-matrixatacomple valueof thescaled
field. Thatis, to precomvolve the crosssections (w) or long-rangeS-matrix SR (w) with a Lorentzian

of width Aw in thew domain,the substitution

w i (5.40)

mustbe usedin the scatteringnatrix S“% (w). With thisin mind, andusingtherelationsS = wS, ro =

7o(w/2m)?, andpy = pe(27/w) in Eq. (5.39),the precomwvolved,scaled-ariableS-matrix becomes:

, /9 1/2 N
SEm(w) = (@21 (5) >\ |A] sin:sin 0,5, (07.0)Yie (0:,0) (5.42)
c.o.

- 3 - A
exp (in — iug + zf) exp <—STw) .

X

Notethattheextraphase2,/8rq is simply theclassicahctionfrom rq to theorigin andbackagain.Thus,
in thescaledS-matrix (5.41)l have absorbedhis phasento thescaledactionof eachorbit S. Becauséhe
closedclassicalorbits are completelyindependenbf the scaledfield w, the only effect of the complec
value of the scaledfield is to introducea damping factor exp(—SAw/2) into the semiclassicalS-
matrix. Thiswill have importantconsequences the corvergenceof the semiclassicaphotoabsorption
crosssectiondevelopedin Ch. 6.

It is importantto mentionthe conditionsunderwhich the semiclassicab-matrix, Eq. (5.39) or
(5.41), is a good approximation. First, the derivation hasassumedhat the sphericalharmonicsvary
slowly with the polarangles) andf’ sothatthe stationaryphasepointsaresimply theradially launched
andreturningorbits. However, | emphasizehat the effects of the nonradialtrajectoriesare included
approximatelythroughthe classicalamplitudeA of eachorbit. Secondjt is requiredthatthe stationary
phasepoints (the radial orbits) exist, and are well isolatedfrom eachother Lastly, althoughl have
derivedthelong rangeS-matrix for anatomin an externalmagneticfield, thefinal result,Eq. (5.39),is

alsovalid for anexternalelectricfield aswell.
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5.3  Specialcasesand improvements

In mostcasesthe semiclassicab-matrixderivedin the previoussection(5.39)providesanaccu-
ratedescriptionof the physicsof anatomicelectronin anexternalmagneticfield. However, therearea
numberof situationgn whichthis primitive semiclassicahpproximatiorfails. Thissectiondemonstrates
how theideasandtoolsof the previoussectioncanbe modifiedto treatthesecases.

In general oneof the difficultieswith semiclassicadpproximationss thatwhentheir primitive
forms breakdown, a considerableamountof effort is requiredto repairthem. This wasfirst seenas
researcherscorporatedifurcations[57] andcontinuoussymmetrie§133] into the semiclassicalrace
formulaof Gutzwiller. Thesamehasbeentruein semiclassicastudiesof atomsin externalfields. As an
example,sincethe original developmentof closed-orbitheoryin 1988,only a few researcherf2, 54,
63] have attemptedo give uniform semiclassicadpproximationdor bifurcationsof the closedorbits.
Furthermorepecausehe standardormulationof closed-orbitheoryusessemiclassicalvavefunctions
ratherthan Greens functions,mary of the advancesn the Greens function basedraceformulashave
notbeenapplicableto closed-orbitheory Thus,while uniform semiclassicahpproximationdiave been
givenfor traceformulas,analogouprogressn closed-orbitheoryhaslaggedbehind.

The approachof this chapterprovidesa simple solutionto the difficulties found in improving
the semiclassicaapproximation®of closedorbit theory In generalthe semiclassicaGreens function,
Eq. (5.17),usedto find the S-matrix is a very robustobject. It is mainly whenthis configurationspace
Greens function is projectedonto the channelfunctions (sphericalharmonics)that difficulties arise.
This sectionexploresthe long-rangeS-matrix for threecaseswvherethe above primitive versionof the
stationaryphaseechniquegivenabovefails. Thesenstancesre:theorbit parallelto the magnetidield,
moderatelyhigh angularmomentumelementsof SR, and bifurcationsof the closedorbits. In each
case appropriatelymodifiedversionsof the stationaryphasetechniquegive improved semiclassicab-

matrices.
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5.3.1 Parallel orbit

Themostbenigntype of failure of Eqg. (5.39)is whenoneof the angularfactorsin the S-matrix
(sin® or Y, (6, ¢)) vanishesat theinitial (¢;) or final (¢;) angleof the closedorbit. Then,the contri-
bution of thatorbit to the S-matrix will vanishunphysically The moststriking exampleof this is the
closedorbit thatis parallelto the magneticfield (9; = 6; = 0 or =), for which the factor/sin 6 sin ¢
vanishesA secondxampleis thequasi-Landawrbit (¢; = 0 = «/2), which givesa vanishingcontri-
bution to the S-matrix for odd parity statesof the electron. The vanishingof thesetwo orbitsis known
to be unphysicalsince both experimentsand theory have seentheir signaturesn recurrencespectra.
In both of thesecasesthe sourceof the erroris in negglectingthe angulardependencesf factorssuch
assin 0 or Y;,,, (6, ¢) whenthe stationaryphaseintegralsaredone. Thus,the solutionis to include, at
leastapproximatelythe strongestangulardependencesf the Greens functionin the stationaryphase
integrals.

This canbe accomplishedor the parallelorbit in a straightforward manney beginning with the
multidimensionalGreens function, Egs.(5.21)and(5.22),beforethe projectionintegralsover # and¢’
have beenperformed:

GlmJ/m’ (E) = Z/ d9d9'/\?z/ (95 9/) \% |A1| sin 6 sin 9’6i<5(070()_uﬂ/2)7 (542)

traj

V2 .
A% (0,0) = LD =BTV (9.0Y, Vi (6, 0). (5.43)

i |71

Here, the factor+/sin f sin ¢ hasbeenplacedexplicitly in the Greens function, Eq. (5.42), ratherthan
in the angularfactorAY,, (6, 0'), Eq. (5.43),becauséts angulardependencenustbe includedwhenthe
stationaryphaseintegralsare performed. A superscript0” is usedon A in Eq. (5.43)to distinguish
thefactorfor the parallelorbit AY, (6, 6") (5.43)from thatfor the otherorbits Ay (6, 6'), Eq. (5.22). The
only differenceis thatAY, (6, 6') doesnot containthefactory/sin 6 sin ¢. Thefollowing discussiomwill
be presentedor the parallelorbit having §; = 8 = 0. However, the formulasalsoapplyto the parallel
orbit having 6; = 05 = .

Becausehe main contribution of the projectionintegralswill comefrom the integrands value
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neard = ' = 0, smallangleexpansionof sin§ ~ § andsin §’ ~ ¢’ canbeusedin Eq. (5.42):
Gimirmt (E) ~ / d0do' NS, (0, 0)\/| AL |V 00 i (S0 —u/2) (5.44)

Again, the remainingangularfactor A, (6 ¢’) is assumedo vary slowly andwill be evaluatedat the
stationarypoint of the integrand (0 = 67,6’ = 6;). Fromthis point, the treatmentof the integrals
in Eqg. (5.44) using stationaryphaseintegration proceedsxactly asin the previous section. First, the
integral over theinitial angle®’ is performedby expandingthe actionaboutthe stationaryphasepoint
0" = 0; = 0. Again, theresultingstationaryphasepoint is a classicalorbit, the parallel orbit, thatis
launchedradially along the direction of the magneticfield. A similar procedures usedfor the final

angleprojectionof Eq. (5.44). Both of theseprojectionsrequiretheintegral,

o .
[3(&) :/ dl‘\/ze%‘zja = \/§ 137T/8F <4> | |73/4 (545)
0

wherel'(3/4) = 1.22541 . .. is thethe Gammafunction. Whenthe expansion®f theaction,Egs. (5.23)
and (5.31) are usedalong with the integral I3, Eq. (5.45), to evaluatethe integralsin Eg. (5.44), the

resultingGreensfunctionbecomes,

—3/4 —3/4

ap’
(99’

Opg

50| | AlEeSea (5.46)

1 3
Glm,l’rn’ (E) ~ QA?I’ (elaef)r (4> 137‘(‘/4

Py
This formulaappliesto bothorbitsthatmove parallelto the externalfield (9; = 6; = 0 and) alongthe
z-axis. Thefinal form of the Greens function and .S-matrix for theseorbits is obtainedby simplifying

thecombinationof amplitudesn Eg. (5.46). This requiresa carefulhandlingof the partialderivatives:

oyl —-3/4 % —3/4 op), 1/2 _ a9, 0) 3/4 (0, pl) 3/4 (), 0') 1/2
o0 ] 00 p’s a0 o’ a(ploe) a(pleap9) 6(9701)
_ 00,0 [ 0w, ) [
d(pl. o) (9 9’)
9P pe) ( 97109)
| 90.8) 0wy 0| 0wy, 0) |7
a(plazel) (poaPG) a(pg,pe)
o) | o), e [
| 0(pp. 0| |O(ph.po)
00 |M* | ogr |34
= |57 5 (5.47)
Po 9’ Po p
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1/4
Furthermorethefirst amplitudein this result’ 65’79, canbeapproximateds,
019/

1/4 —~1/4
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Q

(5.48)

Pp
CombiningEgs.(5.47)and(5.48)for theamplitude with Eq. (5.46)givesthefinal form of thesemiclas-

sical Greens functionfor the parallelorbit,
Lo 3\ i3 /4| 41 Li(S—pr/2)
Gim,irm (E) = §All, (0;,04)T 1) ¢ |Ale . (5.49)

The manipulationsof the classicalamplitudesEgs.(5.47)and(5.48), areclearly the mostdifficult as-
pectsof this derivation. In spite of that, the procedurefor finding the semiclassicalGreens function
Gim,rme (E) for theparallelorbitsis straightforvard: theintegralsover ¢ andd’ areperformedusingthe
stationaryphasetechniqueput includingthe angulardependencef the factory/sin 0 sin 0’ ~ 1/00".
The final long-rangeS-matrix for the parallel orbit is constructedusing the Greens function
(Eq. (5.49)),theangularfactorAY, (6;, 05) (Eq. (5.43)),andtherelationshipbetweens™® andG(rg, ro)

(Eq.(5.10)):

2
SR = gr G) (=Y (8, 0)Yirm (63, 0) | Al exp (z:S(ef,ei) +2i\/Brg — wg + m) .

(5.50)
The asymptotic,zero-enegy Coulombfunctions,Eq. (5.38), have beenusedin deriving this result. To
rewrite thisresultin termsof scaledvariablesthescalingrelationship®f AppendixA canagainbeused.
In subsequentalculationsthe scaledvariableversionof Eq. (5.50)will be usedfor the contribution of
the parallelorbits, alongsideEq. (5.41) for the off-axis orbits. In both casesthe precowvolution of the
S-matrixintroduceshe dampingfactorexp(—SAw/2) into thelong-rangeS-matrix.
Notethatthe orbit parallelto the externalfield wasfirst treatedoy GaoandDelos[51] usingthe
semiclassicalvavefunctionsof closed-orbitheory The approactgivenherehasa similar form astheir

result,but exhibits a slightly differentsemiclassicaamplitudeA. Thesucces®f Eq. (5.50)will beseen
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in next chapter(Ch. 6), whereit is usedto calculatethe photoabsorptiorcrosssectionof an atomin
an externalmagneticfield. Also notethat Eq. (5.50)is particularlyrelevantfor anatomin an external
electricfield, wherethe dominantfeaturesin the recurrencespectrumaregivenby orbits parallelto the

electricfield.

5.3.2  High angular momentum

A seconddifficulty occursfor S-matrix elementsS5R? having moderateand high valuesof the
angularmomental and!’. As describedabove, the stationaryphaseapproximationleadingto the S-
matricesof Egs.(5.39)and(5.50)assumethatthe sphericaharmonicsrary slowly with the polarangles
(9,0"). This approximationbreaksdown for high angularmomentumwherethe sphericalharmonics
begin to oscillaterapidly.

For very high angularmomenta,all of the angulardependencef the sphericalharmonicscan
beincludedin the projectionintegrals(5.21). In this case animproved stationaryphaseapproximation
leadsto the modifiedstationaryphaseconditionspy = £(I + 1/2) andpj, = £(I’ 4+ 1/2). In thelimit
[,I" > 1, thesemodifiedstationaryphaseconditionsrepresent correspondencgrinciple (for p, = 0)
betweerthequantum(l, ') andclassicalpg, pj) angularTmomentum This approachs astraightforvard
generalizatiorof the methodof the previous sectionand includesnonradialtrajectoriesexplicitly in
the final semiclassicab-matrix. In practice,this type of semiclassicaapproximationfor the S-matrix
SR would be prohibitive becauselifferentS-matrix elementsequirea calculationof differentclassical
trajectories.Moreover, it shouldnot be necessaryinlessoneis interestedn treatinginitial electronic
stateswith very high angularquantumnumbers.For the low lying initial statesof complex atoms,only
moderatedinal stateangularmomentaaretypically relevant. For thesecasesa simplerapproximations
appropriate.

Asthesemiclassicahpproximatiorfor theparallelorbit demonstrates simpleway of improving
the projectionintegralsof the Greens functionis to includethe lowestordervariationsof the offending
angularfactor For moderateangularmomentumS-matrix elementsthis translatesnto expandingthe

sphericaharmonicdo linearorderaboutthestationaryphasegoints(6;,6). This approachs givenhere
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andshaws that the resultingcorrectionto the primitive S-matrix (5.39) involvesthe derivativesof the
sphericalharmonicsand powersof the classicalamplitude A, Eq. (5.36), thatappearsn the primitive
semiclassicakpproximationto S-R. Most importantly the improved semiclassicalS-matrix derived
herestill involvesonly radiallaunchedandreturningtrajectories.Thus,the approximatiorcircumwvents
the computationatomplicationsof searchingor nonradialclosedorbits.

The expansionof thesphericaharmonicdo linearorderaboutthe stationaryphasepointsreads,

Yirm (6,
Yiem(0,0) 2 Yirm (6,,0) + (¢ — ;) 2Xrm0:0) (5.51)
o0 |,
aY;* (0,0
Vioa(0,0) % Vi, (67,0) + (0 - 6) PO 552
05

The projectionintegral of the Greens function, Egs. (5.21) and (5.22), cannow be carriedout using
the stationaryphaseapproachhut with one modification. Ratherthanperformingthe integralsover 6
and#’ sequentiallyas before,both integrals are performedsimultaneously This leadsto considerable
simplificationsandrequiresa two dimensionalkexpansionof the classicalactionin the variables(d, 6")

aboutthe stationaryphasepoints(6’ = 0;,0 = 6y). Definingthevectora
a= ; (5.53)

thetwo-dimensionalraylor seriedfor theactionreads,

108 1 5 98

! _ X e - —
S(0,0") = S(0,0;) +a 95 + 5% 5aaad (5.54)
where
as
907 —pe/!
05 1 " |- , (5.55)
oa 95
90 Do
2 2
928 s 2908
—— = . (5.56)
(90[80[ 928 928
2000° D006

As before, the stationaryphasecondition % = 0) selectsradially traveling trajectories,the closed

orbits,atsmalldistances.
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Next, the expansionf the action, Eq. (5.54),and of the sphericalharmonicsEgs.(5.51)and
(5.52),areusedin the yet to be projectedGreens function, Egs.(5.21)and(5.22). Thetermwith the
productY;’ (6¢.0)Yy.m, (65, 0) simply givestheresult(5.39)of the previoussection.Theonly norvanish-
ing correctionterminvolvesthederivativesof both of thesphericaharmonicgif theangulardependence

of v/sin # sin 0’ is againneglected).After the slowly varyingpartof theintegrand,

DYy (0/,0)

Vsin @ sin 0’ 0¥ (0,0) 507
05

00

: (5.57)
0;

hasbeenevaluatedat the stationaryphasepoints,theremainingintegral canbe performed:

" i, 0*S
I, = / daydasayas exp (504 " 9G0E -oz) =

2 —1/2 /
—27 |det 0’5 06
Ipe |,

—ivm/2 5.58
0G0a € (5.58)

As beforetheindex v countsthenumberof signchangef thematrix 22 a*a* alongeachtrajectory Using
Eq. (5.58) and manipulatingthe classicalamplitudesusing Eq. (5.36), an expressionfor the corrected

semiclassicaGreensfunction(5.21)is found:

\/|A|sm0 sin @ (5.59)

Gum = (2m) 3/2@Z

2 4

traj
. AY,: (05,0) AYirm (0:,0)
Y5 (05,0) Yy (6; Al et (u+1/2) CXim\Ys ia
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Thecorrespondingmproved SR from Egs.(5.10)and(5.59),is then,

S,"l',?ym = (2n)%/2(=1)HH" Z \/|A|sinf; sin 05 (5.60)

traj
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X

3
exp (iS + 2i\/8rg — iag 1 zf) .

The sumover trajectoriesn theseexpressionss the sameasin the primitive semiclassicalong-range
S-matrix: eachclassicalrajectorythatis launchedadially outward from (r,6;) andreturnsradially to
(r0,0) afteraccumulatinga classicalaction S(6¢, 0;) contributesa termto the semiclassicab-matrix.
In addition,the semiclassicahmplitude A (5.36) andMaslov index ;. arethe sameasin the primitive

semiclassicab-matrix, Eq.(5.39). Althoughthisimproved.S-matrix, lik e traditionalclosed-orbitheory
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still involvesonly radialtrajectoriesat g, it now includesthe first-ordercorrectionsfor higherangular

momentaln fact,by looking attheratio

_ | Y (05, 0)Yp i (6:,0)
1 | Y 000 91, (00) (5.61)
00 00’

for eachtrajectory the importanceof the correctioncanbe ascertained Notice thatwhena trajectory
lies nearthe nodeof a sphericaharmonic,asin the abose mentionedquasi-Landawrbit for odd parity
statesthe“correction”actuallydominateghe S-matrix. Theoriginalversionof closed-orbitheorygives
avanishingrecurrencestrengthfor the odd parity quasi-LandauesonanceShaw etal [134] have given
asimilar correctionfor the quasi-Landawrbit asEq. (5.60),but their resultis only for thequasi-Landau
orbit. The derivation presentechereshows that sucha correctiontermis presentfor all closedorbits
whenthe angularmomentumis moderate. However, mostcasesstudiedin this thesishave sufficiently
low angularmomentunthatthe correctionderived hereis unimportantexceptfor the odd parity quasi-

Landaurecurrence.

5.3.3  Bifurcations

So far, correctionsof the semiclassicalS-matrix have beengiven for caseswherethe angle-
dependenpieces,suchas v/sin fsin 8’ andY;,, (6, ), becomeimportantto includein the stationary
phaseéntegrals. Thecorrectiongjivenfor theparallelorbit andfor moderateangulaiTmomentéhave made
a commonassumption:the stationaryphasepoints exist and are well isolatedfrom eachother It has
beenseerthatthestationaryphasepointscorrespondo closedclassicabrbits. Theseorbitsarelaunched
radially outward from a spherer = rg in the matchingregion andreturnto the sphereradially after
scatteringclassicallyoff the long rangefields. This radialtrajectoryapproximationncludesthe effects
of nonradialtrajectoriesapproximatelythroughthe classicalamplitudeA (5.36)in the semiclassicab-
matrix. However, if a stationaryphasepoint doesnot exist in thefirst place,the contributionsof nearby
nonradialorbitswill be unrepresenteth the long rangeS-matrix. This occursnearbifurcationsof the
closedorbits.

Bifurcationsarea commonfeatureof classicallynonintegrablesystemq109, 12]. For anatom
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in astrongmagnetidield, bifurcationsof theclosedorbitsoccurasthescaledenepy ¢ is increased60].
FigureB.1 of AppendixB shovs amapof the closedorbitsfor diamagnetidydrogen Whenthesystem
is integrable(e = —oo) thereis only oneclosedorbit, thefamiliar Keplerorbitin the Coulombpotential.
As € increasesnew orbitsarebornup until ¢ = 0 wherethereareinfinitely mary closedorbits. Delos
andcoworkershave usednormalform theory[60, 61, 61] to analyzeandstudysequencesf bifurcations
of closedorbitsin an externalmagneticfield. However, their analysisis purely classical. Only Main
and Wunner[63] have attemptedto include bifurcationsof closedorbitsin a semiclassicatheory of
photoabsorption.Their treatmentusessemiclassicavavefunctions,alongsidenormal form theory to
constructuniform semiclassicahpproximationsor a few typesof bifurcations.It shouldbe mentioned
thatthisdiscussiorappliesonly to the caseof anexternalmagnetidield; thebifurcationsof closedorbits
in externalelectricfields have beensuccessfullyincludedin a semiclassicalormulation[62].

This final subsectiorsketcheshow bifurcationsof closedorbits canbe treatedusingthe semi-
classicalapproximationf this chapter Becausehis work is still in progressthe emphasiswill be
on the qualitative featuresof the proposedapproactratherthanon formal derivations. In the language
of this chapter a bifurcation occurswhena new stationaryphasepoint comesinto existenceat some
scaledeneny ¢,. Thus,below the bifurcationpoint, the primitive semiclassicahpproximatiorfor SR
shaws no recurrencepeakfor the (noneistent)closedorbit. Also, at the bifurcation point, the primi-
tive semiclassicadpproximationfq. (5.39),divergesto infinity. Thatis, it shovs aninfinite recurrence
strength.Of courseoncethe closedorbit hasbifurcated the S-matricesdevelopedabove arefinite and
give agooddescriptionof the associatedecurrenceeak. Thesepredictionsof the primitive semiclas-
sicalapproximatiorarein disagreementith bothexperimentandaccurateguantumcalculations First,
below the classicabifurcationpointssmallrecurrencepeaksareseen[44]. Theseprebifurcatedorbits,
ghostorbits, exist becausehe electroncantunnelinto quantummechanicapathsthatdo not quite exist
classically Examplesof thesenonclassicapathswere seenin the accuratequantumsS-matricesof the
previouschapter(Ch. 4). Secondguantumcalculationsandexperimentsalike shav thattherecurrence
amplitudesare alwaysfinite at the bifurcationpoints. Thus,the divergenceof closed-orbittheory and

the primitive semiclassicab-matrix of this chapterat the bifurcationsis artificial.
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A successfusemiclassicatheoryof bifurcations then,will includetwo features First, theghost
orbitswill be predicted.And secondthe semiclassicaamplitudeswill be uniform (finite) asthe scaled
enegy movesthroughthebifurcationpoint. Thesemiclassicaheoryof Main andWunner[63] achieres
both of thesegoalsfor certaintypesof bifurcations. However, their approachcontainstwo difficulties.
To extract the contributions of the prebifurcatedghostorbits, they analytically continuethe classical
trajectoriesnto the complex plane. This substantialljcomplicatesnumericalcalculationsof the closed
orbits. Whenthesecomplex ghostorbits are includedinto the semiclassicatheory, their recurrence
strengthis seento decayexponentiallybelow the bifurcationpoint. However, anadditionalcontribution
below the bifurcationpointis predictedthat divergesexponentially Main andWunnerhandlethis new

divergencen thefollowing mannef63]:

“In the above semiclassicaformulasthis complex-conjugateghostwould producean
unphysicalexponentialincreaseof the amplitudeat enegies below the bifurcation
point. Thuswe have asa by-productof the derivation of uniform semiclassicafor-
mulasthat ghostorbits of this type have no physicalmeaning. In otherwords, they
mustnot be includedin the standardormulassincethey do not appeatin the asymp-
totic expansionof the uniform approximation.”
In otherwords, certainpredictionsof their theoryare discardedbecausehey areunphysical. In spite
of this, mostaspectof Main and Wunners work appearto be well founded. This discussionshows,
however, thatthe semiclassicatheoryfor bifurcationsof closedorbitsin an externalmagneticfield is
notcompletelyunderstood.

I now give an outline of how bifurcationsof closedorbits canbeincludedin the semiclassical
long-rangeS-matrix. The treatmenbeginswith the Greens function, Eq. (5.29), aftertheinitial angle
projectionhasbeenperformed:

G, (B) = V2mi Y / dOAy (0,0:)\/| Az (6, 0;)] e 500 —n(m/2) (5.62)

traj

In general the amplitudein this formula, A, = %—g o dependwn theinitial andfinal angles. The

Py

trajectoriegthat contribute to this Greens function arelaunchedadially from a spherein the matching

region. However, whenthey returnto the sphere,the trajectorieshave mary differentvaluesof the

classicalingulamomenturmpy. Next the mainideafor treatingbifurcationsis presented.
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Below a bifurcationpoint, thereis simply no orbit that returnsto the sphereradially. However,
thereareorbitsthatreturnto the sphere As long asthe spherehasa finite radius,well-behaedclassical
trajectoriescanbe foundthatreturnto the spherewith nonzeroangularmomentunpy. Thereasorthat
Main andWunnerhave to calculateclassicaltrajectoriesat complex enegiesis thatthey usea sphere
having a vanishingradiusry = 0. Thus,below a bifurcation,no orbits (with realenegies)reachtheir
sphereandcomplex enepy trajectorieanmustbe usedinstead Whenclosedorbitsdo exist, it is perfectly
acceptabléo launchtrajectoriefrom the origin. Becauseertainaspect®f calculatingclosedorbitsare
simplified by this approachmary practitionersof closed-orbittheory have grown usedto a sphereof
zeroradius. However, asMain andWunners work shaws, insistinguponusinga sphereof zeroradius
leadsto considerableomplicationswhenradially launchedandreturningclosedorbits do not exist. |
emphasizehowever, that whentrajectoriesare launchedfrom a finite sphere the ghostorbits canbe
understoodssimply beingrelatedto classicabrbitsthatreturnto the spherenonradially

Figure 5.1 shavs an exampleof the nonradialghostorbits for scaledenegiesnearthe saddle-
nodebifurcation of the X; exotic orbit (seeFig. B.1). Below the bifurcationenegy (¢, = —0.115)
nonradialorbits areseento returnto the sphereof scaledradiusiy = 0.1. To includenonradialorbits,
suchasthoseshavn in Fig. 5.1, into the semiclassicab-matrix, two stepsarerequired.First, thegraph
of the classicalaction as a function of the final angleis fit to a polynomialform. For example,the

classicalctionsshavn in Fig. 5.1 canbe approximatedy the polynomial:
L . 1
S(0y. o, = 0) = S(6) + (05 — Op)ale) + 5 (05 — 0)%b(e). (5.63)

The expansionpoint 9} usedin this approximationis choserto be the leftmostpoint of the family of
orbits that returnto the sphere. The fit parameters:(¢) andb(e) are functionsof the scaledenegy,
with the mostimportantdependencéeingcontainedn a(e); asa(e) crosseghroughzerofrom below,
the new closedorbits bifurcate. Eachtype of bifurcationwill have a different polynomial associated
with it [135]. Oncethefit of the action, Eq. (5.63), hasbeenfound for the bifurcationbeing studied,
it is usedin the Greens function, Eq. (5.62), whenthe final angleprojectionintegral is performed.In

general,the angulardependencef the amplitude A, mustalso be taken into account. Although the
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2.8

Evolution of a saddle node bifurcation
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Figure5.1: The classicalscaledactionﬁ(ef) is givenasa function of thefinal angled for trajectories
returningto a sphereof scaledradius7y, = 0.1. Thetrajectoriesverelaunchedradially outward from

the samesphere. At the lower two scaledenegies(e = —0.14, —0.12) thereis no radially returning
orbit (remembetthat 4 is simply the slopeof the scaledactionin this graph). At a scaledenegy of

e = —0.115, a pair of exotic orbits (X1, X1,) bifurcates. Thesenewly existing closedorbits appear
asthe local minimain the scaledactionsat the uppertwo scaledenegies(e = —0.11, —0.10). Most

importantly belown the bifurcation enegy, nonradialclassicaltrajectoriesare seento reachthe final

sphere.
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resultingintegralsaretypically morecomplicatedhanthe simple Gaussiarfiormsfoundin the primitive
semiclassicab-matrix, they canoftenbeperformedanalytically By carryingout thesestepsa uniform
semiclassicatheoryfor long-rangeS-matrix canbe derived.

The detailsof this approactdependstronglyon the particularform of the actionnearthe bifur-
cation. A generalstudyneedso be carriedout of the normalforms of the actionsneardifferenttypes
of bifurcations. Although Main and Wunnerhave given suchexpressiondor sometypesof bifurca-
tions, they usea variableotherthanthe final anglein which to expandthe action. It would be usefulto
transformtheir normalformsto thefinal anglerepresentationsedhere.Many of the detailsin treating
bifurcationsstill needto be investigated.However, the approachdescribechereprovidesa beginning
pointfor futureinvestigationsAgain, the mainadwantageof this methodis thatthe classicakrajectories

do notneedto be calculatecat complex enegies.

5.4 Results

In this chapter| have developedsemiclassicaapproximationgor the long-rangeS-matrix S-R.
After the primitive semiclassicahpproximatiorto S'R wasderived,extensionsof thebasicmethodwere
givenfor anumberof specialcasesThemainuseof the semiclassicacatteringmatricesof this chapter
is to enablea semiclassicahpproximatiorfor the photoabsorptiorosssection.This developmentwill
be presentedn the following chapter(Ch. 6). However, beforemoving on, it is usefulto comparethe
semiclassicdbng-rangeS-matrix, with theaccurateuantumsS-matriceof thepreviouschapte(Ch.4).

Figures5.2 and5.3shov sucha comparisorat a scaledenegy of ¢ = —0.3, wherethe classical
dynamicsare mostly chaotic. Again, the comparisonis performedby studyingthe recurrencesn the
matrix elementf S-R. Reasonablgoodquantitatie agreemenis seenbetweerthe semiclassicaand
guantumresults. The main discrepancieare the nonclassicaghostorbits, labeledwith the letter “g”,
which appeaiin the quantumrecurrencestrengthsut areabsentfrom the semiclassicalTheimproved
semiclassicalormulasfor moderateangularmomentumandthe parallelorbit have beenusedto obtain
theseresults.

With all of thenecessaryoolsin hand,semiclassicahpproximationsgo the photoabsorptioross
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Figure5.2: A comparisons shovn betweenthe quantum(upright) and semiclassica(inverted)recur

rencestrengtth(ﬁ) of elementsof SR. More specifically the recurrencestrengthsEq. (4.27), of

Re(S5R(w)) (c), Re(S5R(w)) (b) and Re(SL}(w)) (a), are shavn for m = 0, even parity statesof

diamagnetidydrogenat a scaledenegy of e = —0.3. The semiclassicab-matrix hasbeencalculated
usingtheformulasderivedin thischapterEqgs.(5.41)and(5.50). The 26 closedorbitscontributingto the
semiclassicab-matrix have beencalculatechumerically The detailedpropertiesof theseclosedorbits,

includingthelabelingschemeausedhere,canbe foundin Appendix.B. The accurateguantumsS-matrix
elementsverecalculatedvith thevariational R-matrix methoddescribedn Ch.4 usingaprecorwolution

smoothingwidth of Aw = 0.4. The semiclassicab-matrix hasalsobeenprecowolvedwith the same
width. Someof the shorteraction closedorbits have beenlabeled(R;, Vi1, V4, . ..) ashave the ghost
orbits (¢) in the quantumrecurrencestrengthghatcorrespondo no classicalclosedorbit. The Fourier
transformwascarriedout over the rangeof w from 100 to 500.
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Figure 5.3: A comparisonis shavn of quantum (upright) and semiclassicalinverted) recurrence
strengthdor oddparity, m = 0, element®f thelong-rangeS-matrix. TheFouriertransformsEq.(4.27),
of thesemiclassicaindquantums-matrix elementsie (SR (w)) (c), Re(S5R (w)) (b) and Re(SER (w))
(c) shaovn herewerecalculatedn the samemannerasin the even parity casepresentedn Fig. 5.2. The
smoothingwidth usedhereis slightly larger, Aw = 0.6. However, the scaledenegy ¢ = —0.3 and
rangeof w valuesused(100 — 500) arethe sameasin Fig. 5.2. Thus,the samesetof closedorbitsused
for theevenparity casealsocontributeto therecurrencestrengthdere;only theamplitudesarechanged
for thedifferentangulamomenta.Thesucces®f the semiclassicahpproximatiorfor moderateangular
momentumEg. (5.60),is seenn theaccurateredictionof the oddparity quasi-Landawecurrencgpeak
R,. The primitive semiclassicahdpproximationgivesa vanishingcontribution of this orbit becausghe
oddparity sphericaharmonicshave anodeatd; = 6y = 7 /2.
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sectioncannow bestudied.



Chapter s

Ghostorbits and core scattering

In the precedingchapters,a frameavork hasbeendevelopedfor studyingthe photoabsorption
spectraof atomsin externalfields. The mainingredientsin the theoryarethe two scatteringmatrices
SR and 5°°" which describethe electrons motion in the long-rangeand core regions respectiely.
While thecore-rgion S-matrixis afamiliarelemenbof quantum-defedheory thenontrivial long-range
S-matrix S'R hasbeendevelopedn this thesis.Both a quanturmmechanicahnda semiclassicainethod
for calculatingthis S-matrix have beengivenfor the caseof anatomin astatic,externalmagnetidield.

As closedorbit theory hasshown, the ideal way to study the physicsof an atomic electronin
an externalfield is to Fourier transformthe obsenablesinto the time or scaledactiondomain. Then,
globaloscillationsin the “energy” domainobsenablesaremanifestecassharpfeaturesat the periodsor
scaledactionsof certainclassicabrbitsof theelectron.ln Chs.4 and5, thistype of analysisvasapplied
directly to theelement®f thelong-rangeS-matrix SER (w). As expectedpoththeaccuratguantums™?
of Ch. 4 andthe semiclassicab'® of Ch. 5 displaysharppeaks or recurrences whentheir elements
areFouriertransformed.In fact, thereis reasonablguantitatve agreemenbetweerthe recurrencesn
the quantumandsemiclassicalong-rangeS-matrix.

Anothermainresultof this thesisis a formula, Eq. (3.28),for the precowolvedphotoabsorption
crosssection. The currentchaptercombinesthis exact quantumcrosssectionwith the semiclassical
approximatiorto S*® to give a semiclassicahpproximatiorfor therecurrencespectraof nonhydrogenic
atoms.As in the previousfew chapters| will continueto focusondiamagneti@atomsexclusively in this

chapter However, the semiclassicatrosssectiondevelopedhereis immediatelyapplicableto atomsin
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externalelectricfields.

Nonhydrogenicatomshave beenchallenging,if not difficult, for the semiclassicamethodof
closed-orbitheory As mentionedn the Introduction,closed-orbitheoryaccuratelypredictstherecur
rencespectrumof hydrogen;typically to within a few percent38, 37, 39]. In addition,the basicform
of thetheoryhasbeenextendedto includenonzeroquantumdefectsof singleelectronatomsotherthan
hydrogen.This approachwhich originatedwith GaoandDelos[136, 51], hasbeenfurther developed
by Dandoetal. [53, 52] andalsoby Shav andRobicheaux54] (seealso[55]). The physicalcontentof
theseextensionsof closed-orbittheory hasbeenconfirmedby both accuratequantumcalculationsand
experiments Essentiallytheionic coreintroducesew recurrencgeaksthatareassociateavith primi-
tive closedorbits (closedorbitsof hydrogen)beingscatterednto eachotherby thenonhydrogenicore.
To includethesecore-scatteled orbits in closed-orbittheory, practitionershave usedthe semiclassical
wavefunctionsof closed-orbitheoryin conjunctionwith quantum-defedheory andmultiple scattering
expansion®f thephotoabsorptiogrosssection54, 53]. Theresultingformulasfor thephotoabsorption
crosssectionare similar to the seriesexpansionof the precowolved crosssectionderivedin Ch. 3 of
this thesis. This extensionof closed-orbitheoryhasbeensuccessfullyappliedto lithium (us = 0.4) in
anelectricfield [53], singlet(xs = 0.14, 1, = —0.01) andtriplet (us = 0.3, up = 0.07) heliumin an
electricfield [54, 49], andanodd parity diamagneticesium-like atom(u, = 0.5) [53]. In all of these
casesa single quantumdefectis large, andthe semiclassicatheoryseemgo agreewell with accurate
guantumcalculations However, for atomshaving two or morelarge quantumdefects suchasevenpar
ity rubidium (us = 3.13, u, = 1.34), no semiclassicatheoryhassuccessfullypredictedthe recurrence
spectra.ln fact,experimentson bariumin anelectricfield [66, 65] andon rubidiumin a magneticfield
[137] showv pooragreementvith closed-orbitheory

The main difficulty with the multiple scatteringexpansionsof Dandoet al. and of Shav and
Robicheauxjs thatthey appeairto diverge whenmorethanonelarge quantumdefectis present.More
specifically thecorescatteredecurrencgeakdncreasen amplitudewith eachscatteringof theelectron
off theionic core. Thus,onecannotapproximatehe crosssectionby only including a few termsin the

multiple scatteringexpansion. No progressbeenmadein understandinghis significantfailure of the
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extensionsof closed-orbitheoryto nonhydrogeniatoms. Thus, it is currentlynot known whetherthe
divergenceof the multiple scatteringexpansionss causedy the semiclassicaapproximationsnade or
if it is the basicnatureof the seriesitself. This distinctionmustbe understoodn orderto improve the
theory

In this chapteyl shav how a corvergentsemiclassicaphotoabsorptiomrosssectionfor nonhy-
drogenicatomscanbederivedwith thetoolsdevelopedn thisthesis.Two importantelementareneeded
for thisdevelopmentFirst, a surprisingrelationshipgbetweemonclassicagihostorbitsandcore-scattered
orbits mustbe takeninto accountin the semiclassicatrosssection. The detailsof this relationshipare
givenin Sec.6.2. It will be seenthatghostorbits andcore-scatteredrbits aretwo aspectof the same
physics. In Sec6.3, this relationshipbetweenghostand core-scattere@rbits is usedto obtaina re-
summedsemiclassicatrosssection.

Secondthe precomvolution of the crosssectiondescribedn Ch. 3 is neededor the resummed
semiclassicatrosssectionto corverge. The effect of the precowolution techniqueis to dampout the
long scaledactionrecurrencepeaksthat causethe uncorvolved semiclassicatheoryto diverge. After
the resummedsemiclassicahpproximationis derived, it is appliedto threediamagneticatoms:hydro-
gen,lithium, andrubidium. In all of thesecasesthe resummedsemiclassicatrosssectiongivesgood
agreementvith accurateguantumcalculationgor boththe crosssectionasa functionof the scaledfield

w, o(w), aswell asfor therecurrencespectra.

6.1  Primiti ve semiclassicabpproximation

Obtaininga semiclassicaéxpressionfor the crosssectionis more complicatedthan one might
initially expect. The mostobviousrouteis to usethe semiclassicahpproximationdor the long range
S-matrixﬁLR(w) developedin the previouschapter(Ch.5), Egs.(5.41)and(5.50),in theexpressiorfor

theprecomvolvedcrosssectionof Ch. 3:

U(Aw)(w) = 4720w Rej[l + 2§core§LR(w) +2 (ﬁcoreﬁLR(w))Q +2 (ﬁcoreﬁLR(w))3 + .. :| cﬁ

(6.1)
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Whenthe scaledfield is evaluatedat a complex value of w + iAw/2, the resultingcrosssectionis
effectively corvolvedwith aLorentzianof width Aw. Eachtermin thisexpansiorgivesrecurrencgeaks
thatareassociatedvith the electronscatteringoff theionic corea numberof times. The semiclassical
S-matrix of the previous chapteris givenasa sumover primitive closedorbits p andcanbe written in

theform (seeEq.5.41):

SR (w) = ZA (w)eSr x e~ Sphu/2, (6.2)

=p
p

Here,the matrix A ,(w) containsall of theinformationaboutthe closedorbits beingsummedover and
dependonly weakly on the scaledfield. With this approximation.eachtermin the expansionof the
crosssectiongeneratesecurrencepeaksat the repetitions(n x S,,, n = 1,2,...00) andcombinations
(S, + Sy, S, + S, + S,., etc.) of the primitive closedorbits. Initially, it might seemlike thisis exactly
the qualitative picturethatis desiredfor the semiclassicatrosssection.However, thereis a critical flaw
in this primitive approactto the semiclassicatrosssection.

The difficulty with this primitive semiclassicahpproximationto the photoabsorptiorcrosssec-
tion is thatit fails to give accurateecurrencespectrafor hydrogen.lt is expectedthat hydrogenshould
betheeasiesatomto treat,asthe effectof the“core” - whichis justalone proton- is completelytrivial.
However, theexpansiorof thecrosssectionEq. (6.1),predicthepresencef core-scatterecbcurrences
for this elementaryatom. Whenthe coreregion S-matrix for hydrogen S°°® = 1, is usedin the cross
section,Eq.(6.1),all of thetermsthatgenerateorescatteredecurrencgeakssuchas (§LR (w)) ? and
(ﬁLR(w))B, arestill present.This predictionof core-scatteredecurrence$n diamagnetichydrogenis
in conflictwith bothaccurateguantumcalculationsandexperimentslin thetwo decadeshatrecurrence
spectrahave beenstudiedcore-scatterececurrencefiave never beendetectedn hydrogenat ary value
of the scaledeneny ¢ or scaledfield w. Thus,this reflectsa fundamentaproblemwith this primitive
semiclassicahpproximation.

A quantitative exampleof this difficulty is showvn in Fig. 6.1, wheretheaccurateguantunrecur
rencespectrais comparedwith the primitive semiclassicahpproximationdescribecherefor hydrogen

ata scaledenegy of ¢ = —0.3. TherecurrencestrengthR(S), Eq. (4.27), of the crosssectiono (w)
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Figure6.1: A comparisoris shovn betweerthe accuratequantum(upright) and primitive semiclassical
(inverted)recurrencestrengthfor diamagnetichydrogenat a scaledenegy of e = —0.3. The purpose
of this figure is to shawv the unphysicalcore-scatteredecurrenceshat are predictedby the naive use

of the semiclassicalong-rangeS-matrix in the expansionof the crosssection,Eq. (6.1). Thesepeaks
arenot seenin accuratequantumcalculations.Therecurrencespectraarefor photoabsorptiofrom the

2p, m = 0 stateto m = 0, evenparity final states.
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is shown for even parity, m = 0 final states.The unphysicalcore-scatteregeaksin the semiclassical
recurrencestrengthare indicatedby lines. The rangeof w that hasbeenFourier transformedhereis
w = 100 — 500 andthe precowolutionwidth is Aw = 0.4. Theagreemenbetweerthe quantumand
primitive semiclassicahpproximations seerto be poor. Thisis in contrasto closed-orbitheory which
yieldsexcellentpredictionsfor diamagnetihydrogenatthis scaledenegy. Clearlyfor my semiclassical
theoryfor the crosssectionto succeedor complex atoms,the simple caseof hydrogenmustfirst be
understood.

Thereis onecluethatpointsthewayto resohethis problem.Thecarefulreademill have noticed
thatthe analyticalstructureof the crosssectionsuggestshat core scatteredecurrenceshouldalso be
seenwhenaccuratequantumS-matricesare used. The core scatteredermsin the crosssection,such
as (SR (w))” and (S*R(w))°’, are presentwhetherapproximatesemiclassicalS-matricesor accurate
guantumsS-matricesareused.However, asFig. 6.1 demonstrateghe core-scatteredrbitsdon't appear
in the final crosssectionwhen accurateS-matricesare used. This suggestghat someyet unknovn
featurein the accurateguantumcalculationensureghatthe core-scatteredrbits areeliminated. In the
following section,| usethe accuratequantumsS-matricesto studythe precowolved crosssectionfor
diamagnetichydrogen.This studywill revealanintimate connectiorbetweenthe core-scatteredrbits

andothernonclassicabrbits,the so-calledghostorbits.

6.2  Cancellation betweenghostorbits and core scattered orbits

Chapter3 discussedhe physicalinsight available in the precowolved photoabsorptiorcross
section. It wasarguedthat mary of the ideasof closed-orbittheory are alreadyavailablein the exact
crosssection. Becausehe scatteringmatricesS™? and 5% give quantumamplitudesfor the electron
to scatteroff the long-rangepotentialsandionic core,the crosssection,Eq. (6.1), canbe viewedasa
Feynman-like sumover quantumpaths.Eachtermin the expansionof o (w) containsinformationabout
certainclasse®f quantumpaths.By studyingtherecurrence@ eachterm,the contributionsof certain
typesof pathscanbe detected.The main purposeof this sectionis to studythe fate of core-scattered

recurrencei hydrogen.
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By studyingthe exact quantumrecurrencespectrafor hydrogenas well as the topologiesof
the core-scatterednd ghostorbits, | will arguethatthe following statements true: in the recurrence
spectrumof diamagnetidhydrogen both ghostandcore-scatteredrbits exist, but neitherappeaiin the
crosssectionbecauséahey always conspireto canceleachotherout. While the presenceof the core-
scatteredand ghostorbits cannotbe directly measuredoy ary physical obsenable, their effects are
significant. Thiswill beseenin thefollowing sectionwherethis surprisingcancellatioreffectis usedto

obtainanaccuratesemiclassicahpproximatiorfor the crosssection.

6.2.1  Obsewation in the quantum recurrencespectra

The bestplaceto look for the presencef core-scatteredr ghostorbitsis in the exactquantum
crosssection. Here, both of thesefeaturesare treatedwithout approximation. In this subsection|
presentheresultsof accuratequantumcalculationgor diamagnetidhyydrogen A studyof therecurrence
strengthsn the crosssectionunambiguouslyshavs the universalcancellationbetweenghostandcore-
scatteregaths.

To performthis analysisjt is usefulto write thetotal crosssection,Eg. (6.1),in theform:

o(w) = Zcrj(w), (6.3)
J
where,
oo(w) = Re{cfdﬂr}, (6.4)
oiso(w) = 2Re{J(§°°’e§LR)j CZ‘T}. (6.5)

Note that the factor 4m?aw that is presentis the crosssectionhasbeenleft out of theseequations.
Following the work of others(see[39] for example),| will leave this factor out when studyingthe
recurrence®f the crosssection. As statedabove, eachtermin the expansion,Eq. (6.3), encapsulates
differenttypesof quantumpaths.The zeroorderterm oq is constantwith respecto w andcorresponds
to quantumpathswith zerolength. This piecegivesthe smoothbackgroungieceof the convolvedcross
section.Thefirst ordercrosssections; (w) containgnformationaboutthe primitive quantumpathsthat

arerelatedto the closedclassicalorbits. Also, this pieceexhibits recurrenceslueto the nonclassical
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ghostorbits. Again theseghostorbits are not really classicalorbits at all; they are quantumpathsthat
appeain thelong-rangeS-matrix but have no classicalnalogueThe seconddrdercrosssectiono; (w)
containsinformationaboutquantumpathsthat make two trips into the long-rangeregion; thesearethe
core-scatteredrbits. Likewise, the higherordertermso; (w) aremadeup of core-scatteredrbits that
scatteroff thelong-rangeregion j times.

First, it is usefulto verify that the exact quantumrecurrencestrengthof the total crosssection
o(w) shovsno core-scatteretecurrencesTo demonstratéhis, Fig. 6.2 presentsherecurrencestrength
R(S) of o(w) for diamagnetichydrogenat a rangeof scaledenegies. At the lowestscaledenegy
shavn (e = —0.9), the classicaldynamicsis nearlyintegrable,with only two orbits, the quasi-Landau
R, andparallelV; orbits(andtheir repetitions) giving strongpeaksin the scaledactiondomain.As the
scaledenepy increasesthe underlyingclassicaldynamicsbecomechaoticand morerecurrencepeaks
appeatthroughbifurcationsof the closedorbits. Note thatno divergencesn the recurrenceamplitudes
areseenasthesebifurcationstake place.At all of the scaledenegiesshown, thereareno core-scattered
recurrenceswhich would appearat the scaledactionsof combinationsof the primitive closedorbits.
This confirmsthe obsenationsof previous calculationsandexperimentg39]. The calculationsshovn
arefor evenparity, m = 0 statesof hydrogenovertherangew = 100 — 500. A precowolutionwidth of
Aw = 0.4 hasbeenused.

Next, therecurrencestrengthR(S) of thefirst ordercrosssections; (w) is presentedFig. 6.3)
to isolatethe contributionsof ghostorbitsto the crosssection. The recurrencestrengthsare shavn for
the sameparametergevenparity, m = 0, Aw = 0.4, e = —0.9 —= —0.3) asthetotal crosssectionof
Fig. 6.2to allow adirectcomparisorbetweerthefull andfirst ordercrosssections.Thestrongsimilarity
betweenthe two suggestghat most of the shortscaledaction recurrencepeaksobsened in the total
crosssection(Fig. 6.2) aredueto primitive closedorbits representeth the linear crosssectiono; (w).
In additionto the primitive closedorbits (R, V!, . ..) thatcontribute to o (w), ghostorbit recurrence
peaksareseen.l have labeledthesepeakswith theletter“g” andhave useddashedinesto show their
developmenwith scaledenegy. Comparisorof Fig 6.2 (total) with Fig 6.3 (first order)shovsthatthese

ghostpeaksdo not survive in the total crosssection. Note however, that very closeto the bifurcation
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Figure 6.2: The Fourier transform,or recurrencestrength,of the precomwvolved photoabsorptiorcross
sectiono(w) for diamagnetichydrogenis given at seven scaledenegies(e = —0.9 — —0.3). These
resultswereobtainecby usinganaccurateguantumiong-rangeS-matrix S"R and $°°" = 1 in theexact
formula for the photoabsorptiorcrosssection,Eq. (3.28). The shortestaction primitive closedorbits
underlyingthe quantumrecurrencepeaksare labeled(R1, V;!, .. .) usingthe notationof AppendixB.

While all ordersof core-scatterin@reincludedin thesecalculationghroughthe matrix (l — ﬁLR)_l,

core scatteredpeaksare not presentin the final recurrencespectra. This is consistentwith previous
experimentandcalculations.‘l’hedipolevectorcfneededor absorptiorfrom the 2p, m = 0 stateto the
evenparity, m = 0 final statesshown hereis givenin [38, 37]. The rangeof w thathasbeenFourier
transformeds 100 — 500 anda smoothingwidth of Aw = 0.4 is used.Compare&his recurrencespectra
of the total crosssectionwith that of thefirst order (Fig. 6.3) andsecondorder (Fig. 6.4) termsof the
crosssection.
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Figure 6.3: The recurrencestrengthof the linear termin the expansionof the photoabsorptiorcross
sectionZRedﬁLR(w)der is plotted, againfor diamagnetichydrogen(even parity, m = 0) at the seven
scaledenegiesshawn in Fig. 6.2. Thelong-rangeS-matrix SR is provided throughaccurateguantum
calculations. Thus, nonclassicarecurrencesiue to ghostorbits are seen(marked by dashedines).
Becaus@nly thelineartermin thecrosssectionis shovn here all of thecomplicationsof core-scattered
recurrencesrenot present.A comparisorwith Fig 6.2 shows that the ghostorbits seenin this linear
term of the crosssectiondo not survive oncethe higherordertermsin the crosssectionareincluded.
Thissuggestshattheghostorbitsarecanceledy thecore-scatteredrbits. Therangeof w thathasbeen
Fouriertransformeds 100 — 500 anda smoothingwidth of Aw = 0.4 hasbeenused.
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pointswherethe ghostorbits becomereal closedorbits, the bifurcatingghostsgive small contributions
to thetotal recurrencestrength63].

Finally, the recurrencestrengthof the secondordercrosssectionoz(w) is shovn (Fig. 6.4) to
yield informationaboutthe core-scatteredecurrencesHere,only the quantumpathsthatscatteroff the
long-rangeandcoreregionstwice arerepresentedTwo typesof recurrenceareseenn thissecondbrder
crosssection. First, repetitionsof the primitive closedorbits (2R, 2V}') areseen.Thesearerelatvely
strongfeaturesn therecurrencetrengthandthey endup contributingto thetotal crosssection.Second,
smallerpeaks,associatedvith core-scatteredrbits appearin Fig. 6.4 and are labeledwith the letters
“cs” A comparisorwith Fig 6.2 shavs thatnoneof thesecore-scatteregeakssurvive in thetotal cross
section.Furthermoreit is seenthatthecore-scatteregeakshave thesamescaledactionsandamplitudes
astheghostorbitsof Fig. 6.3.

Thesethreefigures(Figs.6.2-6.4)give a clearaccountof why core-scatteredrbits never appear
in the recurrencestrengthof the total crosssection. It is becausehostorbits and core-scatteredrbits
have identicalscaledactionandamplitudesput give oppositecontributionsin thetotal crosssectionto
canceleachother perfectly This cancellationeffect appeardo be a universalfeatureof diamagnetic

hydrogen.lt is seenatall valuesof thescaledenengy e studiedhere.

6.2.2  Obsewation in the shapesof the classicalorbits

The intimate relationshipbetweencore-scatterearbits and ghostorbits can also be seenby
looking at the topologiesof the classicaltrajectories.Someexamplesof plots of core-scatteredrbits,
andthe ghostorbitsthey cancelwith areshavn in Fig. 6.5. Here,the pathsof the trajectoriesareshavn
in cylindrical coordinategp, z) allowing p to becomenegative. Without exception,the core-scattered
trajectorieqright) follow the samepathsastheir ghostcounterpartgleft). Theonly differenceis thatthe
core-scatteredrbits returnexactly to the origin at anintermediatgime, whereaghe ghostorbits only
scattetby the corewith high angulamomentumat this intermediatdime.

Of coursetheseclassicalorbits areonly representinghe full quantunmwavefunctionthatpropa-

gatesin the outerregion. The similaritiesbetweenghostandcore-scatteredrbits (their actions,ampli-
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Figure6.4: Therecurrencestrengthof the quadratictermin the expansionof the photoabsorptioreross
sectionQRecT(ﬁ"R(w))2 d is plotted, againfor diamagnetichydrogen(even parity, m = 0) at the
seven scaledenegiesshavn in Figs. 6.2 and 6.3. The long-rangeS-matrix S'® is provided through
accuratequantumcalculations.Becausgust the quadraticcermin the crosssectionis shovn here,only
recurrencesissociateavith the repetitions(QSp) and combinations(S’p + S’q) of two closedorbits are
seen.Thecorescatterearbits,labeledwith theletters“cs” anddashedines,areseerto exist in exactly
the samelocation asthe nonclassicafjhostorbits seenin the recurrencestrengthof the linear part of
the crosssection(seeFig. 6.3). In the recurrencestrengthof the total crosssection,Fig. 6.2, the core-
scatteredecurrencepeaksaswell asthe ghostorbits are not present. This is strongevidencethat, at
leastin hydrogen,the core-scattere@nd ghostorbits universally canceleachother The rangeof w
representedndthe smoothingwidth Aw is the sameasin Figs.6.2and6.3.
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Figure 6.5: This figure shavs the topologicalsimilarity betweenthe ghostorbits (left) andthe core-
scatteredorbits (right). The labeling schemeusedhereis describedn AppendixB. While only two
examplesof this similarity areprovided here,every ghostorbit that| have lookedat is similarto some
combinationof primitive closedorbits. This suggestshattherelationships nearlyuniversalin diamag-
netichydrogen.
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tudes,andshapesyuggesthata singlequantumwavefrontis responsibldor bothof theseeffects. That
is, from aquantunmechanicaperspectie,core-scatteredndghostorbitsin hydrogerrepresenexactly

thesamephysics.

6.2.3  Unansweredquestions

Beforemoving on, it is usefulto addressomeof the unansweredjuestionsaboutthis obsened
relationshipbetweerghostorbits andcore-scatteredrbits. First, while it appearghatthe crosssection
includescore-scatteredrbits semiclassicallyghostorbitsarenotincludedin the primitive semiclassical
approximation.To further strengtherthe argumentfor the universalcancellationeffect seenin hydro-
gen,it would beadvantageouso have asemiclassicaheoryfor theghostorbits. In the previouschaptey
progressn this directionwasgivenwhereS-matricesfor bifurcationswere discussedSec.5.3.3). In-
deed all of the ghostorbitsseenin the quantunmrecurrencespectrébecomereal orbits at the bifurcation
points. If a semiclassicatheoryof bifurcationswas madequantitatie, it might be possibleto predict
the cancellatioreffect ratherthansimply obseneit. It would alsobeinterestingto understandvhy this
cancellatioroccurs.For instancejs this a generalpropertyof nonintegrablesystems?r is it relatedto
thenatureof the Coulombpotentialexperiencecy the electronnearthecore?

Another point worth addressings whetheror not this cancellationbetweenghostand core-
scatteredorbits is significant. In closed-orbittheory neitherof theseeffectsis includedin the semi-
classicatreatmentandthetheoryworksverywell for hydrogen Becausexperimentsanonly obsere
thetotal photoabsorptiorrosssection the core-scatterececurrenceseenin the theoreticalseconcor-
der crosssectionos(w) cannever be directly obsened. Thusonemight aguethat the “existence”of
the core-scatteredrbits restson shaky groundsat best. If certainpredictionsof a theorycannever be
obsenedin aphysicalsystemarethosepredictionstrue or even meaningfulWhetheror notthisis the
case] will leaveto thephilosopher®f science.

Theimportantpoint hereis thatincorporationof this obsenedcancellatioreffectinto thetheory
allows an improved semiclassicaformula for the crosssectionto be derived. In the final sectionof

this chapter(Sec.6.3), 1 derive thisimproved semiclassicatheoryandshav thateventhoughthe core-
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scatteredrecurrencesn diamagnetichydrogencan never be obsened, their existencehasimportant

consequencdsr semiclassicahpproximationgo the photoabsorptiolcrosssection.

6.3 Resummedsemiclassicatrosssection

This chaptetbeganby presentinga primitive semiclassicahpproximatiorto the photoabsorption
crosssectionof anatomin anexternalmagneticfield. In the primitive approximationthe semiclassical
approximationof SR, Eq. (6.1), was useddirectly in the exact expressionfor the enegy smoothed
photoabsorptioagrosssection Eq. (6.1). Immediatelythis approximatiorwasseerto predictunphysical
core-scatteredecurrencedor diamagnetichydrogen. Furthermoreary attemptto usethis primitive
semiclassicaapproactor atomsotherthanhydrogenwould fail aswell. Luckily, thisis not the endof
the storyfor semiclassicahpproximation®f the crosssection.

In the previous section,an interestingrelationshipbetweencore scatterecdrbits and so called
ghostorbitswasuncoveredusinga term by term analysisof the recurrencespectradeterminedhrough
anaccurateguantumcalculation.Herethe mysteryof core-scatteredrbitsin hydrogenwasuncovered.
A seeminglyuniversalphenomenonmvasobsened: the core-scatteredecurrencepeaksare canceledyy
ghostorbit recurrencesTheseghostpeakscorrespondo quantummechanicapathsof the electronin
the long-rangeregion thathave no associatedlassicalclosedorbit. In this final section,this obsened

effectis putinto mathematicalermsandusedto obtainanaccuratesemiclassicatrosssection.

6.3.1  Generalapproach

The improved semiclassicatrosssectioncan be derived by rearranginghe expansionof the
crosssection,Eq. (6.1), to take the cancellationinto account. This amountsto a resummationof the

crosssection.For thistask,it is usefulto focuson the matrix,
[liﬁcoreﬁLR]*l [l+§core§LR] — 14 28CoregLR (6.6)

+ 2ScoreSLRScoreSLR

+ 2§c0reﬁLRﬁcoreﬁLRﬁcoreﬁLR 4+
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thatis presenin thetotal crosssection.With theghostorbitsin mind the semiclassicab-matrix canbe

written asa sumover both primitive closedorbits“p” andprebifurcatedyhostorbits“g”:

ST=3"5,+>_5, (6.7)
p g

The semiclassicab-matrix S,, for eachof thetermsin the sumover primitive closedorbitsis givenby
the semiclassicaformulasdevelopedthe previous chapter(Eqg. 5.39). For the ghostpiecesS, , thereis
currentlyno semiclassicahpproximation.However, this is not a problembecausehesetermswill drop
out of thefinal resultdueto the cancellatioreffect. Thekey in performingthe resummatiorof the cross
sectionis to write the coreregion S-matrix in termsof a hydrogenicpiece(the identity matrix, 1) anda

nonhydrogenipiece,which | will denoteasthematrix A:
S =1+A. (6.8)

Theresummatiorof Eq. (6.6) consistsof usingthis form of S°°'¢, alongwith thelong-rangeS-matrix of
Eq. (6.7). After termsaremultiplied out, the seriesis reorderedn increasingpowersof the matrix A.

For example the quadratidermin Eq. (6.6) becomes,
QScoreSLRScoreSLR — QSCOFG (SLR) 2 _|_ 2ScoreSLRASLR. (69)
Lik ewise,the cubictermbecomes,

9 (ﬁcoreﬁLR) 3 _ 9,gc0re (ﬁLR) 3 + 9gcore (ELR) 2 &LR (6.10)
4+ 2GCoregLR A (SLR)2 4 2G0egLR A GLR A

Whenthis procedurds carriedout to all orders,andthe resultis orderedin powersof the matrix A,

Eq. (6.6)takestheform,

[l - EcoreﬁLR]*l [l+§core§LR} = 1+ 2§core§~LR (6.11)
+ 255 A8"

+ 255" ASTAST,
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. . . =LR . .
wheretheresummedsemiclassicalS-matrix S now involvespowersof the long-rangeS-matrix of

Eq.(6.7):

SLR _ R (ELR)Q n (ELR)S + (S—R)4 I (6.12)

Now the cancellationof the ghostandcore-scatteredrbits canbe taken into account.Using the form
of SR, Eq. (6.7), in the resummedS-matrix SLR, Eq. (6.12),andfocusingon the first two terms,the

following expressioris found:

5§ =5, +35,+35,5,+> (s, (6.13)
p g 1

Here, the first order ghostorbit contritutions S, are displayedright next to the secondorder core-
scatteredorbits S S, with which they mustcancel. Thus, the cancellationbetweenghostorbits and

p=q’

core-scatteredrbitscanbe expressednathematicallyas:

Z S+ Z 5,8, =0. (6.14)
g pFq

It is importantto notethat this condition hasnot beenderived from first principles;it is imposedon
the expansionof the crosssectionbasedon the obsened cancellationdescribedabove. A derivation of
this relationshipis desirable put it remainsunsohedandwill probablybe a difficult resultto achieve.
Whenthis cancellationcondition,Eqg. (6.14),is takeninto accountthe resummedong rangeS-matrix
becomes,

S8, D (8) D0 (8,) (6.15)

p p p

wherethe pawersof the S-matricesS,, in this expressiorgeneratehe repetitionsof the primitive closed
orbits. With onefinal approximatiorthe final form of the improved semiclassicatrosssectioncanbe
given;althoughinitially, asa seriesexpansion.Thenth repetitionof the pth primitive closedorbit will be
includedby runningthat closedorbit throughn timesclassicallyratherthanmultiplying the S-matrix n
timessuchasin (S,)". Thentheinformationof theclassicallyrepeatedrbit s usedn thesemiclassical
formulafor the S-matrix of the previouschapter Thatis, oncearepetitionof anorbit hasbeencalculated

classicallyit is treatedustlik e a primitive closedorbit andis summedoverin the long-rangeS-matrix.
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Thentheresummedemiclassicalong-rangeS-matrix, Eq. (6.15),hasthe simpleform,

§R=3"3"50, (6.16)
p n

wherethe notationﬁfo") denotegshenth repetitionof the pth closedorbit.
Theimproved semiclassicatrosssectioncanthenbe written down usingEq. (6.11)for the ex-
pansionof the crosssection,Eq. (6.8) for the matrix A, andEq. (6.16) for the resummedong-range

S-matrix 5

gAw (,w) ~ R&f(l + 2§core§~LR + 2§core§~LR (ﬁcore_ 1) SLR (6.17)

+ 2§core§”LR (ﬁcorei 1) S

Thisform of thecrosssectionis againa power series andtakesthe cancellatiorin hydrogerbetweerthe
core-scatteredrbitsandthe ghostorbitsinto accountatall orders.A numberof featuresof thisformula

areworth noting. First, for hydrogen(S°°" = 1), the crosssectionis simply,
oA () ~ Red’ (l + 25”‘) d, (6.18)

which reproduceghe crosssectionof closed-orbittheory first derived by Du and Delos[38]. As in

their approachtherepetitionsof the primitive orbits aretakeninto accountclassically by runningeach
primitive closedorbit throughclassicallythe desirednumberof times. Of course closed-orbittheory
is not formulatedin termsof scatteringnatrices sosomealgebrais requiredto translatemy resultinto

theirlanguage.

Secondthe higherordertermsin the improved crosssection,which vanishfor hydrogenshov
thatthe primitive closedorbits scatterinto eachotherthroughthe matrix (S — 1) ratherthansimply
throughthe core region S-matrix asin the primitive approximation. This matrix also appearsn the
semiclassicaapproximationof Dandoet al. [53] andof Shav and Robicheaux54]. In fact, on the
surface, my semiclassicahpproximatiorseemso give the sameresultastheir extensionsof closedorbit
theoryto nonhydrogeni@atoms.l have emphasizegreviously thatthe extensionsof closedorbit theory

divergefor atomshaving two or morelarge quantumdefects. The main differencein my semiclassical
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S-matrix theory for the crosssectionis that thesedivergencescan be handledin simple and elegant
manner

The main advanceof the semiclassicahpproximationderived here,Eq. (6.17),is thatit canbe
resummedanalyticallyto includeall ordersof core-scatteringutomatically The series,Eq. (6.17),is

simply ageometricseriesthatcanbewritten in thecompactorm,
- ~ ~ —1
o™ (w) ~ Rel (1 +25%5" [1- (s~ 1) 8| ) d (6.19)

This, alongwith the semiclassicalormulasfor thelong-rangeS-matrix constitutethe mainresultof this

thesis. | will referto this asthe resummedsemiclassicalapproximation. This formularepresentsa

semiclassicainethodof calculatingboththe w domainandrecurrencespectraof nonhydrogeni@atoms
in anexternalmagneticor electricfield. Thisresultshavsthatthereis no needto usemultiple scattering
expansionf the crosssectionin conjunctionwith semiclassicaapproximationsBeforeapplyingthis

formulato treata numberof diamagnetiatomsit is usefulto discusshe cornvergencepropertiesof this

improvedsemiclassicahpproximation.

The closedform of the crosssection,Eq. (6.19), was derived by rearranginghe power series
expansionof the crosssection,Eq. (6.1), cancelingthe ghostand core-scattere@rbits, and then re-
summingthe resultingseries. The initial form of the result,Eq. (6.17),is a power seriesin the matrix
(S —1) SLR. Becausehis power serieds just the geometricseriesjt will corvergewhenthefollow-
ing conditionis met:

k= (s 1) 8| < 1. (6.20)

This matrix normis definedin Eq. (3.32) andcanbe calculatedsimply asthe largesteigervalueof the
matrix (S — 1) SLR. However, | emphasizethat evenwhenthe power seriesof the improved cross
sectionEq.(6.17),doesnotcorverge,theresummedemiclassicatrosssection Eg. (6.13),canbeused
to obtain“reasonablefinite predictions.

Thereare two critical parameterghat affect the succesf the improved semiclassicatross
section.Theseparameterarethescaledield w, andthesmoothingwidth Aw. Both of theseparameters

canbe usedto decreasehe convergencefactor  andthusimprove the corvergencepropertiesof the
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semiclassicahpproachFirst, thescaledfield w is importantbecaus¢he semiclassicap-matrix S (w)
is proportionalto 1//w (or 1/w for the parallelorbit). Thus,at larger valuesof w the semiclassical
methodis expectedto give betterresults. This makesperfectsenseasthe quantity 27 /w actslike as
an effective # in the Schrédingerequation. So highervaluesof w correspondo physicsthatis more
classical.Theimportanceof usinghigh valuesof w to obtaingoodsemiclassicatesultshasbeennoted
by otherresearchersin particular Dandoet al. [53] claim thatthis factorin the core-scattereterms
of the crosssectionshouldbe sufiicientto corvergethe expansionof the semiclassicaéxpansionof the
crosssection.Unfortunately this hasnot beenthe case- whenmultiple quantumdefectsareturnedon,
simply having high valuesof w doesnot seemto be enoughto causethe semiclassicaéxpansionsto
corverge.

Theprecomolutionapproacho thecrosssectionshavs why high valuesof w arenotnecessarily
sufficient to geta corvergentsemiclassicatrosssectionfor nonhydrogeni@atoms. The main difficulty
is that core-scatteringntroducesinfinitely mary long scaledactionsinto the theory Evenwhencore
scatterings not presentijt is well known thatthereareinfinitely mary closedorbitsin a chaoticsystem.
The difficulty of summingover an infinite numberof orbits also occursin the semiclassicatracefor-
mula. In thatcasetheexponentialgrowth in thenumberof orbitscauseshetraceformulato beformally
divergent. This divergenceof the traceformulahasbeendealtwith usingeithercomplicatedesumma-
tion techniquesr by corvolving the traceformula with a smoothingfunction [24]. The situationfor
diamagneti@atomsotherthanhydrogenis actuallymuchworsebecauseheinfinitely mary closedorbits
areall coupledinto eachotherby theionic core. Thus,yet anotheiinfinite setof long actionorbits must
be dealtwith whenquantumdefectsareturnedon.

The key to resolvingthis dilemmais asfollows: the formulathat| have derivedis meant,from
the beginning, to give the crosssectioncornvolved over somewidth Aw. Thus, it is inappropriateto
expectthe semiclassicatrosssection,Eq. (6.19), to give reasonableesultsfor Aw = 0. As Ch.5
shaws, the effect of the smoothingon the semiclassicalS-matrix is to to introducea dampingfactor
exp(—S,Aw/2) into the long-rangeS-matrix. As the following resultsdemonstratethis factortakes

careof thecorvergenceproblemsassociateavith the proliferationof long scaledactionorbitsin nonhy-
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drogenicatoms.

6.3.2  Application to diamagnetichydrogen

First, | presentresultsfor the caseof diamagnetichydrogen. In theseresults,the resummed
semiclassicatrosssection,Eq. (6.19), is comparedwith accuratequantumcalculations. Resultsfor
boththe recurrencespectrum(Fig. 6.6) andthe w-domaincrosssections (w) (Fig. 6.7) aregiven. The
dipole vectorsd neededor the crosssectionaregiven by analyticalformulasin [38]. Theinitial state
2p,m = 0 hasbeenexcited by linearly polarizedlaserlight to even parity, m = 0 final states. The
recurrencespectran Fig. 6.6 areshowvn at threedifferentscaledenegies(e = —0.3, —0.5, —0.7). The
semiclassicatalculationspredictboth the positionsandamplitudesof the recurrencepeaksto within a
few percentin mostcasesLargerdiscrepancieareseemearbifurcationsandfor lower scaledenegies
(e = —0.7) wheretheclassicadynamicsaremostlyregular Then,the stationaryphaseapproximations
usedto obtainthe semiclassicab-matrix begin to breakdown. Thus,in general the predictionsof the
semiclassicaapproachimprove at higherscaledenegies.

While mostof the featuresin the recurrencespectrumareinsensitie to constanfphasefactors,
suchasthe Maslov index 1 in the semiclassicalS-matrix, the w-domaincrosssectionis sensitve to
suchphasesThegoodagreemenseenin Fig. 6.7 in boththe positionsandamplitudesof theabsorption
peaksin the crosssectiono(w) demonstratethatthe semiclassicaphaseave beentreatedcorrectly
Thecrosssectiono (w), aswell astherecurrencespectrajs importantto calculate pecauselivergences

of the semiclassicahpproactaremuchmoredramaticin o(w) thanin therecurrencestrength.

6.3.3  Diamagneticlithium-lik e atom

Next, alithium-like atomis treated.Figures6.8, 6.9, and6.10give a samplingof semiclassical
resultsfor thisatomthathasa singlelarge nonzeroquantumdefect(us = 0.4). All of thesecalculations
arefor even parity m = 0 final statesat a scaledenegy of ¢ = —0.3. The dipole vectord from the
2p, m = 0 initial statehasbeenapproximatedy thatof hydrogen38].

First, Figs.6.8 and6.9 shov theimprovedsemiclassicatrosssections (w) asa functionof the
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Figure6.6: The quantum(upright) and semiclassica{inverted)recurrencespectrafor diamagneticy-
drogenis plottedat threescaledenegies(e = —0.7, —0.5, —0.3). The resummedsemiclassicatross
section,Eq. (6.19)alongwith the semiclassicalong-rangeS-matrix of Ch. 5 hasbeenusedin the semi-
classicalcalculation. The semiclassicaltesultsare shovn along with accuratequantumcalculations
describedn Ch. 4. In both casesa precorvolution width of Aw = 0.4 hasbeenused. Therecurrence
strengthshave beenobtainedby Fouriertransformingthe crosssectionin the interval w = 100 — 500.
Theresultsarefor evenparity, m = 0 final statesandaninitial stateof 2p, m = 0. Theagreemenseen
hereis similar to whatclosed-orbitheorygivesfor hydrogen.The biggestdiscrepanciesccurnearthe
bifurcationsof the closedorbits, wherethe primitive semiclassicab-matrix diverges.
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(a) Hydrogen, e=-0.3 Accurate Quantum Calculation
”U 'Aw f \J MWWMM

Resummed Semiclassical
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(b) Close up of w=400-500 m=0, even parity
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Figure 6.7: The photoabsorptiorcrosssectiono(w) for diamagnetichydrogenis shavn at a scaled
enegy e = —0.3 asa function of the scaledfield w. Again, a precomwolution width of Aw = 0.4 is

usedin the calculations.(a) Accuratequantumcalculationg(upright) are comparedwith the resummed
semiclassicatrosssection(inverted),Eq. (6.19), over the rangew = 100 — 500. (b) A closeup of

therangew = 400 — 500 shonvs moredetail. Excellentagreements seenbetweenthe quantumand

semiclassicaapproachesThis complementshe recurrencespectrafor hydrogenpresentedn Fig. 6.6.

Evenparity, m = 0 final statesareshown.
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Figure6.8: Thesemiclassicatrosssections (w), Eq.(6.17),is showvn alongwith the corvergencefactor
k, Eq.(6.20),for alithium-likeatom(us = 0.4) overtherangew = 100 — 500. A scaledenegy of € =
—0.3 andevenparity, m = 0 statesareshown. (a) The semiclassicatrosssectionhasbeenconstructed
usingthefirst four termsof the expansionof theimprovedsemiclassicaapproximationfEg. (6.17). The
crosssectionis seento be have unphysicalnegative valuesat low valuesof w. A smoothingwidth
of Aw = 0.6 hasbeenused,but at the lower valuesof w the crosssectionstill doesnot corverge.
(b) The corvergencefactor x, Eq. (6.20), which determineghe corvergenceof the semiclassicatross
section.Whenthisfactorreachesbove unity (shovn asahorizontalline), thesemiclassicatrosssection
becomesnphysical.
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Figure 6.9: A comparisonis shovn betweenthe improved semiclassicalinverted) cross section,
Eq. (6.19), and an accuratequantumcalculationfor m = 0, even parity final statesof a lithium-like
atom(us = 0.4). All of the parameterge = —0.3, Aw = 0.6) arethe sameasin Fig. 6.8, except
thatthe closedform expressionfor the semiclassicatrosssection,Eq. (6.19),is usedhere. By calcu-
lating the matrix inversein this equationmary of the unphysicafeaturesn the seriesexpansionof the
semiclassicatrosssectionarerepaired.l emphasizehatwithout the precotvolution dampingfactorof
exp(—SAw/2) in the semiclassicab-matrix, the semiclassicalesultwould shav pooragreementvith
thequantumcalculations.
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Figure6.10: The quantum(upright) andsemiclassicafinverted)recurrencestrengthfor H andLi of the
total photoabsorptiorcrosssectiono(w) is shavn at a scaledenegy of e = —0.3. (a) Diamagnetic
hydrogenrecurrencespectrafor m = 0, even parity final states(Aw = 0.6,w = 100 — 500). (b)
Diamagnetidithium-like atom(us = 0.4), againfor m = 0, evenparity final states.The dipolevectors
for hydrogenhave beenusedto obtainthe lithium spectrum.The hydrogenrecurrencespectras shovn
alongsidehelithium spectrao highlight the corescatteregeakspresenin lithium. The semiclassical
recurrencestrengthfor both atomsis calculatedusing the closedform expression,Eq. (6.19), of the
improved semiclassicatheory The primitive closedorbits of hydrogen(R;, V%, V1, .. .) arelabeledin
graph(a) andtheir propertiescanbefoundin Fig. B.2. New core-scatterececurrencepeaksareseenn
thelithium case(b) dueto the nonzeroquantumdefect. Thesepeaksare combinationf the primitive
closedorbits of hydrogenand are labeledaccordingto which orbits have combined(R; + Vi', Vit +
Ri,...)togivethenew peak.
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scaledmagneticfield w. In both of thesefigures,a smoothingwidth of Aw = 0.6 hasbeenused.
Theonly differencebetweenthe semiclassicatalculationsn thesetwo figuresis thatin thefirst figure
(Fig. 6.8),the power seriesexpansionof theimprovedcrosssection,Eq. (6.17),is used,ncludingonly

thefirst four termsin the expansion. The slow corvergenceof the seriesis seenin the negative cross
sectionandsharpspikesin thecrosssection(panel(a)). Panel(b) of thatfigure elucidatesvhy theseries
expansionappeargo not be corverging for the valuesof w andAw = 0.6 usedhere.The corvergence
factork, EQ. (6.20),is plottedasa function of w in panel(b). Becausédts valueis greaterthanunity

at low valuesof w, the seriesform of the improved semiclassicatrosssection,Eq. (6.17), cannotbe

expectedo corverge.

Thesecondigurein thisseriesFig. 6.9,useshefull resummedemiclassicatheory Eq.(6.19),
ratherthanits seriesform. All of the divergenceproblemsare seento be completelyeliminated,and
good agreemenbetweenthe quantumand semiclassicatalculationsis achieved. The corresponding
recurrencespectrunfor this caseis shavn in Fig. 6.10andagainexhibits excellentagreementvith the
accuratequantumcalculations.Both the positionsandamplitudesof the corescatteredecurrencesre
predictedby theresummedemiclassicatheoryto within afew percent.

Theseexamplesshow thatthe resummedsemiclassicatheory canbe usedto give quantitatve
predictionsof the spectraof diamagnetiatomsotherthanhydrogen;boththe recurrencespectrumand
“enemgy” domaincrosssections(w) shav no signsof divergencesvhenthe resummedrersionof the
theoryis used.While Dandoet al. [53] have givensimilar recurrencespectrgor this caseno semiclas-
sical calculationsof the w-domaincrosssections(w) have beenreportedpreviously. Most likely, their
theorywould give poor resultsfor o(w) asno precorvolution or resummatiorof the theory hasbeen

performed.Next, | applythe semiclassicatheoryto aslightly morecomple< atom: rubidium.

6.3.4  Diamagneticrubidium atom

Oneof the greatesthallengedor closedorbit theoryhasbeenits extensionto atomsotherthan
hydrogen.| have given descriptionsof how the basicform of closed-orbittheory hasbeenappliedto

very light atomssuchasheliumandlithium. While theseextensionggive goodresults(at leastfor the
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Figure6.11: The scaledvariablephotoabsorptiorrosssections (w) is shavn for m = 0, even parity
stateof adiamagneticubidium-likeatom(us = 3.13, ug = 1.34). For simplicity, thedipolevectorsfor
hydrogenhave beenusedto calculatetheseresults.A scaledenegy of e = —0.3 andsmoothingwidth
of Aw = 0.6 is used.(a) An accurateguantumcalculation(thick line) is shavn on top of theresummed
semiclassicatrosssection(thin line), Eq. (6.19). As expected,the predictionsof the semiclassical
formulaimprove asw is increasedbut at low valuesof w (100-250)the semiclassicatesultshavs an
unphysicalnegative valuedcrosssection. At intermediatew (250-400),the negative crosssectionis
not presentput sharpspikesin the semiclassicatesultarestill seen.Above w > 400, the semiclassical
resultis beginningto corvergeto thequantunresult.(b) Thesemiclassicatorvergencedactorx overthe
samerangeof w. At low valuesof w this factoris greaterthanunity (dashedine), sothe semiclassical
crosssection(a) givespoorresults.
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Diamagnetic Rubidium—like atom
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Figure6.12: Thequantum(upright)andsemiclassicalinverted)recurrencetrengths givenof thescaled
photoabsorptiospectrumshavn in Fig. 6.11. The sharpspikesandnegative valuescrosssectionof the
semiclassicatrosssectionin Fig. 6.11shov up asnoisein the semiclassicatecurrencespectra.Even
parity, m = 0 statesof diamagneticubidiumareshaovn atascaledenegy of ¢ = —0.3 andasmoothing
width of Aw = 0.6. Thisfigure,alongwith Fig. 6.11,illustratesthe corvergenceproblemsfoundin the
semiclassicaapproachwhenmorethanone quantumdefectis appreciableandthe smoothingwidth is
not sufiiciently large.
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Figure6.13: The scaledvariablephotoabsorptiorrosssections (w) of diamagnetigubidiumis plotted
atascaledenegy of e = —0.3 (m = 0, evenparity). (a) Accuratequantunresult(upright, Aw = 0.6)
is comparedwith the resummedsemiclassicaformula (inverted), Eq. (6.19). The smoothingwidth
in the semiclassicatalculationhasbeenincreasedo Aw = 1.2 to improve the corvergenceof the
semiclassicatesult comparedto that of Fig. 6.11. This smoothingwidth is more than sufficient to
eliminatethe negative valuedcrosssection(remembetthe semiclassicals shovn inverted)and large
spikesseenin the semiclassicatrosssectionwith a smallersmoothingwidth of Aw = 0.6. (b) The
semiclassicatornvergencefactorx is lessthanunity over this rangeof w (200-400)confirmingthatthe
semiclassicatrosssectionshouldgive goodresultsat this smoothingwidth.
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Figure 6.14: The recurrencestrengthof the scaledvariablecrosssectiono(w) shown in Fig. 6.13is
plotted. The accurateguantum(upright) recurrencestrength(Aw = 0.6) is shovn alongwith the re-
summedsemiclassicatesult(inverted,Aw = 1.2), Eq. (6.19),at a scaledenegy of ¢ = —0.3. These
calculationsarefor even parity, m = 0 statesof rubidium. The only differencebetweentheseresults
andthoseof Fig. 6.12is the larger smoothingwidth usedin the semiclassicatalculations.Increasing
the smoothingwidth providesa corvenient,yet physicallygroundedway of improving the predictions
of thesemiclassicatesult.
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recurrencestrength)in thesecasesno suchsuccesfiasbeenachievedfor heavier atoms.In this section
| reportthefirst semiclassicalreatmenbf the spectrunof diamagneticubidium.

For the calculationspresentedn this subsectionthe following parametersreused. First, even
parity m = 0 statesof rubidiumaretreated sothatthe relevantquantumdefectsare(us = 3.13, g =
1.34). Resultsfor a singlescaledenegy of ¢ = —0.3 arepresentedTherelevantclosedorbits for this
casearesummarizedn AppendixB. To simplify thecalculationsthedipolevectorﬁfor hydrogerhave
againbeenused[38].

As discussedbore, therearetwo factorsthatdeterminethe corvergenceof theimproved semi-
classicaltheoryof this chapter In generalthetheoryis expectedto give goodresultsat large valuesof
w andfor moderatesmoothingwidths Aw. In this casethecritical corvergencefactorx is expectedto
belessthanunity, indicatingthe corvergenceof the geometricseries.

First, | shawv resultsof the photoabsorptiorrosssections (w) for low valuesof bothw and Aw
in Fig. 6.11. Here,the resummedsemiclassicatheoryis showvn (thin line) overlayedby the accurate
guantumcalculation(thick line). At the smoothingwidth usedhereAw = 0.6, the semiclassicaltheory
shawvs dramaticsignsof divergenceproblems. The plot of the corvergencefactor x confirmsthese
problemsasits valueis greaterthanunity. The signaturef the divergenceof the semiclassicatheory
in the recurrencespectrumare shavn in Fig. 6.12. While mary of the recurrencepeakspredictedby
thesemiclassicatheoryarein goodagreementvith the quantumcalculationghereis a large amountof
“noise” in the semiclassicatecurrencespectra.

The next seriesof figures(Figs.6.13,6.14,and6.15)shows thatthesedivergenceproblemscan
beeliminatedsimply by increasingeithertherangeof w used or by increasinghesmoothingwidth Aw.
| emphasizehatincreasingtheseparameterss not an artificial constructusedto getthe semiclassical
theoryto work. Rather this treatmentis motivatedby the correctunderstandingf the precowolved
semiclassicatheory

First, in Fig. 6.13, the scaledphotoabsorptiorcrosssectionos(w) is presentedat low values
of w = 100 — 500, but for a large corvolution width of Aw = 1.2. Immediately it is seenthat

the resummedsemiclassicatheory basedon Eq. (6.19), which was usedto obtainthis result, givesa
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positive crosssectionthat shovs noneof the unphysicalfeaturesseenwhena smallervalue of Aw is
used. In addition,the corvergencefactor « is seento be well below unity for this rangeof w. While
the heightsof the semiclassicahbsorptionpeaksare somavhat smallerthanthe quantumresult, this is
expectedsincethe quantumcalculationswvere performedat a smallersmoothingwidth (Aw = 0.6). In
spite of this, the basicfeaturesin the crosssectionare presentn both the quantumand semiclassical
calculation. The correspondind-ourier transform,or recurrencestrength,of this spectrais shavn in
Fig. 6.14. Again, while the semiclassicatecurrencgpeaksaresomavhatsmallerthanthe quantumthe
agreemenis generallyvery good;no unphysicahoiseis seenis theresummedemiclassicalesults.
Finally, | shawv thatsimplyincreasinghevalueof w usedcanalsoimprovethecornvergenceof the
semiclassicatheory This simply corresponds$o decreasinghe effective 7 in the Schrédingeequation
(seeAppendix A). Figure 6.15 gives both the w-domain crosssectiono(w) (a) and the recurrence
strength(b) for diamagneticubidium at smoothingwidth of Aw = 0.6. Therangeof w usedis much
larger (w = 2100 — 2500) than previously used. The resummedsemiclassicatheory hasbeenused
to obtaintheseresults. At this time, no accuratequantumcalculationsfor this rangeof w have been
performedfor ary atom. Theimportantpoint of this figureis thatthe resummedemiclassicatheoryis

completelycorvergent.

6.4 Conclusion

This chapterthasusedthe tools of this thesis,namelythe S-matricesandthe precowolvedpho-
toabsorptiorcrosssection to developa cornvergentsemiclassicatheoryfor the photoabsorptiospectra
of atomsin externalmagneticfields. Themainresult,is aresummedemiclassicatheoreticaformula,
Eq.(6.19),for nonhydrogeniatoms.An interestingelationshipbetweercore-scatteredrbitsandghost
orbits was uncovered. This enabledthe primitive semiclassicatheory to be improved througha re-
arrangemenbf the expansionof the crosssection. While the pathtaken to get this resulthasbeen
circuitous,the final resulthasa simpleform. Indeed,giventhe subtletiesfound alongthe way, it is no
surprisethata corvergentsemiclassicatheoryfor nonhydrogeni@atomshasnot beengivenpreviously.

The mainadwanceof this thesis,which enabledhe semiclassicatheoryto be derived, hasbeen
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the useof S-matricesto describethe motion of the electron. | have shawvn thatthe S-matrices,along
with the precomvolved photoabsorptiorrosssection,form a completeandpowerful framework for un-
derstandingatomsin externalfields. While the final resultis a semiclassicatheory this development
hasdependectritically on the useof accuratequantummechanicalS-matrices. Without the accurate
guantumcalculations the surprisingcancellationeffect betweenghostand core-scatteredrbits could
not have beendetectedandthe semiclassicatheorywould have remainedn a sadandincompletestate.

Fromthis point, therearemary directionsto proceed.First, it is desirableto find experimental
testsof this theory Recently experimentakesultshave beenreportedfor the heavier atomsbarium[66]
andargon[67] in an externalelectricfield. Testssuchasthesewould provide an excellenttestof the
semiclassicatheory developedin this dissertation. Second the succesof semiclassicamethodsfor
generalsystemshingesstrongly on the developmentof an accuratereatmentof bifurcations. While |
have givena basicoutline for incorporatingtheir effectsinto this theory a morethoroughinvestigation
isin order A questionthatis intimatelyrelatedto thetreatmendf bifurcationsis the predictionof ghost
orbits. Hopefully, amorethoroughunderstandingf bifurcationswill shav why thecore-scatteredrbits
andghostorbitsalwayscanceleachotherin hydrogen.

Accuratequantumcalculationscould alsobe improved, particularlyabove theionizationthresh-
old. To date,only afew calculationsof atomsin externalmagneticfields have beenperformedin this
regime wherethe electroncanescapéo infinity. It would be very interestingto includethe additional
time scalespresentin a multichannelatom with more than one ionization threshold. The scattering
matricesdevelopedin this thesisshouldprovide an efficient way of performingandinterpretingsuch
calculations.It would alsobe of interestto studyothersystemsn atomicphysics,suchastwo electron
escapdrom helium,usingthe methodsdevelopedin thesechapters.

My hopeis that the readerof this thesishasbeenable to seethroughall of the complicated
derivationsto the underlyingphysicalconcepts. It is theseconceptsratherthanthe derivationsthat
have madethis work a pleasureto develop andwrite. Of course,a rigorousmathematicatreatments

necessary but it is not sufficient to provide insightinto complex physicalsystems.
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Appendix a

Scaledvariables for diamagnetichydrogen

Scaledvariablesare an importantpart of the study of atomsin externalfields. Thesetransfor
mationsleadto numericalefficienciesandconceptuakimplifications.This Appendixgivestherelevant
transformationgor the caseof anatomicelectronin astaticmagnetidield. Theseresultsarewell known
andarecollectedin anumberof articlesbesideghis Appendix[138, 35, 39].

To begin with, the classicaHamiltonianfor anatomicelectronin a staticmagnetidield applied

alongthe z-axisis:

1 L2 1 1 1
H=-(p2+p? Z — — 4 -BL,+=B%*? Al
g (P +pe) + 55— o+ 5BL+ B (A1)

Asalways,| useatomicunits(e = h = m = 1) sothatthemagnetidield strengthis B = B(Teslg/2.35x
10-5. This Hamiltonianneglectsthe spin of the electron,relatiistic effects,andthe finite massof the

nucleus.Of course the classicakequationof motionaregivenby Hamilton’s equationg139]:

OH (¥, p)

T = o5 (A.2)

. OH (7,

po= D (a3)
X

Oncetheseequationdave beensolved(seeAppendixB) to givetheorbit (Z(t), 5(t)), theclassicabhction

is simply,
S(7.7) = / 5 Az (A4)

With the Hamiltonianof Eq. (A.1) theclassicakctionS andperiodT of the electrondependn boththe

enegy £ andmagnetidield strengthB. Scaledvariablesreducethis dependence a singleparameter
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thescaledenegy e. Thescaledvariablesaredefinedby therelations,

w = 27xB Y3 (A.5)
_ —2/3 _ w 2
€ EB E (%) (A.6)
21\ ?
P = aB¥*=1z (—) (A.7)
w
D = 71/3 = ﬂ
P pB P <2ﬂ) (A.8)
L, = L,BY3=1L, <2—”> ) (A.9)
w

Whenthesescaledvariables(A.5-A.9) areusedto transformthe Hamiltonian,Eq. (A.1), andthe equa-
tions of motion, Egs.(A.2) and(A.3), it is seenthatboth the time ¢ andaction S mustbe rescaledas

well:

r = t/B, (A.10)

U
Il

S/w. (A.11)

This ensuresghatthe scaledequation®f motionfor (i(t), p(t)) canbederivedfrom the scaledHamilto-
nian,

H:g:

L2 1
~2 ~2 z

-2 = A.12
(pz+pp)+2ﬁ2 T (A.12)

N

using Hamilton’s equations(A.2) and (A.3) (but now with scaledvariableseverywhere). The most
importantfeatureof this scalingtransformatioris thatthe scaledHamiltonian,Eq. (A.12), depend®nly

onthescaledenepgy ¢ andnotthe scaledmagnetidield w. Thisimpliesthatthe scaledaction(A.11),

S(z,7) = ° / - di”, (A.13)

depend®nly onthescalecenegy (S = S(¢)) aswell. Thus,whenphotoabsorptiospectraremeasured
or calculatecht afixedscaledenegy e asafunctionof w, theclassicadynamicsof theelectronremains
thesamefor all valuesof w. Onceasetof classicaklosedorbitshasbeencalculatedat a givenvalueof
¢, thosesameorbitscanbe usedto constructhe semiclassicab-matrix of Ch. 4 atary valueof w.
Thescaledenepy e alone then,controlsthedegreeto whichtheclassicalynamicsareregularor

chaotic.Thetransitionto globalchaogfor the scaledHamiltonian,Eq. (A.12), hasbeenstudiedin depth
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FigureA.1: Thefractionof classicalphasespacethatis regularfor diamagnetichydrogenis plottedas
a function of the scaledenegy ¢ = EB~2/3. As the scaledenegy approachegerofrom below, the
classicaldynamicsevolve from beingregular (¢ < —0.5) to beingglobally chaotic(e > —0.15). This
graphis takenfrom [140].

by anumberof researcherg9, 60, 61]. An excellentreview of thesubjectcanbefoundanthearticleby
FriedrichandWintgen[140Q]. A qualitative pictureof the effectsof changinge canbegainedby looking
atthefractionof classicaphasespacehaving regulardynamicqvanishingLyapoun exponent).Figure
A.1 shawsthisfractionasafunctionof thescaledenegy e. At low scaledenepies(e < —0.5) almostall
of phasespace=xhibits regulardynamics As thescaledenegy is increasedrome = —0.5toe ~ —0.15
thefractionof regularphasespacegraduallyapproachezero.Finally, abovee = —0.15, theHamiltonian
is globally chaotic. This classicakransitionfrom regularto chaoticbehaior in diamagnetidydrogens
importantto keepin mind whenviewing scaledrecurrencespectraof the system.

While thescaledmagnetidield w is notrelevantto theclassicadynamicsof diamagnetidydro-
gen, its significancecanbe seenby exploring the effect of the scalingtransformationEqgs. (A.5-A.11)
on the Schrodingerequation. The scaledSchrdédingerequationfor the diamagnetidtHamiltonian(A.1)
reads:

(3 (?)2 Vite-— % L 15) (&) = 0. (A.14)
This shavs thatthecombinatior2wh/w canbeviewedasaneffective Plank’s constant,
27h

hers == (A.15)

whosevaluecanbetunedby changingthe scaledmagneticfield w. This providesa convenientmethod
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of studyingthe passagdérom the quantummechanicalh.r¢s ~ 1 in a.u.) to the classical(h.rs — 0)
world. As a note,for mostof the calculationsin this thesis,w is in the range100 — 500 a.u. sothat
hiess = 0.06283 — 0.01257.

Two limitations of scaledvariablesareworth mentioningat this point. First, becausgphotoab-
sorptionexperimentsare doneat fixed valuesof L. (ratherthanL.), the scaledclassicalHamiltonian,
Eq.(A.12),is independentf w only for the specificcasel, = 0. When L, # 0 thetermsrepresenting
the centrifugalpotentialandthe linear Zeemareffect destrgy the simple scalinglaws that exist for the
L, = 0 case.Becausemostexperimentgo datehave studiedthe L, = 0 case this breakdaevn of the
classicalscalinghasnot beenaddresseth depth. Onenotableexceptionto this hasbeenthe recentex-
perimentalstudyof L, = 1 statesof heliumin a staticelectricfield [65, 141]. Themainlessonlearned
sofaris thatthe nonscalingermsin the Hamiltonian,Eq. (A.12), becomeunimportantin the classical
limit (hers = 2m/w — 0).

Anotherscenaridor which the classicalequationsof motion dependon both the scaledenegy
e andthe scaledfield w is whenthe ionic core is somethingother than hydrogen. This introduces
additionalshortrangeion-electroninteractionghat,in generaldo not obey simplescalingrelationships.
However, the classicalscalinglaws still hold in the long-rangeregion wherethe core effects can be
neglected. This, combinedwith the weakenegy dependencef the electron-ioninteraction(contained
in S°°'% preseresthe usefulnesof scaledvariablesfor lighter nonhydrogenicatoms. That s, even
thoughthe classicaldynamicsof a diamagneticelectronin a oneelectronatomdependson the scaled
field w, this dependences weakandcanoften be neglected. However, in heavier multichannelatoms
with multiple ionizationthresholdsthe usefulnes®f scaledvariablesis morequestionabl@andmustbe

studiedcarefully.
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A survey of classicalclosedorbits in diamagnetichydrogen

The methodsandtechniquedor calculatingthe closedorbitsfor diamagnetichydrogenarewell
documentedn theliterature[37, 38, 39]. Becausd usethe sameapproactasothers thefollowing just
presentabrief summaryof themethodadoptedo calculateheclosedorbitsneededor thesemiclassical
approximation®f thelong-rangeS-matrix.

The main difficulty one encountersn integrating the equationsof motion for the Hamiltonian
of diamagnetichydrogen,Eq. (A.12), is the Coulombsingularityat the origin. As a classicalelectron
approacheshe origin, its velocity becomesnfinite, which necessitatethe useof arbitrarily fine time
stepsin a numericalintegrationof the classicalequationf motion. This difficulty is handledeasilyby
the useof scaledsemiparabolicoordinate§39]. Thesecoordinatesaredefinedin termsof the scaled

radius? andpolaranglef of sphericalpolarcoordinates:

@ = +/F(1+cosh), (B.1)
0 = /(1 —cosb). (B.2)

The scaleddiamagnetidHamiltonian,Eq. (A.12), in thesecoordinateseads,

T2

N - - N 1 5.9, - L N
(pi +p%) —€ (u2 + v2) + gu2v2 (u2 + vz) + 57257 (u2 + v2) , (B.3)

H=2=

N

wherethescalediime 7, Eq. (A.10), hasbeenrescaledo thevariabler’ accordingto therelation:

dr’ 1
- = . B.4
dr ~ (@ +2) (B.4)
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This transformatiorof time, alongwith thefixed pseudoeneyy of the Hamiltonian(H = 2) ensureshat
the equationof motionfor thevariableqa, v, p,,, p,) areHamiltonianin structure.ln thesecoordinates
theHamiltoniancorrespondgo two harmonicoscillatorscoupledby aquarticpotentialterm. Becausehe
singularitiesof the Coulombpotentialhave beenremovedfrom the Hamiltonian,Eq. (B.3), theequations
of motionfor (u, v, Py, Pr») canbeintegratedwith astandardourth-orderRunge-Kuttaintegration.| have
foundthatafixedstepsize A" = 0.001 givesanenegy thatis conseredto eightsignificantfigures.
Using thesecoordinatesthe closedorbits canbe found in a straightforvard manner | launch
classicalrajectoriegadially outwardfrom a spherer = 0.001 ata scaledenepy e for arangeof initial
polar anglesf;. At somelater point, the orbits returnto the spherewith variousvaluesof the scaled
angularmomentumpy. The closedorbitsthatreturnradially arethenfound numericallyasthe rootsof

theequation:
po(0;) = 0. (B.5)

Oncetheinitial 6; andfinal 6 polaranglesof the closedorbits have beenfound, the quantitiesneeded

for the semiclassicab-matrix arecalculated The scaledaction$ is givenastheintegral,

_ 1 .
S=— / Do, AU + Doy d,
2

alongeachtrajectory The semiclassicaamplitude,

A="
w w Oﬁgf

)
Pe,; =0

is calculatednumericallyby launchingnearbytrajectorieswith slightly differentinitial angles.Finally,

the Maslov index 1 is calculatedusingthe methoddescribedy Mao etal [142]. As Du andDelos[37,

38| first reported agenerarule of thumbcanbe givenfor finding the Maslov index of the closedorbits.
Theruleis this: . incrementdy oneevery time the orbit crosseghe z-axis or passeshroughaturning
pointin thep direction.Exceptfor afew speciaktasessuchasfor repetitionsof theclosedorbits, thisrule
givesthe Maslov indicesaccurately For the repetitions the winding numberof the classicaltrajectory
must be tracked along eachtrajectoryto find the Malsos index correctly More detailedinformation

abouthow thisis handledn generalcanbefoundin [142].
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Wheninterpretingtherecurrencesf thelong-rangeS-matrix andthe photoabsorptiocrosssec-
tion, it is usefulto have anideaof theclosedorbitsthatcontributeatagivenscaledenegy e. Asageneral
referenceFig. B.1 shaws the scaledactionsS of classicalclosedorbits for a rangeof scaledenegies
frome = —0.4 — 0.0. Thescaledactionof ¢ = —0.3, wheremostof my semiclassicatalculationsare
performedjs shavn by adashedine. Furthermorethe shape®f someof theorbitsatthis scaledenegy;,
alongwith their scaledactions areshovnin Fig. B.2. Thesetwo figuresprovide a usefulresourcevhen

assigningclosedorbitsto recurrencepeaks.
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FigureB.1: The scaledactionsS of classicalclosedorbits of diamagnetichydrogenare plottedas a

function of the scaledeneny e. As thescaledenepgy increaseshew orbits bifurcateinto existence.By

thetime the scaledenepgy hasreached: = 0, the classicaldynamicsareglobally chaoticandthereare
infinitely mary closedorbits. Thelabelingschemausedherefollows thatof Welge's group[35]. Three
classe®f orbitsareidentified. First, therotators(R* ) areorbitsthatbifurcateoutof thenth repetitionof

theorbit perpendiculato the magnetidield R, thesocalledquasi-Landawrbit. Likewise,thevibrators
(V.¥) bifurcateout of the nth repetitionof the orbit parallelto the magneticfield, the so called parallel
orbit. In both of thesecasesthe superscript denoteswvhich bifurcationof the nth repetitionthat has
occurred.Thus,the label V3 denoteghe third bifurcationof the secondrepetitionof the parallelorbit.

Thethird classof orbits arethe so calledexotic orbitsandarelabeledby X. The bifurcationsof these
orbitsoccurin isolationfrom otherorbitsthroughsaddlenodebifurcations.Thereis avarietyof labeling
schemedor theseorbits. | chooseto simplelabelthefirst few sequentiallf( X, X5, X3, ...).
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FigureB.2: Thefirst 20 closedorbitsof diamagnetihyydrogerareshovn atascaledenegy of e = —0.3.
The orbits are plotted in cylindrical coordinateqp, z) allowing p to becomenegative when an orbit
crosseshe z-axis. At this scaledenepy, approximately80%of the classicaphasespacés chaotic.The
scaledactionsof eachorbit areshavn asanumberin eachframealongwith its label (Ry, V1, Vi, .. ).
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SemiclassicalGreen’s function amplitude

In Ch. 5, thesemiclassicaGreens function of Gutzwiller [20, 21, 22] wasusedto calculatethe
semiclassicaapproximationto the long rangeS-matrix. This Greens functioninvolvesa two dimen-
sionalJacobiardeterminanthatmeasureshe stability of the classicalorbits contributing to the Greens
function. Many of the propertiesand manipulation=of this stability amplitudeare subtleanddifficult.
With this in mind, this Appendixdescribesomeof the simplificationsand manipulationof the semi-
classicalamplitudeusedin this thesis. For more detailson the propertiesof the semiclassicaGreens
function, the texts of Brack and Bhaduri[24] and also of Reichl [23] areinvaluable. An article by
Littlejohn [143] givesa complete put moremathematicalanalysisof theamplitudesdescribechere.

Theamplitudeof thetwo-dimensionalsemiclassicaGreens function,Eq. (5.17),is:

6‘1);7 (9‘1);7 B‘p;
dp 0z oFE

o, pl,t
1= 2520

apl,  9p.  ap. |, C.1
(.2 E) (1)

ap Oz OFE

o ot ot
ap oz OFE

Hereandthroughouthis Appendix,theverticalbars|| denotethe absolutevalueof thedeterminantThe
coordinateq p, z) and conjugatemomenta(p,, p.) arethe standardcylindrical coordinates.It canbe

shawvn thatthe two-by-two subdeterminarin the upperleft handcornerof Eq. (C.1) vanisheg24]:

%P'p 5;2

p z
—0. (C.2)

op’ op’.

2 2

Ip oz

Thisis agenerabropertyof the semiclassicaamplitudethatholdsin arny coordinatesystemasaconse-

quenceof enegy consenration. To take thisvanishingsubdeterminanihto accountthederivative 0t /O E
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in Eq. (C.1) canbesetto zero(althoughit is finite) without consequence.

In addition,a moresymmetricform of Eq. (C.1) canbeachieved by usingtherelations:

ap,, 9?8 ot 1

= - - = C.3
OF oE0y — 0 o’ (€3)
op., 928 ot 1
OE —  9Edz 9z i (©4)
Thentheamplitude| D|, Eq.(C.1),reads:
or, 9, _1
ap o0z o’
’ ’ a / ! a ' /
Dl=| ot o o |=|-L(Zel Oy 1Pl bl (5)
op 0z X p\ 0z 2 0z p' 2\ 0p 2z  Opp
1 1 0
P z

Littlejohn [143] hasshavn thatthis derivative canbe simplified further. This final simplificationleads
to theform of theamplitudeusedin Eq. (5.19)to derivethelong rangeS-matrix of Ch.5. Usingenegy
conserationandvariouspartial derivativesof the Hamiltonian,Littlejohn simplifiesthe amplitude| D|

of Eq. (C.5) into aform thatinvolvesthe velocity in onedirectionanda simplepartialderivative in the

otherdirection. Two suchforms canbe derived, correspondingo separatingut the velocity in the p

direction,
111|op.,
|D|:’E? 5| (C.6)
or in the z direction,
111]|9p
|D| = T 8/;0 / (C.7)
P

Althoughit is not obvious, thesetwo forms of the amplitude| D| areidentical. In fact, Littlejohn shavs
thatthe velocity in any directioncanbe separated@ut. Thuswhensphericalpolarcoordinategr, ) are
used thesemiclassicahmplitudetakesthe form:

1

I

py

D| =
D] 20

(C.8)

9/
Thisform (C.8) of theamplitudeappearsn thesemiclassicareens function,Eq. (5.19),usedto derive

the semiclassicahpproximatiorto S™R.
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